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PREFACE. 


The  present  volume  is  the  first  of  three  in  which  its  author  desires 
to  o£fer,  to  academies  and  colleges,  a  course  of  Natural  Philosophy, 
including  Astronomy.  It  embraces  the  subject  of  Mechanics— the 
ground-work  of  the  whole.  It  is  intended  to  be  complete  within 
itself,  and  to  have  no  necessary  dependence,  for  the  full  compre- 
hension of  its  contents,  upon  those  which  are  to  foUow. .  In  its 
preparation,  constant  reference  was  made  to  the  admirable  labors  of 
M.  PoNCELLBT,  and  much  valuable  assistance  was  derived  from  the 
work  of  M.  Pesohel. 

Large  type,  marginal  notes,  tables  of  reference,  and  numerous 
diagrams,  often  repeated,  have  swollen  the  volume  beyond  the  limits 
originally  intended ;  but  whatever  of  inconvenience  may  thence  arise, 
will,  it  is  hoped,  be  more  than  compensated  by  the  ftdlities  which 
these  sources  of  increased  sLze  cannot  &il  to  bring  to  the  aid  both  of 
the  teacher  and  student 
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NATURAL  PHILOSOPHY. 


INTRODUCTION. 

I 

The  term  nature  is  employed  to  signify  the  assemblage  Nature, 
of  all  the  bodies  of  the  universe;    it  includes  whatever 
exists  and  is  the  subject  of  change.     Of  the  existence  of 
these  bodies  we  are  rendered  conscious  by  the  impressions  Bodiei^ 
they  make  on  our  senses.    Their  condition  is  subject  to  a 
variety  of  changes,  whence  we  infer  that  external  causes 
are  in  operation  to  produce  them;    and  to  investigate Pi»y«icaiaaeDoe. 
nature  with  reference  to  these  changes  and  their  causes, 
is  the  object  of  Physical  Science, 

AH  bodies  may  be  distributed  into  three  classes,  viz. :  cusdiicatioii of 
unorganized  or  inanimate^  organized  or  animated,  and  the 
heavenly  bodies  or  primary  organizations. 

The    unorganized    or   inanimate   bodies,    as   minerals,  inaninuue 
water,  air,  form  the  lowest  cbss,  and  are,  so  to  speak,  deniote  Mriod 
the  substratum  for  the  others.    These  bodies  are  acted  no  uhb. 
on  solely  by  causes  external*  to  themselves ;   they  have 
no  definite  or   periodical    duration ;    nothing   that  can 
properly  be  termed  life 

The  organized  or  animated  bodies,   are  more  or  less  Animated  bodiee, 
perfect  individuals^  possessing  organs  adapted  to  the  per-  **''*°^       *• 
formance  of  certain  appropriate  fiinctions.    In  consequence 
of  an  innate  principle  peculiar  to  them,  know  as  vitcdity, 
bodies  of  this  class  are  constantly  appropriating  to  them- 
selves unorganized  matter,  changing  its  properties,  and 
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deriving,  by  means  of  this  process,  an  increase  of  bulk. 

Reproduction,     They  also  possess  the  faculty  of  reproduction.     They 

^|,3tion.  retain  only  for  a  limited  time  the  vital  principle,  and, 

when  life  is  extinct,  they  sink  into  the  class  of  inanimate 

Animal  and        bodics.    The  animal  and  vegetable  kingdoms  include  all 

k^d^^  the  species  of  this  class  on  our  earth. 

ceieauai  bodies;  The  celestial  bodieSj  as  the  fixed  stars,  the  sun,  the 
comets,  planets  and  their  secondaries,  are  the  gigantic 
individuals  of  the  universe,  endowed  with  an  organization 
on  the  grandest  scale.    Their  constituent  parts  may  be 


^oepkerer**"*  Compared  to  the  organs  possessed  by  bodies  of  the  second 

class;  those  of  our  earth  are  its  continents,  its  ocean, 

its  atmosphere,  which  are  constantly  exerting  a  vigorous 

action  on  each  other,  and  bringing  about  changes  the 

most  important. 

Earth  existed  The  earth  supports  and  nourishes  both  the  vegetable 

M^i^iMif  **"**  and  animal  world,  and  the  researches  of  Geology  have 

demonstrated,  that  there  was  once  a  time  when  neither 

plants  nor  animals  existed  on  its  surface,  and  that  prior  to 

the  creation  of  either  of  these  orders,  great  changes  must 

have  taken  place  in  its  constitution.    As  the  earth  existed 

thus  anterior  to  the  organized  beings  upon  it,  we  may 

Heareniy  bodies  infer  that  the  other  heavenly  bodies,  in  like  manner,  were 

raimaisa^d  ^    caHcd  iuto  being  before  any  of  the  organized  bodies  which 

vegetables.         probably  exist  upon  them.     Eeasoning,  then,  by  analogy 

from  our  earth,  we  may  venture  to  regard  the  heavenly 

bodies  as  the  primary  organized  forms,  on  whose  surface 

both  animals  and  vegetables  find  a  place  and  support. 

Natnni  Natural  Philosophy,  or  Phy&ics,  treats  of  the  general 

wte^cbLigee.  properties  of  unorganized  bodies,  of  the  influences  which 

act  upon  them,  the  laws  they  obey,  and  of  the  external 

changes  which  these  bodies  undergo  without  affecting 

their  internal  constitution. 


^'*»«"">*^5  Chemistn/y  on  the  contrary,  treats  of  the  individual 

properties  of  bodies,  by  which,  as  regards  their  constitu- 
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tion,  they  may  be  distinguislied  one  from  another ;  it  also  intenMi 
investigates  the  transfonnations  which  take  place  in  the 
interior  of  a  body — ^transformations  by  which  the  sub- 
stance of  the  body  is  altered  and  remodelled ;  and  lastly, 
it  detects  and  classifies  the  laws  by  which  chemical 
changes  are  regulated. 

Natural  History^  is  that  branch  of  physical  science  Natoni  Hkiory- 
whicb  treats  of  organized  bodies ;    it   comprises  three  ^^JJJl 
divisions,  the  one  mecJvanical — ^the  anatomy  and  dissec-  pbyiioiogy. 
tion  of  plants  and  animals ;  the  second,  chemical — animal 
and  vegetable  chemistry;   and  the  third,  eocpJavuUory — 
physiology. 

Astronomy  teaches  the  knowledge  of  the  celestial  Asuonomy, 
bodies.  It  is  divided  into  Spherical  and  Physical  astron-  JSJ^ml  *™* 
omy.  The  former  treats  of  the  appearances,  magnitudes, 
distances,  arrangements,  and  motions  of  the  heavenly 
bodies ;  the  latter,  of  their  constitution  and  physical  con- 
dition, their  mutual  influences  and  actions  on  each  other, 
and  generally,  seeks  to  explain  the  causes  of  the  celestial 
phenomena. 

Again,  one  most  important  use  of  natural  science,  is 
the  application  of  its  laws  either  to  technical  purposes —  AppucaUon  of 
fnechanics,  technical  chemistry,  pharmacy,  dc. ;  to  the  phe- 
nomena of  the  heavenly  bodies — -physical  astroTiomy  ;  or  to 
the  various  objects  which  present  themselves  to  our  notice 
at  or  near  the  surface  of  the  esjrth--physioal  geography, 
meteorology — and  we  may  add  geology  also,  a  science  which 
has  for  its  object  to  unfold  the  history  of  our  planet  from 
its  formation  to  the  present  time. 

Natural  philosophy  is  a  science  of  observation  and  ex-  N«to«i 
perimentj  for  by  these  two  modes  we  deduce  the  varied  Seneerf  * 
information  we  have    acquired   about  bodies;    by  the®'**'^'^®"'*"* 
former  we  notice  any  changes  tliat  transpire  in  the  condi- 
tion or  relations  of  any  body  ^  they  spontaneously  arise 
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Appantos; 

experimental 

phyiics. 


Obeeryation, 
ezperiment. 


Laws  of  naftnra. 


Hypotheeea  and 
probability  of 
their  truth. 


without  interference  on  our  part;  whereas,  in  the  per- 
formance of  an  experiment,  we  purposely  alter  the  natural 
arrangement  of  things  to  bring  about  some  particular  con- 
dition that  we  desire.  To  accomplish  this,  we  make  use 
of  appliances  called  philosophical  or  chemical  apparatus^  the 
proper  use  and  application  of  which,  it  is  the  office  of  Ex- 
perimental Physics  to  teach. 

If  we  notice  that  in  winter  water  becomes  converted 
into  ice,  we  are  said  to  make  an  observation:  if,  by 
means  of  freezing  mixtures  or  evaporation,  we  cause  water 
to  free25e,  we  are  then  said  to  perform  an  experiment. 

These  experiments  are  next  subjected  to  calculation, 
by  which  are  deduced  what  are  sometimes  called  the  laws 
of  nature,  or  the  rules  that  Wee  causes  will  invariably  pro- 
duce like  results.  To  express  these  laws  with  the  greatest 
possible  brevity  mathematical  symbols  are  used.  When 
it  is  not  practicable  to  represent  them  with  mathematical 
precision,  we  must  be  contented  with  inferences  and 
assumptions  based  on  analogies,  or  with  probable  ex- 
planations or  hypotheses. 

A  hypothesis  gains  in  probability  the  more  nearly  it 
accords  with  the  ordinary  course  of  nature,  the  more 
numerous  the  experiments  on  which  it  is  founded,  and  the 
more  simple  the  explanation  it  offers  of  the  phenomena 
for  which  it  is  intended  to  account. 


PHYSICS    OF    PONDERABLE    BODIES. 


Fhyaioal 
propertiea;  the 


All  the 

Boieqaallj 

employed. 


§  1. — ^The  physical  properties  of  bodies  are  those  ex- 
ternal signs  by  which  their  existence  is  made  evident  to 
our  minds;  the  senses  constitute  the  medium  through 
which  this  knowledge  is  communicated. 

All  our  senses,  however,  are  not  equally  made  use  of 
for  this  purpose ;  we  are  generally  guided  in  our  decisions 
by  the  evidence  of  sight  and  touch.    Still  sight  alone  is 
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fipequenily  incompetent,  as  there  are  bodies  ^vluch  cannot 
be  perceived  by  that  sense,  as,  for  example,  all  colorless 
gases ;  again,  some  of  the  objects  of  sight  are  not  sub- 
stantial, as,  the  shadow,  the  image  in  a  mirror,  spectra 
formed  by  the  refraction  pf  the  rays  of  light,  &c.  Touch,  Touch, 
on  the  contrary,  decides  indubitably  as  to  the  existence  of 
any  body. 

The  properties  of  bodies  may  be  divided  m1x)  jmrriary  THmary  9ad 
or  primnpalj  and  secondary  or  accessory.    The  former,  are  ^J^rJJ^  ^f 
such  as  we  find  common  to  all  bodies,  and  without  which  bodies, 
we  cannot  conceive  of  their  existing ;  the  latter,  are  not 
absolutely  necessary  to  our  conception  of  a  body's  ex- 
istence, but  become  known  to  us  by  investigation  and 
experience. 


PKIMARY   PROPERTIES. 

§  2. — The  primary  properties  of  all  bodies  are  extension 
and  impenetrainlity. 

Extension  is  that  property  in  consequence  of  which  Extendon; 
every  body  occupies  a  certain  limited  space.  It  is  the  i^^ekneBsT 
condition  of  the  mathematical  idea  of  a  body ;  by  it,  the 
volume  or  size  of  the  occupied  space,  as  well  as  its  boun- 
dary, or  figure^  is  determined.  The  extension  of  bodies  is 
expressed  by  three  dimensions,  length,  breadth,  and  thick- 
ness. The  computations  from  these  data,  follow  geometri- 
cal rules. 

ImpenetrabiMty  is  evinced  in  the  fact,  that  one  body  impenetrability, 
cannot  enter  into  the  space  occupied  by  another,  without 
previously  thrusting  the  latter  from  its  place. 

A  body  then,  is  whatever  occupies  space,  and  possesses 
extension  and  impenetrability.     One  might  be  led  to  im-  Body  defined, 
agine  that  the  property  of  impenetrability  belonged  only 
to  solids,  since  we  see  them  penetrating  both  air  and  Air  and  water 
water ;  but  on  closer  observation  it  will  be  apparent  that  '"p*^*"***^- 
this  property  is  common  to  all  bodies  of  whatever  nature. 
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fizp«ri]iieBt. 


Bsperiment. 


If  a  hollow  cylinder  into  which  a  piston  fits  accurately,  be 
filled  with  water,  the  piston  cannot  be  thrust  into  the 
water,  thus  showing  it  to  be  impenetrable.  Invert  a  glass 
tumbler  in  any  liquid,  the  air,  unable  to  escape,  will  pre- 
vent the  liquid  fi:om  occupying  its  place,  thus  proving  the 
impenetrability  of  air.  The  diving-bell  affords  a  familiar 
illustration  of  this  property. 

The  difficulty  of  iouing  liquor  into  a  vessel  having 
only  one  small  hole,  arises  from  the  impenetrability  of  the 
air,  as  the  liquid  can  run  into  the  vessel  only  as  the  air 
makes  its  escape.  The  following  experiment  will  illus- 
trate this  £act : 

In  one  mouth  of  a  two- 
necked  bottle  insert  a  funnel 
a,  and  in  the  other  a  siphon  i, 
the  longer  leg  of  which  is  im- 
mersed in  a  glass  of  water. 
Now  let  water  be  poured  into 
the  funnel  a,  and  it  will  be 
seen  that  in  proportion  as  this 
water  descends  into  the  vessel 
jP,  the  air  makes  its  escape 
through  the  tube  ft,  as  is 
proved  by  the  ascent  of  the 
bubbles  in  the  water  in  the 
tumblesr. 


Fig.l. 


SECONDARY   PROPERTIES. 


Seoondary 
piopertlet. 


The  secondary  properties  of  bodies  are  compressibility, 
eapansibility,  porosity,  divisibility,  and  elasticity. 


§  8. — OompressibiUty  is  that  property   of  bodies   by 

oompraMibUity,   virtuc  of  which  they  may  be  made  to  occupy  a  smaller 

*"'**'*"*"*^*      space ;  and  expansibility  is  that  in  consequence  of  which 

they  may  be  made  to  fill  a  larger,  without  in  either  case 

altering  the  quantity  of  matter  they  contain. 
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Both  changes  are  produced  in  all  bodies,  as  we  shall  Ghuge  of 
presently  see,  by  change  of  temperature;   many  bodies *®°''^'^"** 
may  also  be  reduced  in  bulk  by  pressure,  percussion,  &c. 


§  4. — Since  all  bodies  admit  of  compression  and  ex- 
pansion, it   follows    of   necessity,   that  there   must   be 
interstices  between   their   minutest  particles;    and  that 
property  of  a  body  by  which  its  constituent  elements  do 
not  completely  fill  the  space  within  its  exterior  boun- 
dary, but  leaves  holes  or  pores  between  them,  is  called  Porarfty. 
porosity.    The  pores  of  one  body  are  often  filled  with  PorM  imed  with 
some  other  body,  and  the  pores  of  this  with  a  third,  as  in     ^  ****^*"' 
the  case  of  a  sponge  containing  water,  and  the  water  in  its 
turn,  containing  air,  and  so  on  till  we  come  to  the  most 
subtle  of  substances,  ether ^  which  is  supposed  to  pervade  Ether  pervBdes 


bU  bodies  and  aU 


all  bodies  and  all  space. 

In  many  cases  the  pores  are  visible  to  the  naked  eye;  vwbieMid 
in  others  they  are  only  seen  by  the  aid  of  the  microscope,  ^^^ 

and  when  so  minute  as  to  elude  the  power  of  this  instru- 
ment,  their  existence  may  be  inferred  from  experiment 
Sponge,  cork,  wood,  bread,  &c.,  are  bodies  whose  pores 
are  noticed  by  the  naked  eye.  The  human  skin  appears 
full  of  them,  when  viewed  with  the  magnifying  glass ;  the  # 
porosity  of  water  is  shown  by  the  ascent  of  air  bubbles 
when  the  temperature  is  raised. 

§  5. — ^The  divisibility  of  bodies  is  that  property  in  Diviatbiuiy. 
consequence  of  which,  by   various   mechanical  means, 
such  BB  beating,  pounding,  grinding,  &c.,  we  can  reduce 
them  to  particles  homogeneous  to  each  other,  and  to  the 
entire  mass ;  and  these  again  to  smaller,  and  so  on. 

By  the  aid  of  mathematical  processes,  the  mind  may  inflnite 
be  led  to  admit  the  infinite  divisibility  of  bodies,  though  ^^^^^^^^^'y* 
their  practical  division,  by  mechanical  means,  is  subject  p»cticia 
to  limitation.     Many  examples,  however,  prove  that  it**"**^®"* 
may  be  carried  to  an  incredible  extent.     We  are  fur-  snudineMorMniM 
nished  with  numerous  instances  among  natural  objects,  "**™**  o»^«cto. 
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whose  existence  can  only  be  detected  by  means  of  the 
most  acute  senses,  assisted  by  the  most  powerful  arti- 
ficial aids ;  the  size  of  such  objects  can  only  be  calculated 
approximately. 

Mechanical  subdivisions  for  purposes  connected  with 
the  arts  are  exemplified  in  the  grinding  of  com,  the 
pulveriizing  of  sulphur,  charcoal,  and  saltpetre,  for  the 
manufacture  of  gunpowder ;  and  Homoeopathy  affords  a 
remarkable  instance  of  the  extended  application  of  this 
property  of  bodies. 

Some  metals,  particularly  gold  and  silver,  are  suscep- 
tible of  a  very  great  divisibility.  In  the  common  gold 
lace,  the  silver  thread  of  which  it  is  composed  is  covered 
with  gold  so  attenuated,  that  the  quantity  contained  in  a 
foot  of  the  thread  weighs  less  than  ^^^r  ^^  *  grain.  An 
inch  of  such  thread  will  therefore  contain  r^hn^  <^f  a  grain 
of  gold;  and  if  the  inch  be  divided  into  100  equal  parts, 
each  of  which  would  be  distinctly  visible  to  the  eye,  the 
quantity  of  the  precious  metal  in  each  of  such  pieces 
would  be  T^TOinnr  of  *  grain.  One  of  these  particles  ex- 
amined through  a  miscroscope  of  500  times  magnifying 
power  will  appear  500  times  as  long,  and  the  gold  covering 
.  it  will  be  visible,  having  been  divided  into  8,600,000,000 
parts,  each  of  which  exhibits  all  the  characteristics  of 
this  metal,  its  color,  density,  &o. 

Dyes  are  likewise  susceptible  of  an  incredible  divisi- 
bility. With  1  grain  of  blue  carmine,  10  lbs.  of  water 
may  be  tinged  blue.  These  10  lbs.  of  water  contain  about 
617,000  drops.  Supposing  now,  that  100  particles  of  car- 
mine are  required  in  each  drop  to  produce  a  uniform  tint, 
it  follows  that  this  one  grain  of  carmine  has  been  sub- 
divided 62  millions  of  times. 

According  to  Biot,  the  thread  by  which  a  spider  lets 
thread,  thread  of  herself  dowu    is  oomposcd  of  more  than  5000  single 

the  Bilkworiii.  ^  ,  mi 

threads.    The  single  threads  of  the  silkworm  are  also  of 
an  extreme  fineness, 
inuood.  Our  blood  which  appears  like  a  uniform  red  mass,  con- 


DiTidbUlty  of 
dyes. 


In  the  spider's 
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sists  of  small  red  globules  swimming  in  a  transparent  fluid 
called  serum.  The  diameter  of  one  of  these  globules  does 
not  exceed  the  4000th  part  of  an  inch :  whence  it  follows 
that  one  drop  of  blood,  such  as  would  hang  jfrom  the 
point  of  a  needle,  contains  at  least  one  million  of  these 
globules. 

But  more  surprising  than  all,  is  the  microcosm  of  organ-  in  *>»•  initaiorta. 
ized  nature  in  the  Iniusoria,  for  more  exact  acquaintance 
with  which  we  are  indebted  to  the  unwearied  researches 
of  Ehrenberg.    Of  these  creatures,  which  for  the  most 
part  we  can  see  only  by  the  aid  of  the  microscope,  there 
exist  many  species  so  small  that  millions  piled  on  each 
other  would  not  equal  a  single  grain  of  sand,  and  thou-    * 
sands  might  swim  at  once  through  the  eye  of  the  finest 
needle.     The  coats-of-mail  and  shells  of  these  animalcules 
exist  in  such  prodigious  quantities  on  our  earth  that, 
according  to  Ehrenberg's  investigations,  pretty  extensive  £hT«niMrg't 
strata  of  rocks,  as,  for  instance,  the  smooth  slate  near  Bilin,  *^^***«^®»^ 
in  Bohemia,  consist  almost  entirely  of  them.    By  micro- 
scopic measurements  1  cubic  line  of  this  slate  contains  MieroMsopto 
about  23  millions,  and  1  cubic  inch  about  41,000  millions  °»«"«"»««»' 
of  these  animals.    As  a  cubic  inch  of  this  slate  weighs  220 
grains,  187  millions  of  these  shells  must  go  to  a  grain,  weigiu. 
each  of  which  would  consequently  weigh  about  the  x^ 
millionth  part  of  a  grain.     Conceive  fiirther  that  each  of 
these    animalcules,    as   microscopic   investigations    have 
proved,  has  his  Umbs,  entrails,  &c.,  the  possibility  vanishes 
of  our  forming  the  most  remote  conception  of  the  dimen- 
sions of  these  organic  forms. 

In  cases  wtere  our  finest  instruments  are  unaoie  to  Divwbuity 
render  us  the  least  aid  in  estimating  the  minuteness  of  *^®**!?***  ^^ 
bodies,  or  the  degree  of  subdivision  attained;  in  other 
words,  when  bodies  evade  the  perception  of  our  sight  and 
touch,  our  olfactory  nerves  fi'equently  detect  the  presence 
of  matter  in  the  atmosphere,  of  which  no  chemical  analysis 
oould  afford  us  the  slightest  intimation. 

Thus,  for  instance,  a  single  grain  of  musk  diffoses  in  a  iMinooof  amik. 
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Elastldty,  Its 
meaaore. 


large  and  airy  room  a  powerftd  scent  that  frequently  lasts 
for  years ;  and  papers  laid  near  musk  will  make  a  voyage 
to  the  East  Indies  and  back  without  losing  the  smelL 
Imagine  now,  how  many  particles  of  musk  must  radiate 
from  such  a  body  every  second,  in  order  to  rend^  the 
scent  perceptible  in  all  directions,  and  you  will  be  aston- 
ished at  their  number  and  minuteness. 

In  like  manner  a  single  drop  of  oil  of  lavender  evapo- 
rated in  a  spoon  over  a  spirit-lamp,  fills  a  large  room  with 
its  fragrance  for  a  length  of  time. 

§  6. — Elasticity  is  the  name  given  to  that  property  of 
bodies,  by  virtue  of  which  they  resume  of  themselves  their 
figure  and  dimensions  when  these  have  been  changed  or 
altered  by  any  extraneous  cause.  Different  bodies  possess 
this  property  in  very  different  degrees,  and  retain  it  with 
very  unequal  tenacity.  The  measure  of  a  body*s  elasticity, 
is  the  ratio  obtained  by  dividing  the  capacity  of  resti- 
tution inherent  in  the  body,  by  the  capacity  of  the  cause 
producing  the  change,  both  being  supposed  measurable. 
Thus,  if  i?  denote  the  capacity  of  restitution,  F  that  of  the 
extraneous  cause,  and  e  the  elasticity,  then  will 


e  = 


R 


.1  • 


When  F  and  E  are  equal,  the  body  is  said  to  be  perfectly 
elastic ;  when  B  is  zero,  the  body  is  said  to  be  non-elastic. 
These  limits  embrace  all  bodies  in  nature,  there  being 
none  known  to  us  which  reach  either  extreme. 

The  following  are  a  few  out  of  a  Ikrge  number  of 
highly  elastic  bodies;  viz.,  glass,  tempered  steel,  ivory, 
whalebone,  &c. 

Let  an  ivory  ball  fall  on  a  marble  slab  smeared  with 

Experiment  with  some  Coloring  matter.     The  point  struck  by  the  ball 

shows  a  round  speck  which  will  have  imprinted  itself 

on  the  surface  of  the  ivory  without  its  spherical  form 

being  at  all  impaired 


Examples  of 
elastic  bodies. 


iToiy. 
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FlTiidfl  under  peculiar  circumstances  exhibit  considera- 
ble elasticity;   this  is  particularly  the  case  with  melted  EiMtidty of wme 
metals,  more  evidently  sometimes  than  in  their  solid  state. 
The  following  experiment  illustrates  this  fact  with  regard 
to  antimony  and  bismuth. 

Place  a  little  antimony  and  bismuth  on  a  piece  of  ueitod  binniith 
charcoal,  so  that  the  mass  when  melted  shall  be  about  *"*  "**"**'''' 
the  size  of  a  peppercorn ;  raise  it  by  means  of  a  blowpipe 
to  a  white  heat,  and  then  turn  the  ball  on  a  sheet  of  paper 
so  folded  as  to  have  a  raised  edge  all  round.  As  soon 
as  the  liquid  metal  falls,  it  divides  itself  into  many  minute 
globules,  which  hop  about  upon  the  paper  and  continue 
visible  for  some  time,  as  they  cool  but  slowly ;  the  points 
at  which  they  strike  the  paper,  and  their  course  upon 
it,  will  be  marked  by  black  dots  and  lines. 

The  recoil  of  cannon-balls  is  owing  to  the  elasticity  Recou  of 
of  the  iron  and  that  of  the  bodies  struck  by  them.  cMnoi^biita. 


FOBCE. 

§  7. — ^Whatever  tends  to  change  the  actual  state  of  a 
body,  in  respect  to  rest  or  motion,  is  called  a  force.  If  a  foicm. 
body,  for  instance,  be  at  rest,  the  influence  which  changes 
or  tends  to  change  this  state  to  that  of  motion  is  called 
force.  Again,  if  'a  body  be  already  in  motion,  any  cause 
which  urges  it  to  move  fester  or  slower,  is  called />rce. 

Of  the  actual  nature  of  forces  we  are  ignorant;   we  ignorant  of  their 
know  of  their  existence  only  by  the  effects  they  produce,  ^q"^',,^^*^^^ 
and  with  these  we  become  acquainted  solely  through  the  effects  od  bodies, 
mediimi  of  the  senses.    Hence,  while  their  operations  are 
going  on,  they  appear  to  us  always  in  connection  with 
some  body  which,  in  some  way  or  other,  affects  our 
senses. 
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§  8. — ^We  sliall  find,  though  not  always  upon  super- 
ficial inspection,  that  the  approaching  and  receding  of 
bodies  or  of  their  component  parts,  when  this  takes  place 
apparently  of  their  own  accord,  are  but  the  results  pro- 
duced by  the  various  forces  that  come  under  our  notice. 
In  other  words,  that  the  universally  operating  forces  are 
those  of  oMraction  and  of  repvhion. 


Atomicalaotion; 
attraction  of 
gravitation. 


§  9. — ^Experience  proves  that  these  universal  forces  are 
at  work  in  two  essentially  difierent  modes.  They  are 
operating  either  in  the  interior  of  a  body,  amidst  the 
elements  which  compose  it,  or  they  extend  their  influence 
through  a  wide  range,  and  act  upon  bodies  in  the  aggre- 
gate ;  the  former  distinguished  as  Atomical  and  MokcuJaT 
action,  the  latter  as  the  AUra/stion  of  gravitoLtion. 


Force  of  cobealoii 
and  of 
diaBoltttion. 


§  10. — Molecular  forces  and  the  force  of  gravitation, 
often  coexist,  and  qualify  eax^h  other's  action,  giving  rise 
to  those  attractions  and  repulsions  of  bodies  exhibited  at 
their  surfaces  when  brought  into  sensible  contact.  This 
resultant  action  is  called  the  force  of  cohesion  or  of 
dissolution^  according  as  it  tends  to  unite  different  bodies, 
or  the  elements  of  the  same  body,  more  closely,  or  to 
separate  them  more  widely. 


Inortia, 


Known  by 
ezperienoa ; 
j»aisiTein 
character. 


§  11. — Inertia  is  that  principle  by  which  a  body  resists 
aU  change  of  its  condition,  in  respect  to  rest  or  motion.  If 
a  body  be  at  rest,  it  will,  in  the  act  of  yielding  its  con- 
dition of  rest,  while  imder  the  action  of  any  force,  oppose 
a  resistanpe;  so  also,  if  a  body  be  in  motion,  and  be 
urged  to  move  faster  or  slower,  it  will,  during  the  act 
of  changing,  oppose  an  equal  resistance  for  every  equal 
amount  of  change.  We  derive  our  knowledge  of  this 
principle  solely  firom  experience ;  it  is  found  to  be  com- 
mon to  all  bodies ;  it  is  in  its  nature  conservative,  though 
passive  in  character,  being  only  exerted  to  preserve  the 
rest  or  particular  motion  which  a  body  has,  by  resisting 
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all  variation  in  these  particulajrs.    Whenever  any  force 

acts  upon  a  body,  the  inertia  of  the  latter  reacts,  and  this 

action  and  reaction  are,  as  we  shall  see  in  the  proper  Action  eqati  to 

place,  equal  and  directly  opposed  to  each  other.  pwction. 

§  12. — ^Molecular  action  chiefly  determines  the  forms  Fomis  of  bodiM 
of  bodies.     All   bodies  are  regarded  as  collections  or  ^^^JJ^^^^^^ 
aggregates  of  minute   elements,   called  atoms,   and   are 
formed  by  the  attractive  and    repulsive    forces   acting 
upon  them  at  immeasurably  small  distances. 

Several  hypotheses  have  been  proposed  to  explain  the  coMtitutton  of 
constitution  of  a  body,  and  the  mode  of  its  formation,  bomo^. 
The  most  remarkable  of  these  was  by  Boscovich,  about 
the  middle  of  the  last  century.  Its  great  fertility  in 
the  explanations  it  affords  of  the  properties  of  what  is 
called  tangible  matter,  and  its  harmony  with  the  laws 
of  motion,  entitle  it  to  a  much  larger  space  than  can  be 
found  for  it  in  a  work  like  this.  Enough  may  be  stated, 
however,  to  enable  the  attentive  reader  to  seize  its  leading 
features,  and  to  appreciate  its  competency  to  explain  the 
phenomena  of  nature. 

1.  All  matter  consists  of  indivisible  and  inextendedpintportqtata. 
aiOTns, 

2.  These  atoms  are  endowed  with  attractive  and  repul-  second  poitaiai' 
sive  forces,  varying  both  in  intensity  and  direction  by  a 

change  of  distance,  so  that  at  one  distance  two  atoms 
attract  each  other,  and  at  another  distance  they  repel. 

8.  This  law  of  variation  is  the  same  in  all  atoms.    It  twki  postoiate. 
is,  therefore,  mutual;    for  the  distance  of  atom  a  from 
atom  b,  being  the  same  with  that  of  b  from  a,  if  a  attract 
by  b  must  attract  a  ynth  precisely  the  same  force. 

4.  At  all  considerable  or  sensible  distances,  these  mu-  '■^w^h  portniftte. 
tual  forces  are  attractive  and  sensibly  proportional  to  the 

square  of  the  distance  inversely.     It  is  the  attraction 
called  gravitation. 

5.  In  the  small  and  insensible  distances  in  which  sensi- 
ble contact  is  observed,  and  which  do  not  exceed  theRfthportutate. 
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1000th  or  1500th  part  of  an  inch,  there  are  many  alterna- 
tions of  attraction  and  repulsion,  according  as  the  distance 
of  the  atoms  is  changed.  Consequently,  there  are  many 
situations  within  this  narrow  limit,  in  which  two  atoms 
neither  attract  nor  repeL 

6.  The  force  which  is  exerted  between  two  atoms  when 
their  distance  is  diminished  without  end,  and  is  just 
vanishing,  is  an  insuperable  repulsion,  so  that  no  force 
whatever  can  press  two  atoms  into  mathematical  contact. 

Such,  according  to  Boscovich,  is  the  constitution  of  a 
material  atom  and  the  whole  of  its  constitution,  and  the 
immediate  efficient  cause  of  aU  its  properties. 

Two  or  more  atoms  may  be  so  situated,  in  respect 
to  position  and  distance,  as  to  constitute  a  molecule.  Two 
or  more  molecules  may  constitute  a  particle.  The  par- 
ticles constitute  a  body. 

Now,  if  to  these  centres,  or  loci  of  the  qualities  of 
what  is  termed  matter,  we  attribute  the  property  called 
inertia,  we  have  all  the  conditions  requisite  to  explain, 
or  arrange  in  the  order  of  antecedent  and  consequent,  the 
various  operations  of  the  physical  world. 

Boscovich  represents  his  law  of  atomical  action  by 
what  may  be  called  an  exponential  curve.    Let  the  dis- 


tance of  two  atoms  be  estimated  on  the  line  CA  0^  A 
being  the  situation  of  one  of  them  while  the  other  is 
placed  anywhere  on  this  line.  When  placed  at  i^  for 
example,  we  may  suppose  that  it  is  attracted  by  -4,  with 
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a  certain  intensity.    We  can  represent  this  intensity  by 
the  length  of  the  line  t7,  perpendicular  to  A  Cy  and  can 
express  the  direction  of  the  force,  namely,  from  i  to  -4,  Attractive 
because  it  is  attractive,  by  placing  il  above  the  axis  A  C.  <>""'»»'*•  **»<>^®' 
Should  the  atom*  be  at  m,  and  be  repelled  by  A,  we  can 
express  the  intensity  of  repulsion  by  m  n,  and  its  direc-  RepnWTe 

^        n  M  i/^T_i»  11         xi  ordlnatei  below. 

tion  irom  m  towards  G  by  placmg  mn  below  the  axis. 

This  may  be  supposed  for  every  point  on  the  axis,  and 
a  curve  drawn  through  the  extremities  of  all  the  perpen- 
dicular ordinates.  This  will  be  the  exponential  curve  or 
scale  of  force. 

As  there  are  supposed  a  great  many  alternations  of  carve  on  opposite 
attractions  and  repulsions,  the  curve  must  consist  of  many  ****** **  ***** 
branches  lying  on  opposite  sides  of  the  axis,  and  must 
therefore  cross  it  at  G\  D,  C",  D',  &c.,  and  at  O.    All 
these  are  supposed  to  be  contained  within  a  very  small 
fraction  of  an  inch. 

Beyond  this  distance,  which  terminates  at  O^  the  force  Poree  of 
is  always  attractive,  and  is  called  the  force  of  gramtatiorij  8"^**^o»- 
the  maximum  intensity  of  which  occurs  at  g,  and  is 
expressed  by  the  length  of  the  ordinate  G'g.  Further 
on,  the  ordinates  are  sensibly  proportional  to  the  square 
of  their  distances  from  A,  inversely.  The  branch  (?  O" 
has  the  line  A  (7,  therefore,  for  its  asymptote. 

Within  the  limit  A  G*  there  is  repulsion,  which  be- 
comes infinite,  when  the  distance  from  A  is  zero ;  whence 
the  branch  C'  D^  has  the  perpendicular  axis,  A  y,  for  its 
asymptote. 

An  atom  being  placed  at  (?,  and  then  disturbed  so 
as  to  move  it  in  the  direction  towards  ^,  will  be  repeUed, 
the  ordinate  of  the  curve  being  below  the  axis ;  if  dis- 
turbed so  as  to  move  it  from  -4,  it  will  be  attracted,  the 
corresponding  ordinates  being  above  the  axis.    The  point  potiuon  or 
0  \b  therefore  a  position  in  which  the  atom  is  neither  ^^^^^^^^^^^ 
attracted  nor  repelled,  and  to  which  it  will  tend  to  return 
when  slightly  removed  in  either  direction,  and  is  called  Limit  of 
the  limii  of  gravitation.  gwTitaaon. 
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LImlUof 
eoheaion. 


If  the  atom  be  at  C^,  or  (7",  &c.,  and  be  moved  ever  so 

« 

little  towards  A,  it  will  be  repelled,  and  when  the  disturb- 
ing cause  is  removed,  will  fly  back;  if  moved  from  J.,  it 


Fig.  8. 


Pennanent 
molecule. 


Positions  of 
ladifiiwenoe. 


Limits  of 
dissolatioiu 


Molecules  of 
diflbraut  orders; 


particles. 


will  be  attracted  and  return.  Hence  (7',  C",  are  positions 
similar  to  G,  and  are  called  limits  of  cohesion^  C'  being 
termed  the  last  limit  of  cohesion.  An  atom  situated  at  any 
one  of  these  points  wiQ,  with  that  at  -4,  constitute  a 
permanent  molecule  of  the  simplest  kind. 

On  the  contrary,  if  an  atom  be  placed  at  Z>',  or  i?",  &c., 
and  be  then  slightly  disturbed  in  the  direction  either  from 
or  towards  A,  the  action  of  the  atom  at  A  will  cause  it  to 
recede  stiQ  ftirther  from  its  first  position,  till  it  reaches  a 
limit  of  cohesion.  The  points  i?',  jD",  &c.,  are  also  posi- 
tions of  indifference,  in  which  the  atom  will  be  neither 
attracted  nor  repelled  by  that  at  J.,  but  they  differ  from 
Qj  67',  C",  &c.,  in  this,  that  an  atom  being  ever  so  little 
removed  from  one  of  them  has  no  disposition  to  return 
to  it  again ;  these  points  are  called  limits  of  dissolution. 
An  atom  situated  in  one  of  them  cannot,  therefore,  con- 
stitute, with  that  at  J.,  a  permanent  molecule,  but  the 
slightest  disturbance  will  destroy  it. 

It  is  easy  to  infer,  from  what  has  been  said,  how  three, 
four,  &c.,  atoms  may  combine  to  form  molecules  of  differ- 
ent orders  of  complexity,  and  how  these  again  may  be 
arranged  so  as  by  their  action  upon  each  other  to  form 
particles.  Our  limits  will  not  permit  us  to  dwell  upon 
these  points,  but  we  cannot  dismiss  the  subject  without 
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Boggestmg  a  consequence  which  the  reader  will  find  of 
interest  when  he  comes  to  the  subjects  of  light  and  heat 
We  allude  to  those  characteristics  of  the  sun  by  which  he  inference— ught 
is  the  main  source  of  these  principles  to  the  inhabitants  of  "    **     '™' 
the  earth. 

It  results  froxa  the  laws  of  gravitation,  that  every  AttractioD  or 
atom  in  a  spherical  solid  body  is  attracted  towards  the  v***"****  vmmm 
centre  by  a  force  directly  proportional  to  its  distance  from 
that  point    The  pressure  towards  the  centre  will,  there- 
fore, increase  as  the  magnitude  of  the  sphere  increases, 
and  may  ultimately  become  so  great  as  to  force  the  atoms 
near  enough  to  each  other  to  bring  them  within  the  last 
limits  of  cohesion,  in  which  case,  the  mass,  composed  of 
atoms  thus  urged  into  close  proximity,  becomes  perfectly  Pnxiacuonor 
elastia      The  magnitude  of  this   elastic   mass  will  be**"^***'^' 
greater  in  proportion  as  the  whole  sphere  is  greater. 
Every  body  falling  upon  the  sphere  will,  on  reaching 
its  position  at  the  surface,  send  the  motion  with  which  it 
arrived  towards  the  centre  to  agitate  the  atoms  of  the 
elastic  mass.    These  being  once  disturbed  will,  under  the  Eifeet  of  a  tuung 
forces  thus  called  into  play,  vibrate  indefinitely  about  ^**^' 
their  positions  of  rest  by  virtue  of  their  inertia. 

It  is  only  necessary  therefore  to  suppose,  that  the  Nebular 
heavenly  bodies  have  been  formed  by  the  gravitation  of  ^^p**"****^ 
the  particles  of  a  vast  nAula  towards  its  centre,  and  to 
adopt   the   hypothesis    which  modem  discoveries  have 
revived  and  forced  upon  us,  viz.,  that  heat  and  light  are  Light  and  heat, 
but  the  effects  of  vibratory  motion,  to  accoimt  for  the*^***^**'™"***"" 
inoandesoerU  and  setf-luminous  character  of  the  sun.     The  incandeeoenoe 
same  principle  furnishes  an  explanation  of  the  internal  "^.J;;;^^ 
heat  of  our  earth  which,  together  with  aU  the  heavenly 
bodies,  would  doubtless  appear  self-luminous  were  the 
acuteness  of  our  sense   of  sight   increased  beyond  its 
present  limit  in  the  same  proportion  that  the  sun  exceeds 
the  largest  of  these  bodies.    The  sun  fax  transcends  aJlThoaeoftheaan 
the  other  bodies  of  our  system  in  regard  to  heat  and  light,  S^^^teMtol**^ 
simply  because  of  his  vastly  greater  size. 
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§  13. — The  molecular  forces  are  the  effective  caiises 

Eflbctaof  which  hold  together  the  particles  of  bodies.    Through 

molecular  ocUon.  ^jj^^m^  ^hc  molccules  approach  to  a  certain  distance  where 

they  gain  a  position  of  rest  with  respect  to  each  other. 

The  power  with  which  the   particles   adhere  in  these 

relative  positions,  is  called,  as  we  have  seen,  cohesion, 

1' ensure  of         This  foicc  is  mcasured   by  the  resistance  it  offers  to 

cohesion.  mcchanical  separation  of  the  parts  of  bodies  from  each 

other. 
Three  states  of  On  the  degree  of  this  force,  the  three  states  or  ag- 

aggregation.  gregate  forms  called  solid,  liquid,  and  gaseous  depend. 
These  different  states  of  matter  result  from  certain  definite 
relations  under  which  the  molecular  attraction  and  repul- 
sion establish  their  equilibrium ;  there  are  three  cases,  viz, 
two  extremes  and  one  mean.  The  first  extreme  is  that  in 
which  attraction  predominates  among  the  atoms ;  this  pro- 
BoUd,  gas,  liquid,  duccs  the  solid  State.  In  the  other  repulsion  prevails,  and 
the  gaseous  form  is  the  consequence.  The  mean  obtains 
when  neither  of  these  forces  is  in  excess,  and  then  matter 
presents  itself  under  the  liquid  form. 

Let  A  represent  the  attraction  and  R  the  repulsion, 
then  the  three  aggregate  forms  may  be  expressed  by  the 
following  formulae : 

A>  li    solid, 

Formula.  A  <,  R     gaS, 

A  =  R    liquid- 

These  three  forms  or  conditions  of  matter  may,  for  the 
most  part,  be  readily  distinguished  by  certain  external 
External  peculiarities ;  there  are,  however,  especially  between  solids 

b!diM^suMM5tto  ^^^  liquids,  so  many  imperceptible  degrees  of  approxima- 
cbaage.  tion,  that  it  is  sometimes  difficult  to  decide  where  the  one 

form  ends  and  the  other  begins.  It  is  further  an  ascer^ 
tained  &ct  that  many  bodies,  (perhaps  all,)  as  for  instance 
water,  are  capable  of  assuming  all  three  forms  of  aggrega- 
tion. 
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Thus,   supposing  that   the   relative  intensity  of  thechangeof 
molecular  forces  determines  these  three  forms  of  matter,  it  °»°>«'^"'"  ■^•«' 

'       in  same  body. 

follows  from  what  has  been  said  above,  that  this  term 
may  vary  in  the  same  body. 

The  peculiar  properties  belonging  to  each  of  these 
states  will  be  explained  when  solid,  liquid,  and  aeriform 
bodies  come  severally  under  our  notice. 

§  14. — ^The  molecular  forces  may  so  act  upon  the  atoms  Action  of 
of  dissimilar  bodies  as  to  cause  a  new  combination  or  "**''^"^" '^^''^ 

between 

union  of  their  atoms.     This  may  also  produce  a  separation  diwimuar  bodies. 

between  the  combined  atoms  or  molecules  in  such  manner 

as  to  entirely  change  the  individual  properties  of  the 

bodies.     Such  efforts  of  the  molecular  forces  are  called 

chemical  action;  and  the  disposition  to  exert  these  efforts,  chemical  action. 

on  account  of  the  peculiar  state  of  aggregations  of  the 

ultimate  atoms  of  different  bodies,  chemical  affinity,  chemio&i  affinity. 


§  15. — ^Beyond  the   last   limit  of  gravitation,   atoms  Attraction  of 

bodlee  of  ee 
mugnltade. 


attract  each  other:  hence  all  the  atoms  of  one  body  attract  ^^^^  of  eenaibie 


those  of  another,  thus  giving  rise  to  attractions  between 
bodies  of  sensible  magnitudes  through  sensible  distances,  intensity  or  thia 
The  intensities  of  these  attractions  are  directly  proportional  *''^"°*^- 
to  the  number  of  attracting  atoms,  and  inversely  as  the 
squares  of  their  distances  apart. 

The  term  universal  gravitation  is  applied  to  this  force  univenai 
when  it  is  intended  to  express  the  action  of  the  heavenly  P*v"»*^on. 
bodies  on  each  other;  and  that  of  terrestrial  gravitation  or  Terroatriai 
simply  gravity^  where  we  wish  to  express  the  action  of  8»^'y- 
the  earth  upon  the  bodies  forming  with  itself  one  whole. 
The  force  is  always  of  the  same  kind  however,  and  varies 
in  intensity  only  by  reason  of  a  difference  in  the  number  Effedaofthia 
of  atoms  and  their  distances.    Its  effect  is  always  to  gen-  *^""*' 
erate  motion  when  the  bodies  are  free  to  move. 

Gravity^  then,  is  a  property  common  to  all  terrestrial  Gravity  common 
bodies,  since  they  constantly  exhibit  a  tendency  to  ap-  '^  ■"  ^*^*®^  ^^ 

'  •'  •^  .    conaequencea. 

proach  the  earth  and  its  centre.    In  consequence  of  this 
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tendency,  all  bodies,  unless  supported,  fall  to  the  surface 
of  the  earth,  and  if  prevented  by  any  other  bodies  from 
doing  so,  they  exert  a  pressure  on  these  latter. 

This  is  one  of  the  most  important  properties  of  terres- 
trial bodies,  and  the  cause  of  many  phenomena,  of  which 
a  ftdler  explanation  will  be  given  presently. 


SECTION    I. 


MECHANICS. 


Mechanics, 
Statics, 


Hydrostatics, 

Dynamics, 

Hydrodynamics. 

Mechanics  of 
solids, 

and  of  fluids. 


§  16. — That  branch  of  Natural  Philosophy  which  treats 
of  the  action  of  forces  on  bodies,  is  called  Mechanics.  Me- 
chanics is  usually  divided  into  Statics,  which  treats  of  the 
mutual  destruction  of  forces  when  appHed  to  soUd  bodies ; 
HydrostaticSj  when  applied  to  fluids ;  Dynamics,  which  treats 
of  the  motions  of  solid  bodies ;  and  Hydrodynamics  which 
investigates  the  motions  of  fluids.  Statics  and  Dynamics 
will  be  treated  together,  under  the  general  head.  Me- 
chanics of  Solids,  as  will  also  Hydrostatics  and  Hydro- 
dynamics, under  the  head,  Mechanics  of  Fluids, 
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•  >■ 


SPACE,    TIME,    HOTIOK,    AKD    FOBOE. 

§  17. — Space  is  mdefinite  extension,  without  limit,  and  spaoe. 
oontains  all  bodies. 

§  18. — Time  is  any  limited  portion  of  duration.     We  Time; 
may  conceiye  of  a  time  whicli  is  longer  or  shorter  than 
a  given  time.    Time  has,  therefore,  magnitude,  as  well  as  has  magnitode. 
lines,  areas,  &c. 

To  Tneasure  a  given  time,  it  is  only  necessary  to  obtain  Time  meuiued. 
equal  times  which  succeed  each  other  without  intermission, 
to  call  one  of  these  equal  times  unity,  and  to  express,  by 
a  number,  how  often  this  tmit  is  contained  in  the  given 
time.  When  we  give  to  this  number  the  particular  name 
of  the  unit,  as  houvj  minute,  second,  &c.,  we  have  a  com-  unit*  of  time, 
plete  expression  for  time. 

The  Instruments  usually  employed  in  measuring  time  udm 
are  docks,  chronofneiers,  and  common  watches,  which  are  *»""*™™«'*»' 
too  well  known  to^  need  a  description  in  a  work  like 
tills. 

The  smallest  division  of  time  indicated  by  these  time- 
pieces is  tiie  8ec(md,  of  which  tiiere  are  60  in  a  minute, 
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Performance  of    8600  in  an  Jiour^  and  86400  in  a  day ;  and  chronometers, 
chronometers,     ^j^^j^  ^^  nothing  more  than  a  species  of  watch,  have 

been  brought  to  such  perfection  as  not  to  vary  in  their 
rate  a  half  a  second  in  365  days,  or  81536000  seconds. 

Thus  the  number  of  hours,  minutes,  or  seconds,  be- 
tween any  two  events  or  instants,  may  be  estimated 
with  as  much  precision  and  ease  as  the  number  of  yards, 
feet,  or  inches  between  the  extremities  of  any  given  dis- 
tance. 
Time  represented  Time  may  be  rep- 
resented by  lines,  by 
laying  off  upon  a  -^^  i  ;- 
given  right  line  AB, 
the    equal    distances 

from  0  to  1,  1  to  2,  2  to  8,  &c.,  each  one  of  these  equal 
distances  representing  the  unit  of  time. 


bylines. 


Fig.  8. 


T 


3i? 


Beet; 

at>8olute  and 
reUttye. 


Bzample  of 
relatiTo  rest 


Motion,  like  rest, 
isrelstive. 


It  is  ooatinnonB. 


§  19. — A  body  is  in  a  state  of  absolute  rest  when  it 
continues  in  the  same  place  or  position  in  space.  There  is 
perhaps  no  body  absolutely  at  rest;  our  earth  being, 
without  cessation,  in  motion  about  the  sun,  nothing  con- 
nected with  it  can  be  at  rest.  In  what  follows,  rest  must, 
therefore,  be  considered  but  as  a  relative  term.  A  body 
is  said  to  be  at  rest,  when  it  preserves  the  same  position 
in  respect  to  other  bodies  which  we  may  regard  as  fixed. 
A  body,  for  example,  which  continues  in  the  same  place 
in  a  boat,  is  said  to  be  at  rest  in  relation  to  the  boat, 
although  the  boat  itself  may  be  in  motion  in  relation 
to  the  banks  of  a  river  on  whose  surface  it  is  floating. 

§  20. — A  body  is  in  rrbotion  when  it  occupies  succes- 
fdvely  different  positions  in  space.  Motion,  like  rest,  is 
but  relative.  A  body  is  in  motion  when  it  changes  its 
place  in  reference  to  those  which  we  may  regard  as 
fixed. 

Motion  is  essentially  continuous  ;  that  is,  a  body  cannot 
pass  from  one  position  to  another  without  passing  through 
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a  series  of  intermediate  positions ;  the  motion  of  a  point 
describes,  therefore,  a  continuous  line. 

When  we  speak  of  the  path  described  by  a  body,  path  of  a  body, 
we  are  to  understand  that  of  a  certain  point  connected 
with  the  body.    Thus,  the  path  of  a  ball,  is  that  of  its 
centre,  &c. 


§  21. — ^The  motion  of  a  body  is  curvilinear  or  recti-  curviunear  aud 

rectiUne 
motion. 


linear^   according   as   the  path   described  is  a  curve  or        °*" 


right  line.     When  the  motion  is  curvilinear,   we  may 
consider  it  as  taking  place  upon  a  polygon,  of  which  Direction  of » 
the  sides  are  very  small  and  sensibly  coincide  with  the      y*™®"*^** 
curve.     The  prolongation  of  any  one  of  these  sides  will 
be  a  tangent  to  the  curve,  and  will  indicate  the  direction 
of  the  body's  motion  while  upon  this  side. 

Conceive  the  time  employed  by  a  body  to  pass  from  uniform  mouon. 
one  position  to  another,  to  be  divided  into   a  number 
of  very  small  and  equal  parts.     If  the  portions  of  the 
path  successively  described  in  these  equal  times  be  equal, 
the  motion  is  said  to  be  uniform.     K  otherwise,  the  mo- 
tion is  said  to  be  varied.    It  is  accelerated  when  these  varied  motion; 
elementary  paths  are  greater  and  greater ;  retarded,  when  ^oeierated  and 
less  and  less  in  the  order  of  time. 

§  22. — Vdodiy  is  the  raie  of  a  body's  motion.  The  velocity; 
rapidity  or  slowness  of  motion  is  indicated  by  the  greater 
or  less  length  of  the  path  described  by  the  body,  during 
each  of  the  small  and  equal  portions  of  time  into  which 
the  whole  tune  is  divided.  This  length  is  taken  as  the 
measure  of  the  velocity  when  the  small  portion  of  time  is  itameaanre. 
made  to  denote  the  unit  of  time. 

The  velocity  is  constant  in  uniform  motion :  it  is  vari-  constant  and 
able  in  accelerated  and  retarded  motion.  variable. 

§  23. — ^In  uniform  motion,  the  small  spaces  described  uniform  moUon. 
in  equal  consecutive  portions  of  time  being  equal,  it  is 
obvious  that  the  space  described  in  any  given  time  will 
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contain  as  many  equal  parts  of  space  as  there  are  equal 
parts  of  time.  Consequently,  in  uniform  motion,  equal 
spaces  will  he  described  in  equal  timesj  whatever  be  the  rate 
of  motion,  and  the  spaces  will  be  proportional  to  the  times 
employed  in  describing  them. 
Relation  of  spooe  Dcuotc  by  S  the  length  of  space  described  during 
the  time  T;  s  the  length  of  the  space  described  in  the 
small  portion  of  time  t,  then,  from  what  precedes,  we  have 

S  :    T  ::  s  :    t 


T  ""  t 


(1). 


a  constant  ratio. 


§  24. — Since  in  imiform  motion,  the  spaces  are  propor^ 

tional  to  ■  the  times  employed  in  describing  them,  the 

veioeitjr  Velocity  may  be  measured  by  the  space  described  in  any 

^«ce  described*  *™®  whatcvcr,  for  example  in  a  second^  irdnute^  an  hour, 

In  any  unit  of      &c.    Thus  wc  Say  the  vclocity  is  2  feet  a  second,  or  120 

feet  a  minute,  or  7200  feet  an  hour,  or  -^  of  a  foot  in  A 

of  a  second,  &c ;  all  of  which  amounts  to  the  same  thing, 

since  the  ratio  of  the  space  to  the  time  is  not  changed. 

Rule  for  finding         When  a  body  describes  uniformly  a  certain  space  in 

^****^'  a  given  number  of  units  of  time,  aa  the  second,  for  ex* 

ample,  which  is  usually  taken  as  the  unit,  the  velocity  is 

folind  by  dividing  the  whole  space  by  the  whole  time,  for 

if  we  make  t  =  one  second  in  equation  (1),  s  becomes  the 

velocity,  §  22,  and  denoting  this  by  Fwe  have 

F=f (2). 

Enunpie.  Example :    The  space  described  in  1  minute  and  5 

seconds  or  65*  being  260  feet,  the  space  described  in  1', 
or  the  velocity,  is  given  thus : 
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T        66'         *• 


Eedprocally,  if  the  velocity  be  nmltiplied  by  the  number 
of  units  of  time,  the  space  will  result. 

§  25. — ^It  frequently  happens  in  practice  that  the  ve-  Penodiorf 
locity  is  not  constant,  although  the  spaces  described  at  the  ™®****°* 
end  of  certain  equal  intervals  are  equal    Such  for  instance 
is  the  case  in  all  periodical  movements  of  which  the  dif- 
ferent changes  are  executed  in  the  same  interval  of  time, 
although  the  velocity  is  continually  varying  within  this 
interval.    The  motion  of  a  carriage  and  that  of  a  pedes-  ihstuice- 
trian,  are  examples  of  this;    the    ^aoes    described  in^JJJJS^ 
certain  intervals,  are  often  the  same,  while  the  motion  is 
sometimes  accelerated  and  sometimes  retarded 


§26. — Conceive  a  table   consisting   of  two  vertical  Halation  of  tiwee 
columns,  in  one  of  which  are  arranged  Ihe  nurnbers  ex-  ropj^aeated 
pressive  of  the  intervals  of  time  elapsed  since  any  given  geoiMtricauy. 
instant)  and  in  the  other,  on  the  same  horizontal  lines, 
the  numbers  which  designate  the  spaces  described  by  any 
body  in  these  intervals.    Draw  an  indefinite  right  line  in  any  und  of 
OB]  assume  any  linear  dimension,  as  an  inch,  to  repre-  "******"• 
sent  the  unit  of  time,  and  let  the  same  length  represent 
the  uxiit  of  space;  with  a  scale  of  equal  parts,  lay  off  a 
distance  Ot^  representing 


Fig.  4. 


an  interval  of  time  given 
by  the  table ;  upon  a  per- 
pendicular to  OB  at  the 
point  ^4,  lay  off  a  distance 
U^i  representing  the  dis- 
tance passed  over  by  the 
body  in  the  time  0 1^,  Do 
the  same  for  the  other 
times  and  corresponding 
spaces  of  the  table,  and  we  obtain  the  points  e^^e^e^  &0., 
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Inaniform 
mottoo. 


which,  being  united  two  and  two  by  right  lines,  will  give  a 
polygon.  This  polygon  will  not  differ  sensibly  from  a  curve 
when  the  intervals  of  time  are  small  and  differ  very  little 
from  each  other.  Oii,  Ot^j  Ot^,  &c.,  are  the  abscisses, 
and  ^^1,  ^e^  t^e^  &c.,  the  ordinates  of  this  curve,  of 
which  the  origin  is  0.  It  is  obvious  that  by  means  of  the 
curve  we  may  obtain,  as  by  the  table,  the  space  de- 
scribed during  any  given  interval;  so  that  this  curve 
gives  the  relation  which  connects  the  spaces  with  the 
times,  whatever  be  the  nature  of  the  motion. 

In  uniform  motion  the  spaces  increase  in  the  direct 
ratio  of  the  times,  and  the  ordinates  ^  ^,  ^2  ^  hht  ^n 
are  therefore  proportional  to 
the  abscisses  0^,  Ot^  Ot^, 
&c. ;  hence  the  curve  becomes 
a  right  line.  Let  the  axis 
OB,  of  tiTnes,  be  divided  into 
any  number  of  equal  and 
very  small  parts;  through 
the  points  of  division  draw 
the  ordinates  or  spaces,  and 
through  the  extremities  of  the 
ordinates  draw  the  lines  ei  h^ 

C9  J3,  63  ^4)  4;c.,  parallel  to  the  axis  of  times,  we  shall 
thus  form  a  series  of  small  right-angled  triangles  O^^i, 
eih^e^  &c.,  similar  to  the  triangle  Ot^  e^  and  because 
6^  &^  =  ^  ^^  we  have 


Kg.  6. 


h^i  :    Ot^   : :   b^e^   :   t^t^ 


whence 


U^4 


Ml 


Relation  of  spMM  but  \  €^  is  the  spacc  s,  described  in  the  small  time  t^t^  =  tj 
toUieumM.       ^^^  ^^^^  ^^^  spacc  S  described  in  the  time  Ot^  =  JJ  and 

the  above  may  be  written 
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S 

T 


s 

T 


and  making  t  =  l,  a  becomes  the  measure  of  the  velocity 
y]  and  we  have 

T.       S 

'  my 

the  same  as  before,  equation  (1). 

Or,   0 1^  may  be  taken  as  the  unit  of  time,  in  which 
case,  ^4  64  becomes  the  velocity  7J  and  we  have 


Velocity  equal  to 
the  ratio  of  the 
space  to  the  time. 


F=  1 
t 


Same  for  any 
■pace  and  time. 


Accelerated 
motioiif 
represented 
geometrically. 


In  varied  mjotixm,  the  spaces  not  being  proportional  to  varied  motion, 
the  times,  the  line  Oe,,  e^e^  6^63,  &c.,  is  not  straight,  and 
the  small  spaces  e^  \ 

%  \  &c.,  described  in  Kg.  6. 

the  elementary  times 
^  ^  ^  ^  &c.,  are  not 
equal  The  velocity 
must,  therefore,  vary 
at  every  instant.  For 
the  case  represented 
by  the  figure,  the  mo- 
tion is  accelerated, 
because     the    spaces 

e^h^  e%\  &c.,  described  in  the  equal  elementary  times, 
continually  increase.     Now  let  it  be  supposed  that  at 
the  point  e^  the  motion  ceases  to  be  accelerated,   and  Mouon  ceases  to 
that  it  becomes  uniform  with  the  velocity  which  the     "^*"    ' 
body  had  at  this  instant.    The  law  of  the  motion  after- 
ward will  be  represented  by  the  right  line  %  m^  the  pro-  becomes 
longation    of    e^  ^4,    and.  since,   at   the    instant  we  are 
considering,  the  body  describes  a  space  equal  to  6464  in 
the  elementary  time  ^^4  =  4^4,   it  wiU,   in  virtue  of 


uniform. 


1 
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its  uniform  motion,  describe  in  a  unit  of  time  a  space 
equal  to  mn,  obtained 

by  laying  off  fix)m  the  Kg.  6. 

point  e^  on  ^^4  pro- 
duced, a  distance  e^n 
equal  to  the  unit  of 
time.  But  the  space 
described  in  a  unit  of 
time,  at  a  constant 
rate,  is  the  measure 
of  the  velocity  corre- 
sponding to  the  point 

e^,  or  at  the  end  of  the  time  Ot^.    From  the  figure  we 
obtain* 


e^b^  :   e^&4  : :  mn  :  €^n; 


or  making 


e4&4  =  5,      6^64  =  ^      mn=sYj      %n=l, 


we  have 


8 


t 


•  • 


1; 


equal  to  fhe  ratio 
of  the  element  of 
the  apace,  to  tbia 
element  of  tbe 
time. 


whence 


t 


as  before. 


Tngentline; 
wlU  give  the 
▼elodty. 


If  we  suppose  the  element  of  time  t^t^  sufficiently 
small,  the  line  e^  e^  will  coincide  with  the  curve  to  which 
e^  m  will  become  a  tangent  at  the  point  e^.  This  tangent 
being  constructed  geometrically,  wiU  give,  in  the  manner 
above  indicated,  the  velocity  corresponding  to  the  point 
of  the  curve  to  which  it  is  drawn,  or  the  velocity  at  the 
end  of  the  time  0 1^ 
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Rg.  1 


Geometrical 
reproBentation  of 
periodical 
motion. 


Periodical  motioii,  such  as  has 
been  defined  in  §  25,  will  be  rep- 
lesented  by  a  waved  line  EEE^ 
&C,  whose  undulations  are  regu- 
larly disposed  about  the  right 
line  ei,  Cg,  e^  &c.,  which  repre- 
sents the  law  of  uniform  motion. 

It  may  be  important  to  re- 
mark that  the  curves  which  have        ^ 
just  been  described,  and  which 
connect  the  lengths  of  the  spaces 

and  the  times,  in  any  kind  of  motion,  must  not  be  con-  Distinction 
founded  with  the  actual  path  described  by  the  body,  ^^f  j^^or 
In  this  last,  the  tangent  simply  gives  the  direction  of  the  themouon»and 
motion;  and  to  obtain  the  velocity,  the  elementary  por-  deL^bedbytbe 
tion  of  the  curve,  or  of  the  tangent  line,  must  be  divided  ^xx*y- 
by  the  time  during  which  this  element  is  described. 


Kg.  8. 


§  27. — Matter  in  its  unorganized  state,  is  inanimate  or 
inert     It  cannot  give  itself  motion,  nor  can  it  change 
of  itself  the  motion 
which  it  may  have 
received.      A    body 

at  rest  will  forever         *^ * ^ 

remain  so  unless  dis- 
turbed by  something 

extraneous  to  itself;  or  if  it  be  in  motion  in  any  direction,  loanimaie  bodies 
as  from  a  to  6,  it  will  continue,  after  arriving  at  b,  to  move  '^^^^^f^ 

'  '  o  7  their  state  of  rest 

towards  c  in  the  prolongation  oi  ah;  for  having  arrived  at  or  of  motion. 
6,  there  is  no  reason  why  it  should  deviate  to  one  side 
more  than  another.  Moreover,  if  the  body  have  a  certain 
velocity  at  6,  it  will  retain  this  velocity  unaltered,  since 
no  reason  can  be  assigned  why  it  should  be  increased 
rather  than  dimioished  in  the  absence  of  all  extraneous 
causes. 

K  a  billiard-ban,   thrown    upon  the  table,   seem  to  "^^p"^"* 

'  ^  '  exception 

diminish  its  rate  of  motion  till  it  stops,  it  is  because  its  explained. 
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motion  is  resisted  by  the  cloth,  and  the  atmosphere.  If  a 
body  thrown  vertically  downward  seem  to  increase  its 
velocity,  it  is  because  its  weight  is  incessantly  urging  it 
onward.  K  the  direction  of  the  motion  of  a  stone, 
thrown  into  the  air,  seem  continually  to  change,  it 
is  because  the  weight  of  the  stone  urges  it  incessantly 
towards  the  surface  of  the  earth.  Experience  proves  that 
in  proportion  as  the  obstacles  to  a  body's  motion  axe  re- 
moved, will  the  motion  itself  remain  unchanged- 
It  results,  from 
what  has  been  said, 
that  when  a  body  is 
put  in  motion  and 
abandoned  to  itself 


Fig.  9. 


conaequencei  of  its  inertia  will  cause 

inertia.  ',      . 

it    to    move    m    a 


straight    line     and 

preserve  its  rate  of  motion  unchanged.  If,  from  any  extra- 
neous cause  the  body  is  made  to  describe  a  curve  A  B,  and 
this  cause  be  removed  at  the  point  B,  the  inertia  will 
cause  the  body  to  move  along  the  tangent  BC,  and  to 
preserve  the  velocity  which  it  had  at  B. 


Forces;  weight 
ftnd  iieat. 


niuBtration* 


§  28. — A  force  has  been  defined  to  be  that  which 
changes  or  tends  to  change  the  state  of  a  body  in  respect 
to  rest  or  motion.  Weight  and  Heat  are  forces.  A  body 
laid  upon  a  table,  or  suspended  from  a  fixed  point  by 
means  of  a  thread,  would  move  under  the  action  of  its 
weight,  if  the  resistance  of  the  table,  or  that  of  the  fixed 
point  did  not  continually  destroy  the  effort  of  the  weight 
A  body  exposed  to  any  source  of  heat,  expands,  its 
particles  recede  from  each  other,  and  thus  the  state  of  the 
body  is  changed. 


Forcee  produce 
various  effects. 


§  29. — ^Forces  produce  various  effects  according  to  cir- 
cumstances. They  sometimes  leave  a  body  at  rest,  by  de- 
stroying one  another,  through  its  intervention ;  sometimes 
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they  change  its  form  or  break  it;  sometimes  they  impress 
upon  it  motion,  they  accelerate  or  retard  that  which  it  has^ 
or  change  its  direction;  sometimes  these  effects  are  produ- 
ced gradually,  sometimes  abruptly,  but  however  produced 
they  require  some  definite  time,  and  are  effected  by  am-ThMeefltetf 
tintums  degrees,    K  a  body  is  sometimes  seen  to  change  "^^^Jras^rftinM 
suddenly  its  state,  either  in  respect  to  the  direction  or  the 
rate  of  its  motion,  it  is  because  the  force  is  so  great  as  to 
produce  its  effect  in  a  time  so  short  as  to  make  its  dura- 
tion imperceptible  to  our  senses,  yet  some  definite  portion 
of  time  is  necessary  for  the  change.    A  ball  fired  &om  a  AiMUiiredih>m 
gun,  will  break  through  a  pane  of  glass,  a  piece  of  board,  •®*'*^°- 
or  a  sheet  of  paper  when  fireely  sus- 
pended,  with  a   rapidity   so    great 
that  the  parts  torn  away  have  not 
time  to  propagate  their  motion  to  the  T 

rest  A  cannon  freely  suspended  at 
the  end  of  a  vertical  cord  will  throw 
its  ball  to  the  same  point  as  though 
it  were  on  its  carriage,  which  proves 

that  the  piece  does  not  move  sensibly  till  the  ball  leaves  Efltetsobvioas, 
its  mouth,  though  afterward  it  recoils  to  a  considerable  J^"^^^*  **™^ 
distance.  In  these  several  cases  the  effects  are  obvious, 
while  the  times  in  which  they  are  accomplished  are  so 
short  as  to  elude  the  senses:  and  yet  these  times  have 
had  some  definite  duration,  since  the  changes,  correspond- 
ing to  these  effects,  have  passed  in  succession  through 
their  different  degrees  from  the  beginning  to  the  ending. 

Forces  which  give  motion  to  bodies  are  called  motive  uoaretorcM; 
forces;    they   are   accehroLtmg  when  they  accelerate  theJ^J^^*"** 
motion  at  each  instant,  and  retarding  when  they  retard  it 

§  30. — ^We  may  form  jfrom  our  own  experience  a  clear  ideaortheaeuon 
idea  of  the  mode  in  which  forces  act;  when  we  push  or  ^ffo^^-o^*"**™^ 

'  -*■  from  axpenenoo. 

pull  a  body,  be  it  free  or  fixed,  we  experience  a  sensation 
denominated  pressure^  trdctum,  or  in  general,  effort  This 
e£Ebrt  is  analogous  to  that  which  we  exert  in  raising  a  « 
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Forces  are  real 
preasorea; 


unit  of  force. 
Equal  foroee. 


Fig.  U. 


Foroea  meaaored 
by  weighta. 


AT 


Double,  triple, 
4c«.,  force. 


Unit  of  force  a 
pound  weigbt. 


weight,  and  thus  forces  are  to  ta  real  pressures.  Pressure 
may  be  strong  or  it  may  be  feeble;  it  therefore  has  Tnag^ii- 
tude,  and  may  be  expressed  in  numbers  by  assuming  a 
certain  pressure  as  uniiy,  which  may  easily  be  done  if  we 
can  find  pressures  that  are  equal  to  each  other. 

Two  forces  are  equal  when,  substituted,  one  for  the 
other,  in  the  same  circumstances,  they  produce  the  same 
effect,  or  when,  being  directly  opposed,  they  destroy  each 
other. 

Conceive  a  body  TF,  suspended  firom  the 
extremity  of  a  thread;  the  thread  will  as- 
sume a  vertical  direction,  and  an  effort  will 
be  necessary  to  support  it;  if  two  forces, 
appUed  successively  to  the  thread  and  in  the 
same  manner,  maintain  the  body  at  rest,  these 
forces  are  equal  to  each  other  and  to  the 
weight  of  the  body.  A  double,  triple,  &c., 
force,  will  support  two,  three,  &c.,  bodies, 
similar  to  the  first,  suspended  one  above 
another  on  the  same  thread ;  taking  one  of 
these  forces,  that,  for  instance,  which  sup- 
ports ^,5^th  of  a  cubic  foot  of  distilled  water 
at  the  temperature  of  60°  Fahrenheit,  and 
of  which  the  weight  is  called  a  pound,  for 
unity,  any  force  wUl  be  expressed  by  a 
number  which  indicates  how  many  pounds  it  will  sup- 
port. 


()W 


Jig.  12. 


Forces  compared 
hj  the  balance. 


§  31. — ^Weights  are  measured  and  compared  by  means 
of  an  instrument  called  a  baiance,  and  of  which  we  shall 
speak  hereafter.  By  the  definition  given  above  of  equal 
forces,  it  will  be  easy  to  find  the  weights  of  bodies  what- 
ever be  the  merits  or  defects  of  such  an  instrument.  We 
have  but  to  require  that  these  bodies  substituted  for  a 
certain  number  of  standard  units  of  weight,  shall  produce, 
under  the  same  circumstances,  the  same  effect  upon  the 
balance.    Under  this  point  of  view,  many  devices  may  be 


r" 


MECHANICS    OF   SOLIDS. 


41 


fig.  18. 


employed  to  measure  the  weights  of  bodies  and  conse- 
quently the^  magnitudes  of  forces. 

Springs,  among  others,  in 
supposing  they  preserve  unim- 
paired for  a  long  time  their 
elasticity,  may  be,  and  indeed 
are,  used  in  practice,  for  this 
purpose.  Of  such  is  the  spring 
balance,  a  sketch  of  which  is 
given  in  the  figure.  In  using 
this  instrument,  it  is  necessary 
to  determine  previously  the 
accuracy  of  its  divisions  by 
means  of  standard  weights, 
and  to  change  the  values  of  its 
graduations  if  the  elasticity  of 

the  spring  shall  be  found  to  have  undergone  a  change 
since  its  construction. 


Useofaprlng 
balance  to 
meaaore  forces. 


VerUeatioQofthe 
elaattctty. 


§  32. — ^It  is  known  from  observation  that  the  action  variation  in  foree 
of  the  force  of  gravity  diminishes  as  the  bodies  upon  ^u^'^^^J^e 
which  it  is  exerted  are  elevated  above  the  surface  of  vtndia, 
the  earth.    The  same  body,  therefore,  which  will  cause  by 
its  weight  a  spring  to  bend  through  a  certain  angle  at  the 
surface  of  the  sea,  wiU  cause  it  to  bend  through  a  less 
angle  when  weighed  at  the  top  of  a  mountain,  and  thus 
the  absolute  weight  of  the  body,  or  magnitude  of  the  force 
which  sustains  it,  is  diminished.     But  this  diminution  for 
the  height  of  three  miles  does  not  exceed  yj^  of  the  total 
weight.    Experience  also  shows  that  the  weight  of  a  body 
diminishes  as  it  approaches  the  equator,  but  for  an  extent 
of  territory  equal  to  that  of  the  state  of  New  York  this 
variation  is  scaxcely  appreciable. 

The  directions  of  two  plumb-lines  being  normal  to  the 
sur&ce  of  the  eatth,  cannot  be  perfectly  parallel,  since  Acta  in  paranei 
they  converge  to  a  point  near  its  centre  and  which  ^s  J'^^j^^^*"^" 
therefore  distant  about  4000  miles  from  the  place  of  ordinary  bodies, 

4* 
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observation.  These  lines  when  separated  by  a  distance 
of  600  yards  on  the  surface  of  the  earth,  will  form  with 
each  other  an  angle  not  to  exceed  6",  which  is  inappreci- 
Forceofgrarity  able  to  oommon  instruments.  It  hence  follows,  that, 
in^writer"**  "^^  within  ordinary  limits,  the  force  of  gravity  may  be  regard^ 
as  constant,  and  acting  in  parallel  directions. 


directioDB. 


n. 


ACTION    OF    FORCES,    EQ0ILIBBIUM,    WORK. 

Action  of  exterior       §  83. — ^Whcn  a  foicc  acts  against  a  point  in  the  surface 

oroeson      ea,  ^f  ^y^q^j^  j^  exerts%,  piessurc  which  crowds  together  the 

neighboring  particles ;  the  body  yields,  is  compressed  and 

its  surface  indented ;  the  crowded  particles  make  an  effort, 

by  their  molecular  forces,  to  regain  their  primitive  places, 

and  thus  transmit  this  crowding  action  even  to  the  re- 

whensomeofthe  motest  particlcs  of  the  body.    K  these  latter  particles  are 

particles  are      .  ^^^  ^j.  prevented  by  obstacles  from  moving,  the  result 

will  be  a  compression  and  change  of  figure  throughout  the 
When  none  of  the  body.  If,  On  the  Contrary,  these  extreme  particles  are 
particles  are  fix   .  £^^^  ^j^^^  ^^  advaucc,  and  motiou  will  be  communicated 

by  degrees  to  all  the  parts  of  the  body.     This  internal 

motion,  the  result  of  a  series  of  compressions,  proves  that 

a  certain  time  is  necessary  for  a  force  to  produce  its  entire 

Definite  yeiocity   effect,  and  the  absurdity  of  supposing  that  a  finite  velocity 

grated  °^*y  ^  generated  instantaneously.     The  same  kind  of 

instantaneously,    actiou  will  take  placc  wheu  the  force  is  employed  to 

destroy  the  velocity  which  a  body  has  already  acquired ; 

it  will  first  destroy  the  velocity  of  the  molecules  at  and 

nearest  to  the  point  of  action,  and  then,  by  degrees,  that 

of  those  which  are  more  remote  in  the  order  of  distance. 


§  34. — As  the  molecular  springs  cannot  be  compressed 


Benetton  equal 
and  contrary 

to  action.  without  reacting  in  a  contrary  direction,  and  with  the 
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same  effi}rt,  the  agent  whicli  presses  a  body  will  experience 
an  equal  pressure.  This  is  usually  expressed  bj  saying 
that  reaction  is  equal  and  contrary  to  action.  In  pressing 
the  finger  against  a  body,  in  pulling  it  with  a  thread,  or 
pushing  it  with  a  bar,  we  are  pressed,  drawn,  or  pushed  in 
a   contrary  direction,  and  with  the  same  effort.     Two 

Fig.  14. 


niuBtration. 


Tveighing  springs  attached  to  the  extremities  of  a  thread  or 
bar,  will  indicate  the  same  degree  of  tension,  and  in  con- 
trary directions  when  made  to  act  upon  each  other  through 
the  intervention  of  the  thread  or  bar. 

§  35. — ^In  every  case,  the  action  of  a  force  is  trans-  Point  of 
mitted  through  a  body  to  the  ultimate  point  of  resistance,  12*^7*^*1^^*" 
by  a  series  of  equal  and  contrary  actions  and  reactions  une  of  direction, 
isrhich    destroy   each   other,   and  which   the    molecular 
springs  of  all  bodies  exert  at  every  point  of  the  right  line, 
limited  by  their  boundaries,  along  which  the  force  acts. 
It  is  in  virtue  of  this  property  of  bodies,  that  the  action  of 
a  force  may  be  supposed  to  be  exerted  at  any  point  in  its 
Une  ofdirectian. 


§  36. — ^Bodies  being  more  or  less  extensible  and  com-  Bodies  aaed  to 

transmit  the 
action  of  forces. 


pressible,  a  thread  or  bar,  interposed  between  the  power  *""**™"  '**® 


and  resistance,  will  be  stretched  or  compressed  to  a  certain 
degree,  depending  upon  the  energy  with  which  these 
forces  act ;  but  as  long  as  the  power  and  resistance  remain 
the  same,  the  thread  or  bar,  having  attained  its  new 
length,  will  cease  to  change.    On  this  account,  bodies, 
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regarded  M  rigid  which  are  iisually  employed  to  transmit  the  action  of 
forces  from  one  point  to  another,  may  be  regarded  as 
perfectly  inextensible  or  rigid,  especially  as  such  bodies 
are  chosen  and  applied  so  as  not  to  yield  under  this 
action. 


Inertia  meMured 
by  meanaof 
forces; 


BcUon  of  taertta 
on  a  thread; 


coadnelofa 
spring  wlieo 
under  the  action 
of  inertia; 


re^staafle  to  all 
chan^^  oC 
moiioa: 


Fig.  15. 


§  87. — We  have  just  seen  that  when  a  force  acts  upon 
a  body  to  give  it  motion  or  to  destroy  that  which  it  has, 
the  body  will  react  or  oppose  a  resistance  equal  to  the 
fbrce.  This  resistance  measures  the  inertia  of  the  matter 
of  the  body.  It  is  obvious  that  for  the  same  body,  this 
resistance  increases  with  the  degree  of  velocity  imparted 
or  destroyed;  we  shall  presently  find  that  it  is  propor- 
tional to  this  velocity,  and  that  it  also  increases  in  the 
direct  ratio  of  the  quantity  of 
matter  in  the  body.  If  a  body, 
free  to  move,  be  drawn  .by  a 
thread,  the  thread  wiU  stretch 
and  even  break  if  the  action  be 
too  violent,  and  this  wiU  the 
more  probably  happen  in  propor- 
tion as  the  body  is  more  massive. 
If  a  body  be  suspended  by  means 
of  a  vertical  cord,  and  a  weighing 
spring  be  interposed  in  the  line 
of  traction,  the  graduated  scale 
of  the  spring  will  indicate  the 
weight  of  the  body  when  the 
latter  is  at  rest;  but  if  we  sud- 
denly elevate  the  upper  end  of 

the  thread,  the  spring  wiQ  immediately  bend  more  in 
consequence  of  the  resistance  opposed  by  the  inertia  of 
the  body.  The  motion  once  acquired  by  the  body  and 
become  uniform,  the  spring  will  resume  and  preserve 
the  degree  of  flexure  or  tension  which  it  had  when  the 
body  was  at  rest  IfJ  now,  the  body  being  in  motion,  the 
velocity  of  the  upper  end  of  the  thread  be  diminished,  the 
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spring  will  xmbend  and  the  scale  will  indicate  a  pressure 
less  than  the  weight  of  the  body.    The  oscillations  of  the  oKUintioiisora 
spring  may  therefore  serve  to  measure  the  variations  in  JJ^J^^^e 
the  motions  of  a  body,  and  the  energy  of  its  force  of  ch«ng«in 
inertia,  which  acts  against  or  with  a  power  exerted  in  the 
direction  of  the  motion,  according  as  the  velocity  is  in- 
creased or  diminished. 

§  88. — ^The  effect  of  every  force  depends,  1st,  upon  its  jaiiBctofa  force; 
jxnnt  of  appliccUMn ;  that  is,  the  point  to  which  it  is  ^*^*^[,on  u^^ 
directly  applied :  2d,  upon  the  position  of  the  line  along  of  direcuon,  and 
which  it  acts  or  the  straight  line  which  its  point  of  appli-  ^' 

cation  would  describe  if  perfectly  free:  8d,  upon  the 
direction  in  which  it  tends  to  solicit  its  point  of  application 
along  this  line,  whether  backward  or  forward :  4th,  upon 
its  absolute  vrUensttyj  measurable  in  pounds  or  any  other 
unit  of  weight. 

§  39. — ^Let  A  be  the  point  of  application  of  a  force 
which  acts  upon  the  line  AB;   from  -4,   lay  off  uponG»phicai 

.•I  n*       jjt  representation 

the    direction     m  ofafowe; 

which    the    force  «    ,^ 

Fig.  16. 

acts,  a  distance 
APj  oontdning  as 
many  linear  units,  ...-•'' 

say  inches,  as  there         ^-.-'''''  ' 

are  pounds  in  the  - 

intensity    of     the 

force ;     the    force 

will  be  ftdly  represented.     Commonly  the  direction  of 

the  action  is  indicated  by  an  arrow,  and  the  intensity 

of  the  force  by  some  letter  as  P,  for  the  sake  of  brevity. 

Thus,  we  say  a  force  P  or  AP,  a  force  Q  or  A  Q,  as  we 

say  a  force  of  5  pounds,  a  force  of  8  pounds.    In  this  way  by  length  of  une 

the  investigations  in  mechanics  are  reduced  to  those  of  ^^^"^^^ 

geometrical  figures. 
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Equilibrium  of 
forces ; 


statical  and 
dynamical. 


Illustration- 
two  men. 


No  case  of 
absolute  rest 


EartVs  motion. 


Repose  not 
necessary  to 
equilibrium. 


§  40. — ^When  the  forces  applied  to  any  body  balance,  or 
mutually  destroy  each  other,  so  as  to  leave  the  body  in  the 
.  same  state  as  before  their  application,  these  forces  are  said 
to  be  in  equilibrio.  The  equiUbrinm  may  be  statical  or 
dynamical  In  the  first  case,  the  forces  finding  the  body  at 
rest,  will  leave  it  so ;  in  the  second  case,  the  forces  being 
applied  to  the  body  in  motion,  will  in  no  respect  alter  the 
motion.  Two  men  pulling  with  equal  strength  at  the  op- 
posite ends  of  a  cord,  will  be  a  case  of  statical  equilibrium 
if  the  men  be  at  rest,  and  a  case  of  dynamical  equilibrium 
if  they  be  in  motion. 

In  reality  there  is  no  case  of  absolute  statical  equi- 
librium, since  the  earth's  motion  involves  that  of  every 
body  connected  with  it,  in  the  same  way  that  a  boat 
moving  over  the  surface  of  the  water  carries  every  thing 
on  board  along  with  it.  The  idea  of  repose  is  not  neces- 
sary to  that  of  an  equilibrium,  which  only  requires  the 
mutual  destruction  of  all  the  forces  which  act  at  the  same 
instant  upon  a  body. 


Forces  in 
equilibrio ; 


§  41. — ^When  a  body,  subjected  to  the  action  of  several 
extraneous  forceg,  preserves  its  motion  perfectly  uniform, 
notwithstanding  these  forces,  these  latter  will,  from  the 
definition  above,  be  in  equilibrio.  If  the  velocity  however 
not  in  equilibrio  augment  or  diminish,  the  extraneous  forces  will  not  be  in 
equilibrio ;  but  if  we  take  into  account  the  force  of  inertia 
of  the  difierent  particles  of  the  body,  and  introduce  among 
the  extraneous  forces  one  equal  to  it  and  capable  of  pre- 
venting the  modification  of  the  motion,  there  will  again  be 
an  equilibrium  among  all  the  extraneous  forces.  A  horse 
which  draws  a  carriage  along  a  road,  destroys  at  each 
instant  all  resistances  which  are  opposed  to  his  action ;  if 
the  motion  is  perfectly  uniform,  these  resistances  arise 
only  from  the  ground,  the  different  frictions,  &c.  If  the 
velocity  increases  at  each  instant  in  consequence  of  an 
increased  effort  of  the  horse,  the  inertia  of  the  carriage 
will  come  into  action  and  add  to  the  other  resistances 


when  the  motion 
changes. 

EffiBct  of  inertia 
on  equilibrium 
of  forces. 

Illustration- 
horse  and 
carriage. 
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above  named,  and  the  eflFort  of  the  horse  during  this 
increase  of  velocity,  will  be  in  equilibrio  with  all  these 
forces;  if,  on  the  contrary,  the  velocity  diminish,  the 
inertia  of  the  carriage,  which  tends  to  preserve  its  motion 
uniform,  will  add  its  action  to  that  of  the  horse  to  over- 
come aU  the  resistances,  or  to  maintain  the  equilibrium. 

Thus  inertia  stands  always  ready  to  maintain  an  eqxd-  inertia  tiways 
librium  among  forces  of  whatever  nature :  and  hence  the  "^^  ^  ••tobiish 

"  ,  ,      ^  ,  an  equilibrium 

distinction  between  the  equilibrium  of  bodies  and  of  among  forces, 
forces.  Forces  are  ever  in  equilibrio,  while  bodies  are  not 
necessarily  so.  I^  for  example,  a  material  point  be  acted 
upon  by  a  force,  it  will  move  in  the  direction  of  this  force, 
while  the  force  itself  is  maintained  in  equilibrio  by 
the  inertia  developed  during  the  yielding  of  the  point. 
Action  and  rea,^  are  equai  and  cmtrary. 

§  42.— When  an  equilibrium  exists   among    several  Reacuon  equal 
forces,  as  0,  P,  Q,  &c.,  one  of  them,  as  0,  may  be  con-  J^^^"^"^^ 
sidered  as  preventing  the  effect  of  aU  the  others.    I^  then, 
we  conceive  a  force 

B,  equal  and  directly  ^^ 

opposed  to  0,  at  the 
same  point  of  appli- 
cation (7,  this  force 
will  destroy  of  it- 
self the  force  0,  and 
will  therefore  pro- 
duce the  same  effect 
upon   the   body  as 

.1       -  r>    ^    .  iX^  \J?  Reiultantof 

the  forces  P,  Q,  &c.,         >^  \  ^^^ 

taken  together.  This  components  of  a 

force. 

force  i?  is  called  the 

residtant  of  the  forces,  P,   Q,  &c.,  and  these  latter  the 

components  of  the  force  R, 

Eeciprocally,  if  to  the  resultant  P  of  several  forces  P, 
Q,  &c.,  an  equal  force  0,  be  immediately  opposed,  there 
will  be  an  equilibrium  between  this  force  and  the  several 
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Resultant  and 

componenta 

defined. 


forces  P,  Q,  &c. :  hence,  the  resultant  is  a  single  force 
which  will  produce  the  same  effect  as  two  or  more  forces ; 
the  compcments  are  two  or  more  forces  which  will  produce 
the  same  effect  as  a  single  force. 


Resultant  of 
several  forcea 
acting  along  the 
same  line. 


§  43. — ^When  several  forces  act  along  the  same  straight 
line  and  in  the  same  direction,  their  joint  effect  will  ob- 
viously be  the  same  as  that  of  a  single  force  equal  to 
their  sum,  which  single  force  will  be  their  resultant  If 
some  of  the  forces  act  in  one  direction,  and  others  in  an 
opposite  direction,  the  resultant  will  be  a  single  force  equal 
to  the  excess  of  the  sum  of  those  which  act  in  one  direction 
over  the  sum  of  those  which  act  in  the  contrary  direction ; 
and  it  will  act  in  the  direction  of  those  forces  which  give 
the  greater  sum,  for  when  two  unequal  forces  are  directly 
opposed,  the  smaller  will  destroy  in  the  larger  a  portion 
equal  to  itself.  Three  men  pulling  in  the  same  direction 
a  cord,  with  efforts  10,  17,  and  25  pounds,  and  two  others 
pulling  in  the  opposite  direction  with  efforts  12  and  19 
pounds,  the  effect  to  move  the  cord  wiU  be  the  same  as 
though  it  were  solicited  by  a  single  force  52  —  81  =  21 
pounds,  acting  in  the  direction  of  the  first  men. 


\ 


Mechanical  work 
of  forces. 


Resistance 
orercome  and 
reproduced. 


§  44. — The  most  simple  case  of  equilibrium,  is  that  in 
which  two  equal  and  opposing  forces  destroy  each  other, 
and  it  is  this  to  which  the  employment  of  force  in  the 
mechanic  arts  is  always  reduced.  To  vxyrk^  is  to  destroy 
or  overcome,  in  the  service  of  the  arts,  resistances,  such 
as  the  force  of  adhesion  of  the  molecules  of  bodies,  the 
strength  of  springs,  the  weight  of  bodies,  their  inertia, 
&c.,  &c.  To  polish  a  body  by  friction,  to  divide  it  into 
parts,  to  elevate  weights,  to  draw  a  carriage  along  a  road, 
to  bend  a  spring,  to  throw  stones,  balls,  &c.,  &o.,  is  to 
work,  to  continually  overcome  resistances  incessantly 
recurring. 

Mechanical  work  not  only  supposes  a  resistance  over- 
come, but  a  resistance  reproduced  along  the  path  described 
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by  the  point  at  which  the  resistance  is  exerted,  and  in 
the  directipn  of  this  path.    To  take  away  from  a  body 
a  portion  of  its  matter  with  a  tool,  for  example,  we  must 
not  only  overcome  the  resistance  opposed  by  the  matter 
removed,  but  also  cause  the  point  of  action  of  the  tool  to 
advance  in  the  direction  of  the  line  along  which  the  resist- 
ance incessantly  recurs.    The  further  the  tool  advances, 
the  greater  will  be  the  length  of  the  removed  portion; 
on  the  other  hand^  the  broader  and  thicker  this  portion, 
the  greater  the  resistance,  and  consequently  the  greater 
the  effort  to  overcome  it.     Thje  work  perforrrved,  iherefyre,  work  inereaset 
cU  each  *instant^  increases  with  the  intensity  of  the  effort  and  ^^JJ!^**'^'* 
the  length  of  the  path  described  by  its  point  of  applicaMon  in  described  by  the 
the  direction  of  ih^  effort  apS^^^ion. 

§  45. — Let  us  suppose  a  constant  resistance  and,  there-  Moemireofthe 
fore,  a  constant  effort  which  is  equal  and  directly  opposed  J|[|^2m«  V*** 
to  it,  that  is,  they  are  the  same  at  each  instant;  it  iseoosunt. 
obvious,  from  what  precedes,  that  the  work  produced  will 
be  proportioned  to  the  length  of  the  path  described  by 
the  point  of  application  of  the  effort — double,  if  the  path 
is  double,  triple,  if  the  path  is  triple,  &c. ;  so  that,  if  we 
take  for  unity  the  work  which  consists  in  overcoming  a 
resistance  over  a  length  of  1  foot,  the  total  work  will  be 
measured  by  the  number  of  feet  passed  over.  But  if  for 
another  work,  the  constant  resistance  is  double,  triple, 
&c  of  what  it  was  in  the  first  case,  for  an  equal  length 
of  path,  the  work  will  be  double,  triple,  &c.  of  what  it. 
was  before.  If,  for  example,  the  resistance  were  1  pound 
in  the  first  case,  and  2,  3,  4,  &c.  pounds  in  the  second,  the 
work  for  each  foot  of  path  would  be  2,  3,  4,  &c.  times  that 
of  1  pound.  In  assuming,  then,  the  work  which  consists 
in  overcoming  a  resistance  of  1  pound,  through  a  distance 
of  1  foot,  for  the  unit  of  work,  we  shall  have  for  the 
measure  of  the  work,  of  which  the  object  is  to  overcome 
a  constant  resistance,  the  number  of  pounds  which  measures  Rnie. 
this  resistance  repeated  as  many  times  as  there  are  feet  in  the 
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path  described  by  the  point  of  application  of  the  resist' 
ance. 
ninrtntioii.  For  example,  suppose  a  motive  force  employed  to 

draw  a  body  on  a  horizontal  plane ;  the  work  will  be, 
to  overcome  the  resistance  of  the  constant  fidction  exerted 
between  the  body  and  plane.  Let  this  friction  be  37.5 
pounds,  and  the  path  described  64  feet,  the  total  work 
will  be 

87.5  X  64  =  2400  pounds, 

or  equal  to  2400  pounds  over  1  foot,  or  1  pound  over  a 
distance  of  2400  feet. 

In  general,  then,  denoting  by  Q^  the  quantity  of  work 
performed ;  by  P  the  constant  resistance,  or  its  equal,  the 
effort  necessary  to  overcome  it ;  and  by  S^  the  space  de- 
scribed by  the  point  of  action,  we  shall  have 

Eqnalionorthe  Q  ^  p  g. (8). 

qnantttj  of  work. 

To  represent  this  geometri- 
Geometiioai        cally,  assumc  any  linear  unit, 

SIS^T  ^  tl^«  ^<^^  to  represent  1  ^^  '^ 

work.  pound,  and  the  same  to  repre- 

sent the  unit  of  linear  length ; 
lay  off  from  0  on  the  indefi- 
nite right  line  05,  the  dis- 
tance Ofii,  equal  to  the  length 
of  path  described  by  the  point 

of  action,  and  at  e^  the  perpendicular  e^  r^  containing  as 
many  inches  as  the  constant  effort  contains  pounds ;  then 
will  the  nimiber  of  square  inches  in  the  rectangle  Oei  ri  r, 
express  the  quantity  of  work. 

Work  when  the  §  46. — ^If  the  resistance,  or  the  equal  effort  which  de- 
stroys it,  instead  of  being  the  same  at  each  instant,  varies 
incessantly,  as  is  most  frequently  the  case,  the  quantity 
of  work  will  not  be  given  by  the  simple  rule  above ;  butj 
as  the  effort,  however  variable,  may,  during  the  descrip- 


to 
▼viable. 
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Fig.  19. 


tion  of  a  yeiy  smaU  portion  of  the  path,  be  regarded  as 
constant,  the  corresponding  portion  of  work  will  still  be  Eaomaiitary 
measured  by  this  constant  effort  into  this  small  portion  ^'"^^^'yo''^*^ 
of  the  path. 

The  total  work,  being  composed  of  all  its  elements, 
will  be  measured  by  the  sum  of  all  these  elementary 
products. 

Draw  the  curve  r,  r^  r^  r^  &c.,  of  which  the  abscisses 
Oe,  Oe|,  Oe^  Oe^  &c.,  shall  represent  the  spaces  described 
by  the  point  of 
action  of  the  resist- 
ance up  to  certain 
given  successive  in- 
stants of  time,  and 
of  which  the  ordi- 
nates  er,  e^rif  e^r^ 
e^r^  &c.,  shaU  rep- 
resent the  corre- 
sponding resistan- 
ces. Let  ee^j  eie^ 
CgCfy  &c.,  be  the 
equal     and     very 

small  spaces  described  in  successive  portions  of  tima  The 
elementary  portions  of  work  during  these  intervals  of 
time,  having  for  their  measures  the  products  of  the  small 
spaces  by  the  corresponding  resistances,  regarded  as  con- 
stant for  each  one,  that  is,  by  the  products 

ee^Xer,      et^X^n,      ^^e^Xe^rg, 

these  elementary  portions  of  work  are  represented  respec- 
tively by  the  elementary  areas 

cr«i^         e^ris^et,         <%r,^<%,    &a, 


Repntented  Iqr 
geometry. 


and  the  total  work  will  be  represented  by  the  sum  of  all 
these  rectangles.    But  if  we  multiply  suitably  the  points 
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Represented  by 
an 


of  division  ei,  e^  e^  &c.,  by  diminisliing  the  distances  6^ 
e^e^  e^e^  &c.,  it  is  obvious  that  the  sum  of  the  rectangles 
will  not  sensibly  differ  from  the  area  included  by  the 
curve  rvi  t^.^.Ti^  the  whole  path  e&j  described  by  the 
point  of  action,  and  the  two  ordinates  er  and  e-iv^  drawn 
through  ite  extremities. 

Hence  we  see,  that  when  we  know  from  experience,  the 
law  which  connects  the  variable  resistance  with  the  length 
of  path  described  by  its  point  of  action,  to  compute  the 
amount  of  work  performed,  is  but  to  construct  by  points, 
or  otherwise,  the  curve  of  this  law,  and  to  calculate  the 
area  included  by  the  curve,  the  total  length  of  path 
described  and  the  extreme  ordinates.  When  the  unit  of 
length  employed  to  construct  the  ordinates  is  the  same  as 
that  by  which  the  length  of  path  is  measured,  it  is  plain 
that  the  unit  of  area  will  represent  the  work  performed 
by  a  unit  of  effort^  as  a  pound,  thrcmgh  a  unit  of  length,  say 
afoot 

To  find  this  area,  divide  the  path  described  into  any 
even  number  of  parts,  and  erect  the  ordinates  at  the 
points  of  division, 


and  at  the  extremi- 
ties ;  number  the 
ordinates  in  the  or- 
der of  the  natural 
Rule  for  flnding  numbeis*,  add  to- 
gether  the  extreme 
ordinates,  increase 
this  sum  hy  four 
times  that  of  the  even 


the  area. 


ordinates  and  twioe  that  of  the  uneven  ordinates^  and  multiply 
by  one  third  of  the  distance  between  any  two  consecutive 
ordinates. 

Demonstration:  To  compute  the  area  comprised  by  a 
curve,  any  two  of  its  ordinates  and  the  axis  of  abscisses, 
by  plane  geometry,  it  is  usual  to  divide  it  into  elemen- 
tary areas,  by  drawing  ordinates,  as  in  the  last  figure, 
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and  to  r^ard  each  of  the  elementary  figures,  «,  e^r,  r„ 
'^  '^  **!  ''h  ^-1  ^  trapezoids ;  and  it  iB  obvious  that  the 
eiror  of  this  sappoBition  will  be  less, 
in  proportion  as  the  number  of  trape- 
zoids between  given  limits  is  greater.  ^'  "■ 
Take  the  first  two  trapezoids  of  the 
preceding  figure,  and  divide  the  dis- 
tance «!  Sf  into  three  equal  parts,  and 
at  the  points  of  division,  erect  the  or- 
dinates  m  n,  «ij  Wj ;  the  area  computed 
£t>m   the  three  trapezoids  e,  m  n  r^, 
7n  m,  n,  n,  mj  ^  r,  %,  will  be  more  ac- 
curate than  if  computed  fivm  the  two  Bi  ^  fj  Ti,  <i  ^  r-|  r^ 
The  area  by  the  three  trapezoids  is 


e,m 

X  2 +  mmi ^ hmie, ^ 

But 

by  construction, 

e,7n  =  mmi  =  tni^  = 

^CtCt  =  JeiCfc 

and  the  above  may  be  written. 

k^^i'hn  +  2mn  +  2 

mini  +  ^*'»). 

but 

in  the  trapezoid  m  1711%  n. 

2m»  +  SniiTi,  =  4%r 

fc    very  nearly; 

vhence  the  area  becomes 

ke,e,(eir,  +  4^rj 

+  «%rO; 

the  area  of  the  next  two  trapezoids  in  order,  of  the  pre- 
ceding figure,  will  be  ' 

l«i^(«tr,  +  4e.r4  -t-  e,r(); 
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and  similar  expressions  for  each  succeeding  pair  of  trape- 
zoids. Taking  the  sum  of  these,  and  we  have  the  whole 
area  bounded  by  the  curve,  its  extreme  ordinates,  and  the 
axis  of  abscisses ;  or 

Algebraic 
rule. 

whence  the  rule. 

§  47. — ^When  the  value  of  the  mechanical  work  of  a 

variable  resistance  for  any  distance  passed  over  by  the 

Meanreeisumoe;  poiut  of  action,  is  fouud  by  the  method  just  explained,  if 

this  value  be  divided  by  the  distance,  the  quotient  will 

equal  to  the  entile  bc  a  mean  resistance,  or  the  constant  effort  which,  exerted 

the^OTUwMik^^  through  the  enure  path,  will  produce  the  same  quantity 

of  work ;  for  we  have  seen  that  for  a  constant  resistance, 

the  quantity  of  work  is  measured  by  the  product  arising 

from  multiplying  this  resistance  into  the  path  described 

by  its  point  of  action. 

EauunpieB  of  §  48. — ^Whcu  a  motivc  force  is  employed  to  bend  a 

wOTk-  spring,  it  will  develop,    at  each  instant,  an  effort  which 

is  greater  in  proportion  as  its  point  of  action  describes, 
that  of  a  force  in  the  direction  of  the  effort,  a  greater  path;  an  effort 
bending  a  spring,  ^j^JqJ^  ^q  hAve  sccu  may  be  measured  for  each  position 

of  the  spring  or  point  of  action.  The  curve  which  gives 
the  law  of  these  efforts  may  be  constructed  by  the  method 
just  given,  and  the  area  determined  by  the  rule  in  §  46 
will  give  the  total  mechanical  work  performed  by  the 
force. 

We  have  already  taken  as  an  example  the  work  pro- 
duced by  a  constant  force  in  drawing  a  body  over  a  horizon- 
tal plane,  and  above  we  have  taken  the  work  which  arises 
from  the  action  of  a  variable  force  in  bending  a  spring ; 
of  the  draft  of  B   the  reasoning  applied  to  these  is  applicable  to  all  kinds 
^^effortof     ^^  work  employed  in  the  arts.     Does  a  horse  puU  upon 
aman.  the  shaft  of  a  mortar  mill ;  a  man  draw  water  from  a  well ; 
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an  artdflcer  saw,  plane,  file,  polish;  a  turner  fashion  his  or  the 
materials  in  the  lathe;  the  quantity  of  work  performed ^J'^jj^^**' 
is  measured  by  the  product  of  the  effort,  which  is  always  obtained  by  the 
equal  and  contrary  to  the  resistance  opposed   by  the  ""^^  "**" 
matter  to  the  tool,  into  the  path  described  by  the  point 
of  action,  if  the  resistance  is  constant,  or  by  the  sum  of 
the  partial  products  which  measure  the  elementary  por- 
tions of  work,  if  the  resistance  is  variable. 

§  49. — ^In  seeking  to  appreciate  different  kinds  of  work,  niitiiiettoii  to  be 
we  must  be  careftd  not  to  confound  that  which  is  really  *****'^^  in  wort 
expended  by  the  motive  force,  with  that  which  is  actually 
effective  in  accomplishing  an  object.  It  is  to  this  last  that 
are  to  be  applied  the  foregoing  considerations  and  measure- 
ments. We  shall  presently  examine  the  mode  of  action 
of  motive  forces,  the  circumstances  which  modify  the  result 
of  this  action,  and  the  waste  which  may  attend  it 

§  50. — ^To  show  the  complication  incident  to  certain  oompucation 
kinds  of  mechanical  work,  take,  for  example,  the  work  ^^"^Jjj^^  ^ 
of  a  filer:  it  is  necessary  1st,  to  press  upon  the  file  to  wort 
make  it  take  hold ;  2d,  to  support  continually  its  weight ; 
3d,  to  push  it  along  the  surface  of  the  body ;  4th,  to  move 
it  with  a  certain  velocity  back  and  forth,  and  therefore  to 
overcome  the  inertia  of  the  file  as  well  as  that  of  the 
matter  removed.    The  quantity  of  work  is  the  result  of 
these  different  circmnstances ;  but  this  complication  may 
be  made  to  disappear  by  separating  firom  the  result  of  the 
work,  every  thing  not  indispensable  to  it,  in  considering 
only  what  takes  place  where  the  metal  is  removed  by  the 
file:   there,  we  only  perceive  a  resistance  which  is  op- 
posed to  an  equal  and  contrary  effort  in  the  direction 
of  the  path  described  by  the  points  of  action  of  the  file, 
and  of  which  the  quantity  of  work  is  measured  in  the  Thevorkradaoed 
manner  already  described.     The  work  of  the  operator  J^JJ^"*™** "" 
may  be  reduced  to  this,  by  supposing  the  fiJe  placed  upon 
a  level  surface,  loaded  with  a  given  weight,   and  the 
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operator  or  motive  power  only  employed  in  drawing  it 
uniformly  in  the  direction  of  its  length. 

What  iMM  oe  §  51. — ^In  general,  then,  we  must  henceforth  understand 

ondentood  by     |^    mcchanical  work,  that  which  results  from  the  simple 

mechanical  work      •'  '  i  •  i     •      •  j*        i 

of  a  force;  action  of  a  forcc  upon  a  resistance  which  is  mimediately 
opposed  to  it,  and  which  is  continually  destroyed  in 
causing  the  point  of  action  to  describe  a  path  on  the 
line  of  direction  of  this  resistance.  The  force  must  be 
considered  as  a  simple  agent,  producing  an  effort  or 
pressure  measurable  in  pounds,  and  acting  in  a  single 
direction,  as  described  in  §  88;  and  we  must  be  careful 
not  to  confound,  as  is  frequently  done,  the  terms  vxyrh 
and  force^  with  those  by  which  we  vaguely  designate 
all  the  effects,  more  or  less  complicated,  arising  from  the 
action  of  animate  or  inanimate  agents  upon  resistances : 
thus  we  should  not  speak  of  the  force  of  a  horse,  of  a  man, 
of  a  machine,  without  indicating  the  point  of  action  of  this 
force,  its  intensity,  and  its  direction ;  we  should  not  speak 
of  the  mechanical  work  of  a  force,  without  specifying  the 
woitofthe  same  things  of  the  resistance  which  it  overcomes  at  each 
""^'''^         instant,  in  each  particular  case  of  its  appUcation. 

§  52. — ^The  most  simple  work,  that  which  conveys  at 

once  an  idea  of  its  measure,  is  the  elevation  of  a  weight 

through  a  vertical  height,  if  we  omit  the  consideration 

invariajbie  of  inertia.    The  work  in  this  case  obviously  increases  as 

which  to  estimate  ^^®  Weight  and  Vertical  height  increase,  and  is  measured 

the  quanuty  of    \yj  the  product  of  the  two,  agreeably  to  what  is  said  in 

^^^  *  §  45  and  §  46;   here  the  unit  of  work,  is  the  unit  of 

weight  raised  through  a  unit  of  height. 

The  utility  of  this  measure  is  its  great  simplicity,  and 

the  ease  it  affords  of  estimating  the  pressure  or  effort  in 

pounds,  and  the  path  described  by  the  point  of  action  in 

feet    We  might,  to  be  sure,  take  any  other  standard  unit, 

I  atiutyofthis       as,  for  instaucc,  the  quantity  of  work  necessary  to  grind 

1,  2,  or  3  pounds  of  com,  which  is  the  old  standard  of 
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miUers  and  the  proprietore  of  nulls.    But  a  given  weight 
of  com  will  present  different  degrees  of  resistance,  accord-  standard  of 
ing  to   its  quality  and    the  kind  of  tool  or  machine™*"*"' 
employed  to  grind  it;  so  that  not  only  is  it  impossible 
for  people  generally  to  understand  what  the  millers  mean 
by  their  standard,  but   for  the  millers    to  imderstand 
each    other.     It  is  hence    indispensable  to  have  someobjectioiiBtoit. 
standard  which  does  not  admit  of  variation,  and  of  being 
interpreted  differently  by  different    people;    of  such  a 
nature  is  the  standard  which  results  from  the  considera- 
tion of  the  effort,  and  the  path  described  by  its  point  of 
action  in  the  direction  of  the  effort. 

It  wiU  remain  to  be  found  how  many  pounds  of  com  Meansof 
this  unit  of  work  is  capable  of  grinding,  how  many  square  "^^^ 
yards  of  boards  it  will  saw,  &c. :  all  this  must  come  from  standaKto. 
careful  observation  and  experiment.     It  is,  above  all, 
essential  that  there  shall   be  nothing  arbitrary  in  the 
mode  of  estimating  the  quantity  of  mechanical  work. 

§  53. — ^Different  authors  have  given  different  names 
to  mechanical  work,  which  should  be  carefully  distin- 
guished from  the  object  accomplished,  this  latter  being 
but  its  effect. 

Smeaton  calls  it  mechanical  power ;  Carnot,  rnoTnentiAtsmmtnmM 
€f  acUvity;  MoNGE  and  Hachette,  dyrnvmic  effect;  Cou-  ^^^^g^ 
ix>MB,  Navieb,  and  others,  quarUity  of  action;  and  this  work; 
last  expression  is  now  generally  adopted.    It  will  here- 
after be  employed,  and  will  always  signify  the  quantity 
cfwcrk — TTiechanical  work. 

Sometimes  the  mechanical  work  has  been  called  quan-  Bometimea  caiied 
tity  of  motion^  and  sometimes  living  force^  both  of  which  are  m^on  and  uving 
but  simple  effects  of  mechanical  work  upon  a  body  free  force. 
to  move.    We  shall  explain,  in  the  proper  place,  the  mean- 
ing to  be  attached  to  these  terms. 

AU  work  is  judged  of  by  the  quantity  of  each  par-  work  judged  of 
ticular  species  of  result,  or  useful  effect,  which  it  produces ;  ^^^  '^^ 
but  we  have  seen  that  this  quantiy  of  result  is  propor- 
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tional  to  the  quantity  of  mechanical  work  necessary  to  its 
produotion,  and  hence  mechanical  work  or  qjjuintlty  of 
action  is  what  pays  in  forces. 

To  expre*  the  §  54. — ^Whcn  a  motivc  force  acts  with  a  constant  eflFort, 

"^^^^^  and  its  point  of  action  moves  uniformly  during  any  con- 
siderable portion  of  time,  it  will  be  sufficient  to  express 
the  work  done  in  a  imit  of  time,  as  a  day,  an  hour,  a 
minute,  or  second.  This  will  avoid  the  use  of  multiplicity 
of  figures  in  comparing  the  eflfects  of  different  forces  with 
each  other,  while  it  wiU  enable  us  easily  to  obtain  the 
value  of  the  whole  work,  by  simply  multiplying  the  work 
work  tn  unit  in  the  Unit  of  time,  by  the  number  of  units  of  time  during 
of  ume ;  note  the    ^^^  ^^  g^^^  ^^  ^^^  ^^  ^^^  worldug.     The  duration 

duration  of  the  ° 

eflbrt.  of  the  work  must,  therefore,  be  noted.    Thus,  we  say  the 

mechanical  work  of  a  particular  horse  is  120  pounds 
raised  through  a  vertical  height  of  8  feet  in  one  second, 
or  120  pounds  raised  through  180  feet  in  one  minute, 
this  work  being  continued  during  8  entire  hours  each 
day. 
The  path  Ordinarily,  we  take  for  the  length  of  path,  that  which  is 

^!^!^!di^iuaau    described  in  one  second,  this  latter  being  taken  as  the  unit 
taken;  of  time.    But  this  distance,  according  to  the  definition  of 

uniform  motion,  is  the  measure  of  the  velocity  of  the  point 
of  action,  which  we  have  supposed  constant ;  by  this  co- 
incidence, the  mechanical  work  happens  to  be  measured 
by  the  product  of  a  constant  effort  into  the  velocity  of  its 
point  of  action :  which  has  misled  many  persons  in  caus- 
the  conMqoences  ing  them,  as  wc  shall  see  further  on,  to  confound  the 
*'*****  quantity  of  work  or  of  action  with  the  quantity  of  Tnotion^ 

although  their  measures  are  in  fact  very  different. 
All  units  In  the  same  way  that  the  unit  of  time  is  arbitrary,  so 

arhitrary;  ^^  ^^^  ^^  uuits  of  effort  Or  Weight  and  distance,  and 

consequently  the  unit  of  work,  which  is  always  equal  to 
unit  of  effort,  one  the  imit  of  effort  or  weight,  exerted  through  the  unit  of 
durt!^^l°'  distance.  We  shall  take  for  the  unit  of  effort  1  pound, 
foot;  and  for  tiie  unit  of  distance  1  foot,  so  that  the  unit  of 
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work  will  be,  as  before,  the  effort  one  pound  exerted  through  unit  of  work,  the  - 
a  distance  of  <me  foot  product  of  ihe«; 

Suppose,  for  example,  that  the  effort  76  pounds  is 
exerted  through  the  distance  4  feet,  then  will 

4  X  75  =  800  unite  of  work, 

of  which  each  one  is  equivalent  to  an  effort  of  one  pound  and  has  no 
exerted  through  a  distance  of  one  foot.    This  is  ordinarily  "*'*''•'**•  ^  **"**• 
expressed  thus, 

800>^/-; 

and  is  read,  300  pounds  raised  through  1  foot.  And  this 
has  no  reference  to  the  time  in  which  the  work  is  per- 
formed. 

§55. — ^Mechanicians  long  felt  the  necessity  of  some  Dinbrantimitiof 
well  defined  unit  by  which  to  express  the  work  performed,  ^^^  ttmelT*' 
or  capable  of  being  performed,  by  a  motive  force,  in  a  conaidewd. 
given  time,   and  several  were  proposed;   but  these  ill 
according  among  themselves,  there  seemed  as  little  likeh- 
hood  of  a  general  agreement  in  this  respect  as  in  regard 
to  the  unit  of  velocity,  which  depends  upon  the  unite 
assumed  for  time  and  space. 

After  the  introduction  of  the  steam-engine,  the  horse-  HoneiKmer 
jpaiver  was  proposed,  and  is  now  generally  adopted  as  the  "**»p***» 
measuring  unit    By  horse-power  is  meant,  the  quantity  of 
work,  measurable  in  pounds  and  feet,  which  a  horse  is 
capable  of  performing  in  a  given  time ;   but  this  would 
obviously  be  indefinite,  since  horses  differ  in  strength  and 
endurance,  were  it  not  that  some  fixed  value  has  been 
agreed  upon,  according  to  the  principle  explained  in  §  51, 
as  the  standard  of  horse-power.    This  value  is  the  mean 
of  the  resulte  of  a  great  many  trials  with  different  horses, 
and  is  set  down  at  660  pounds  raised  through  a  vertical  ssoib*. 
height  of  1  foot  in  1  second,  or  88,000  pounds  raised  J;;;^^^.'^*" 
through  1  foot  in  1  minute,  or  1,980,000  pounds  raised 
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Example. 


througli  1  foot  in  1  hour;  all  of  wliicli  amount  to  the  same 
thing. 

When,  then,  we  are  told  that  a  machine  or  engine  is 
of  80-horse  power,  or  has  a  power  equal  to  80,  for  in- 
stance, we  are  to  understand  that  it  will  do  work  which 
is  equivalent  to  raising  550  X  SO  =  16,500  pounds  through 
one  foot  in  1  second,  or  33,000  X  30  =  990,000  pounds 
through  one  foot  in  1  minute,  &c. 


Error  of 
considering  the 
greatoBi  eflbrt 
olone; 


this  eflbrt  may 
be  replaced  by  a 
fixed  obstacle ; 


MTorof 
considering  the 
path  alone. 


§  56. — ^We  can  now  appreciate  the  error  we  should 
commit,  if,  in  estimating  the  productive  power  of  a  motive 
force  or  machine,  we  confine  ourselves  to  the  greatest 
absolute  effort  it  is  capable  of  exerting,  without  regard  to 
the  space  described  by  its  point  of  action;  if,  for  ex- 
ample, in  estimating  the  productive  effort  of  a  man,  we 
only  consider  the  greatest  burden  he  is  capable  of  sup- 
porting at  rest  under  the  action  of  its  weight ;  or,  of  a 
horse,  we  consider  alone  the  greatest  effort,  as  indicated 
by  a  spring  balance,  he  can  exert  while  pulling  against  a 
fixed  obstacle. 

"We  can  conclude  nothing  fix)m  these  in  respect  to  the 
quantity  of  action ;  we  must  also  have  the  path  described 
in  a  continuous  manner.  Simply  to  support  a  weight  or 
exert  an  effort,  is  not  to  work  useftilly ;  and  this  is  rendered 
clear  from  the  consideration  that  we  may  in  all  such  cases 
replace  the  moter  by  an  inert  body,  as  a  prop,  a  post, 
&c. ;  the  action  and  reaction  being  equal  and  contraiy, 
unaccompanied  by  any  motion,  there  is  no  balance  of 
work  either  in  fiivor  of  the  effort  or  resistance. 

It  would  be  equally  impossible  to  infer  any  work  or 
quantity  of  action  from  the  path  described  by  the  point  of 
action,  without  taking  into  account  the  effort  exerted  at 
each  instant.  It  is  obvious  that  a  man  or  horse,  running 
at  full  speed,  without  exerting  any  effort  except  that 
which  he  is  capable  of  impressing  upon  himself,  is  pro- 
ducing no  useful  effect;  he  overcomes  no  resistance  ex- 
ternal to  himself  which  it  can  be  an  object  to  destroy. 
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fixed  obetaclM ; 


In  a  word,  the  productive  effect  of  every  motive  force  is  ProdnctiTO 
measured,  at  each  instant,  by  the  product  of  the  effort  ^^*^  ^  ^^^ 
into  the  path  described  in  the  direction  of  the  effort;  so  product  of  the 
that,  if  either  the  effort  or  path  be  zero,  the  quantity  of  ^^^  ° 
action  will  also  be  zero. 

§  57. — It  must  be  remarked,  however,  that,  since  all  Always  some 
bodies  are  more  or  less  extensible  and  compressible,  a^°'^®^"°^° 
motive  force  cannot  act  against  what  are  usually  called 
fixed  obstacles,  without  producing  a  certain  quantity  of 
action  or  mechanical  work,  such  as  we  have  defined  it : 
for  the  point  to  which  the  force  is  applied  will  yield  to  a 
greater  or  less  extent,  and  the  body  will  be  flattened  or 
elongated ;  the  molecular  springs  will  oppose  a  resistance ; 
there  will  be  a  small  path  described  in  the  direction  of  the 
force.  At  first  the  efforts  of  the  equal  and  contrary  re- 
sistances are  nothing ;  afterward  they  augment  by  degrees 
till  the  effort  of  the  power  attains  its  maximum,  and  the 
body  its  greatest  change  of  shape ;  after  this  the  action  is 
reduced  to  maintaining  the  body  or  obstacle  at  its  state 
of  tension  and  repose,  without  producing  henceforth  any 
mechanical  action. 


Fig.  22. 


§  68. — Construct,  in 
the  manner  before  de- 
scribed, the  curve  Oti 
rg . . .  rg,  of  which  the 
abscisses  Oci,  eyc^  &c., 
represent  the  spaces  de- 
scribed by  the  point  of 
action  in  each  successive 
instant  of  time  in  the 
direction  of  the  force,  and 
the  ordinates,  the  cor- 
responding pressures  or 

resistances  opposed  by  the  body  in  a  contrary  direction. 
The  quantity  of  work  destroyed  while  the  point  of  action 
18  describing  any  one  of  the  small  paths,  as  e^e^  is  the 


Itsralne 

represented 

geometrleany. 
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area  of  the  trapezoid  e^e^r^r^f  and  the  total  qnantity  of 
action  destroyed  by  the  molecnlar  action  of  the  body 
during  its  entire  change  of  figure,  is  the  area  comprisecT 
by  the  curve,  its  greatest  ordinate  e^r^,  which  denotes  the 
maximum  resistance,  and  the  axis  of  abscisses.  K,  then, 
it  should  happen  that  the  body  or  obstacle  is  either  com- 
pressed or  extended  by  any  appreciable  quantity  as  0%, 
which  is  the  path  described  by  the  point  of  action,  and 
the  greatest  resistance  e^r^  should  be  considerable,  this 
quantity  of  work  must  be  taken  into  account  in  certain 
circumstances  which  will  be  explained. 

§  59. — ^But  in  general  the  bodies  employed  to  receive 
Thiiworkmay  in  and  transmit  the  action  of  forces,  are  selected  with  special 
""te^*. ^  reference  to  their  capacity  to  resist  aU  change  of  figure ; 
SO  that  when  well  chosen  and  judiciously  disposed  in  com- 
binations, the  work  referred  to  in  the  preceding  article, 
becomes  so  small  a  firaction  of  that  developed  by  the  force 
when  it  produces  motion,  or  when  the  space  described  by 
the  point  of  action  is  considerable  in  comparison  with 
that  which  measures  the  linear  change  of  figure,  that  it 
may,  and  indeed  is  in  practice,  neglected.  It  is  under 
this  point  of  view  only  that  the  work  developed  by  a 
force,  applied  to  a  fixed  obstacle  can  be  said  to  be 
nothing. 

This  work  may  also  be  neglected  when  the  force  which 

develops  it,  acts  in  a  direction  perpendicular  to  the  path 

which  the  body  is,  by  its  connection  with  others,  com- 

espeeiaiiywhen   pcllcd  to  describe.     The  forcc  in  this  case  will  only 

•dioD  ud  the     compress  or  stretch  the  body  uselessly,  without  adding  to 

right  angiee  to     or  Subtracting  firom  the  work  in  the  direction  of  the 

eMh  other.        motion.    A  man  who  pushes  against  the  side  of  a  carriage 

in  a  direction  perpendicular  to  the  path  along  which  it 

is  moving,  neither  aids  nor   hinders  the  horses:    and 

although  he  actually  develops  a  quantity  of  work  by  the 

compression  of  the  carriage,  it  must  be  totally  neglected 

in  malang  an  estimate  of  the  useM  effect 
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§60. — ^These    consideratioDS  are  important,   as    they  Mouyefones 
prove,  in  general,  that  forces  may  work  without  produ-  ^"^^t'^^^j 
ding  any  nseful  effect.    If  the  different  pieces,  for  example,  ecfoet; 
^hich  compose  a  machine,  and  which  serve  to  transmit 
motion  and  work,  in  acting  upon  each  other,  become  com- 
pressed or  stretched,  it  is  obvious  that,  even  though  the 
point  of  action  moves  in  the  direction  of  the  force,  this 
latter  must  first  expend  a  certain  quantity  of  work  in 
changing  the  figure  of  the  pieces  before  the  motion  can 
become  regular  or  uniform  throughout.     And  it  may 
happen  that  this  first  work  of  the  power  will  be  totally 
lost,  if  the  pieces,  on  ceasing  to  be  compressed  or  stretched,  the  pieces 
retain  their  altered  shape :  that  is  to  say,  if  they  be  not  Jl^^"^^*^^ 
fiastic^  or,  more  generally,  if  the  molecular  springs  do  not  perfeoUyeiMttc 
contribute  to  augment  the  work  when  the  effort  of  the 
force  is  relaxed,  as  they  did  to  diminish  it  when  the 
action  began. 

§  61. — ^We  also  see  that  if  the  action  of  the  force  or  LoMgrasterin 
moter,  or  the  resistance  occasioned  by  the  work,  imdergo  f^]^^°** "  **** 
frequent  alterations,  in  becoming  sometimes  feeble  and 
sometimes  stronger;  in  a  word,  if  the  pieces  are  often 
compressed  and  distended,  the  loss  of  work  thence  arising 
may  bear  a  considerable  ratio  to  the  total  work  of  the 
power,  which  could  not  take  place  if  the  action  of  the 
latter  were  constantly  the  same  from  the  beginning  to  the 
end  of  the  work. 


§  62. — The  shock  of  bodies   develops  considerable  stm  greyer  in 

theeaae 
■hooka. 


pr^sure,  and  produces  sensible  changes  of  figure ;  the  *^®  ®^  ^ 


quantity  of  action  destroyed  or  generated  will,  therefore, 
always  be  appreciable.  On  this  account  it  becomes  in- 
dispensable, in  the  application  of  mechanics,  to  pay  the 
strictest  attention  to  the  influence  of  concussions  which 
may  occur  during  the  performance  of  mechanical  work. 

§  68. — ^And  hence  we  perceive  the  advantage  arising  Advutaget  of 
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ttlffaadelastte 


Elastio  bodies 
restore,  in 
expanding,  the 
work  absorbed 
in  being 
compressed. 


Lossofworic 
when  the  l>odie8 
are  not  perfectly 
elastic. 


Examples  of 
elastio  bodies ; 


from  the  use  of  very  stiff  and  very  elastic  materials  in  the 
construction  of  those  pieces  which  are  employed  to  receive 
and  transmit  the  action  of  forces,  and  to  regulate  the  mo- 
tions they  produce. 

§  64.— To  obtain  a  clear  idea  how  the  molecular 
springs  of  a  body  may  develop  or  restore  a  certain 
quantity  of  mechanical  work,  we  have  but  to  consider 
what  takes  place  at  the  instant  when  a  body  begins  to 
resume,  progressively,  its  primitive  figure  after  it  has  been 
changed,  and  to  recall  what  was  said  of  the  measure  of  the 
quantity  of  work  of  a  force,  employed  to  bend  a  spring, 
to  compress  or  distend  a  body.  Indeed,  we  have  only  to 
estimate,  in  pounds,  the  different  pressures  corresponding 
to  each  state  of  the  body,  from  that  of  greatest  compression 
or  distention  to  that  of  restitution,  or  to  some  intermediate 
state  which  the  body  will  retain  of  itself.  K  the  body 
resume,  at  last,  precisely  the  form  which  it  had  before  the 
change;  if,  also,  the  pressures  which  correspond  to  the 
same  degree  of  tension — to  the  same  shape  and  size  of  the 
body,  are  the  same,  if,  in  a  word,  the  body  be  perfectly 
elastic,  the  quantity  of  work  produced  during  the  process 
of  restitution  against  a  resistance  opposed  to  it,  will  be 
equal  to  that  required  to  compress  or  distend  it,  since  the 
curve,  which  gives  the  law  of  the  pressures  and  spaces, 
will  be  the  same  in  the  two  cases. 

If,  on  the  contrary,  the  body  be  not  perfectly  elastic, 
it  wiU  not  return  to  its  former  figure ;  the  pressures  will 
be  less  during  the  process  of  restitution,  there  will  be  a 
loss  of  space  described  by  the  point  of  action,  and,  con- 
sequently, less  work  performed  than  in  the  first  change 
of  figure,  there  will  be  a  certain  quantity  of  action  lost. 

There  are  scarcely  any  perfectly  elastic  bodies  except 
the  gases  and  vapors,  and  these  must  be  confined  in  a 
close  vessel  or  reservoir  and  acted  upon  by  a  piston. 
Such  contrivances,  together  with  springs  made  of  the  most 
elastic   solids,   serve  to  store  up  mechanical  work  for 
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future  use ;  forces  are  employed  to  compress  or  bend  them,  tiMir 
in  which  state  they  are  retained  by  mechanical  contri- 
vances till  the  work  thus  expended  is  required  for  other 
purposes;  the  restraint  is  then  removed  and  the  work 
transferred  to  some  other  body,  which,  in  its  turn,  com- 
municates it  to  something  else,  and  so  on  to  the  ultimate 
object  to  be  attained.  The  balistas,  catapultas,  and  bows  EzampiM- 
of  the  ancients,  throwing  arrows,  stones,  and  other  missiles  ^^.'^^^ 
are  examples  of  this;  the  air-gun,  in  which  the  motive 
power  is  but  a  reservoir  of  compressed  air,  is  well  known ; 
and  every  body  is  familiar,  with  the  steam-engine,  in 
which,  by  the  application  of  heat,  water  is  expanded  into 
vapor  whose  molecular  spring  or  elasticity  is  capable  of 
performing  any  amount  of  work,  by  the  simple  alterna- 
tions of  heating  and  cooling.  No  one  is  ignorant  of  gteun  and 
the  terrible  effects  of  steam  and  gunpowder,  when  over-  8™i»*<>«* 
heated,  and  yet,  when  properly  managed,  these  agents 
admit  of  being  pent  up  in  inert  bodies  or  vessels,  and 
made  to  do  the  work  not  only  of  the  lower  animals,  such 
as  horses,  oxen,  &c.,  but  almost  o£  intelligent  beings.  It 
is  by  means  of  this  principle  of  elasticity,  that  clocks 
and  watches,  are  kept  in  motion  for  days  and  entire 
months. 

§  65. — Weight  also  affords  the  means  of  storing  up  weight  ass 
mechanical  work,   and  of  rendering  it  available  -vrhen  ™*"*^' '**'** 
wanted.     When  a  motive   force   has  elevated  a  bodywork. 
Ilirough  a  certain  height,  in  expending  upon  it  a  quantity 
of  work,  measured  by  the  product  of  its  weight  into  the 
height,   this  body,  employed  afterward  to  overcome  a 
resistance  either  directly  or  by  means  of  a  machine,  may 
restore,   in   its  descent,  precisely  the  same  quantity  of 
work  which  had  been  before  expended  upon  it    It  is  in 
this  way  that  motion  is  communicated  to  clocks,  spits, 
&c.,  &C. 

By  the  action  of  heat,  water  assumes  at  the  surface  of  EieTtiionof 
the  ocean  the  form  of  vapor,  ascends  to  elevated  regions         ^ 
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lo  break,  Ae^  not 
raprodnoed. 


Portability  of 


in  the  atmospliere,  whence  it  is  precipitated  in  the  form 
of  rain,  is  collected  into  natural  reservoirSi  and  becomeS| 
by  its  weight,  a  source  of  motion  to  mills,  machinery,  Sux, 
This  reproduction  does  not  obtain,  however,  when  the 

Woikempioi«d  work  is  employed  to  divide,  to  break,  to  polish,  to  rub,  to 
destroy,  in  a  word,  the  natural  aflEinity  of  bodies.  The 
quantity  of  work  thus  expended  is,  in  a  mechanical  point 
of  view,  totally  annihilated ;  it  cannot  be  restored  by  the 
body  after  it  has  imdergone  this  change  of  state. 

Springs,  like   animals,  and  combustibles  which  give 

9iinga,aiii]iMii»  j^^^  j^^^^^  ^^  peculiarity,  viz.:  they  are  very  portable, 

combnatibiea.  and  may  be  even  used  as  a  motive  power  for  vehicles. 
Thus  carriages  have  been  put  in  motion  by  springs  at- 
tached, as  boats  are  put  in  motion  by  animals  on  board, 
and  by  the  vapor  of  heated  water.  But  springs  are 
never  perfect,  and  being  subjected  to  the  action  of  foreign 
resistances,  never  restore  the  whole  of  the  mechanical 
work  which  they  have  received.  Finally,  animals,  and 
heat  even,  the  primitive  source  of  all  the  mechanical 
work  employed  in  the  arts,  require  a  certain  expense  in 
nourishment  and  fiiel  which,  according  to  the  beautifol 
theory  of  Leibig,  are  the  same  in  principle.  This  nourish- 
ment and  fuel  become,  therefore,  the  representatives  of  a 
certain  amount  of  mechanical  work,  so  that  it  is  really 
impossible  to  create  a  motive  force,  without  having  pre- 
viously incurred  an  equivalent  expenditure. 


Nouriahmaiit 
■ndftMl 


of  BMohanioal 


§  66. — ^Thus  far  we  have  only  examined  the  work  of 
iJl^hiSrt"  ^^^^'^^  ^'^^^  employed  to  overcome  the  weight  of  bodies, 
the  resistance  inherent  to  their  state  of  aggregation  or 
force  of  aflSnity,  their  elasticity,  &c.  It  remains  to  speak 
of  the  resistance  which  all  bodies  oppose  to  a  change  of 
their  state  in  respect  to  motion  or  rest,  by  reason  of  their 
inertia,  of  which  no  estimate  has  been  made  in  what  has 
gone  before,  and  from  which  it  is  impossible  to  separate 
the  other  species  of  resistance  in  all  questions  affecting 
quantity  of  work.    It  has  already  been  remarked  that  the 
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artificer  must  overcome  the  inertia  of  the  matter  of 
which  his  tool  is  made;  the  draft-horse,  that  of  the 
carriage,  and  of  the  load  it  bears,  &a  But  indepen- 
dently of  this,  it  is  very  important  to  be  able  to  estimate 
the  quantity  of  work  which  a  body  will  absorb  in  ac- 
quiring a  certain  degree  of  velocity,  for  this  is  often  the 
only  useful  object  in  view,  as  in  the  case  of  throwing 
projectiles  by  the  elastic  force  of  gases  or  solids,  which 
gives  rise  to  the  art  of  balisticsj  employed  in  war.  Be- 
sides, it  very  often  happens  that  instead  of  applying  a 
force  directly  to  the  object  in  view,  we  cause  it  to  act 
upon  a  firee  body,  and  subsequently,  by  the  aid  of  its 

Z^  co^rJ:  the  ,^0.4  «f  ^  -^^  ^J  H 

to  do  the  work  at  a  blow,  as  in  the  example  of  the  pile-  Enmpiet- 

ram,  common  hammer,  &c. ;  the  inertia  of  bodies  is  thus^"*™"*™* 

'  ^  '  ^        '  ^  common 

made,  like  weight,  elasticity,  &c.,  to  restore  the  quantity  of  hammer, 
work  which  has  been  expended  in  subduing  it ;  and  we 
now  proceed  to  the  consideration  of  the  action  of  forces 
employed  to  overcome  inertia  and  to  produce  motion. 


m. 


VABIED    MOTION. 


§  67. — ^We  will  begin  with  the  most  simple  case  of  varied  motf on; 
varied  motion,  viz :  that  in  which  a  body  is  pressed  by  a  «»"■'"*  •■''^ 
constant  force,  that  is  to  say,  one  which  does  not  change 
the  intensity  of  its  action,  and  which  is  equal  and  contrary 
to  the  resistance  opposed  by  the  inertia  in  th6  line  of 
direction  of  the  motion. 

It  is  clear  that^  the  pressure  being  the  same  at  each 
instant,  the  small  increments  or  decrements  of  velocity 
will,  for  the  same  body,  also  be  the  same ;  and  thus  the 
velocity  will  increase  or  decrease  with  the  time ;  in  other 
words,  the  velocity  will  be  proportional  to   the   time 
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uniformly  vMted,  clapscd  sincc  the  commencement  of  motion.     This  is 

l^ri^dT*'  "^^  called  uniformly  varied  motion  in  general ;  which  becomes 

uniformly  accelerated  or  uniformly  retarded^  according  as 

the  force  increases  or  diminishes  the  velocity  of  the 

body. 


TTQiformly 
accelerated; 


Fig.  28. 


graphical 


§  68. — ^First,  take  the  case  of  uniformly  accelerated 
motion,  and  recall  to  mind  that  the  velocity  acquired  at  any 
instant  is,  §  25,  measured  by  the  space  described  by  the 
body  in  the  unit  of  time  succeeding  this  instant,  i^  the 
force  having  ceased  its  action,  the  body  continue  to  move 
uniformly  in  virtue  of  its  inertia ;  this  velocity  we  have 
seen  how  to  calculate  by  means  of  the  law  which  connects 
the  time  with  the  spaces. 

Let  0  be  the  point 
of  starting.  Draw  the 
line  OvyV^,.,  Ve,  of  which 
the  abscisses  0^,  Ot^ 
&c.,  represent  the  time  * 
elapsed  from  the  origin 
or  beginning  of  the  mo- 

representatlonof  ^'  ^^^    ^f    ^j^^j^    ^^^ 

this  motion.  ' 

ordinates  t^Vi^  ^%...^% 
represent  the  velocities 
acquired  at  the  end  of 
the  times  0 ^,  Ot^,..Ot^. 

Since  in  uniformly  varied  motion,  the  velocities  <i  Vi, 
t^v^ . . .  t^v^  are  proportional  to  the  times  0^,  Ot^,.,  0^, 
the  line  OviVaVg... Vg,  is  a  right  line,  which  passes 
through  the  point  0  from  which  the  body  takes  its  depar- 
ture ;  for  at  this  point,  the  velocity  and  time  are  zero 
together,  at  the  instant  of  starting.  The  distances  O^, 
tit^  t^t^  &c.,  being  equal,  if  through  the  points  Vj,  v^ 
^8, . . . Vfy  lines  be  drawn  parallel  to  the  axis  OB  oi  times, 
there  will  be  formed  a  series  of  right-angled  triangleS| 
0  ^  Vi,  Vi  Jj  Vj, . . .  Vg  Jg  Vg,  all  equal  to  each  other.  The  sides 
k  Vi,  Va  ^2)  Vg  6a»  •  •  •  Vg  &g,  will  represent  the  successive  incre- 
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meiits  of  yelocity.  which  are  equal  and  constant,  by  the 
action  rf  ^™ly  ^ed^oto,  ^  a;  »™. 
sponding  interyals  of  time  0^,  Vib^  v^b^.^.^v^b^y  are 
equal. 

The  successive  interyals  of  time  0  ^,  ^  ^  t^t^  &c.,  being  Path  npn^nutd 
supposed  very  small,  we  may  regard  the  body  as  moving  ^^^ngi^^jf 
uniformly  during  any  one  of  them,  as  t^t^  or  its  equal  velocity  into 
t;t&4,  and  with  the  velocity  t^v^  acquired  at  its  commence- 
mient  But  by  virtue  of  uniform  motion,  the  path 
described  by  the  body  contains  as  many  linear  units  as 
the  rectangle  of  the  time  into  the  velocity  contains  super- 
ficial units,  and,  in  this  sense,  the  distance  passed  over  by 
the  body  in  the  time  ^^4,  will  have  for  its  measure  the 
product  of  this  elementary  portion  of  time  by  the  velocity 
tgV^  or  the  area  of  the  rectangle  ^^42^4^3:  for  another 
interval  t^  t^  the  path  described  will  have  for  the  measure 
of  its  length,  the  area  t^t^b^v^  and  so  on;  so  that  the  total 
length  of  path  described  by  the  body  during  the  time  0 1^ 
will  be  the  sum  of  all  the  partial  rectangles  ^^^a^i, 
tat^b^v^f . . . .titshv^'j  which  sum  will  not  differ  sensibly 
from  the  area  of  the  triangle  0  ^  v^  when  the  points  of 
division  ^  /g, . . .  ^,  are  greatly  multiplied. 

From  this  &ct,  viz. :  that  the  length  of  the  path 
described  by  a  body  in  uniformly  varied  motion,  is 
represented  by  the  area  of  a  triangle  whose  base  is  the 
time  during  which  the  motion  takes  place,  and  altitude  the 
velocity  acquired  at  the  end  of  this  time,  we  easily  deduce 
several  important  consequences,  called  the  laws  of  uni- 
formly varied  motion. 

Since  the  area  of  the  triangle  Ot^v^f  has  for  its  measure,  Laws  of 
the  half  of  ite  base  into  its  altitude,   and  as  the  base  "^'^™'-  '*"  "^ 

'  motion. 

into  the  altitude,  or  the  entire  rectangle,  represents  the 
length  of  path  described  in  the  time  0^,  with  a  con- 
stant velocity  t^v^,  acquired  at  the  end  of  this  time,  it 
follows, 

1st.  In  unybrmly  decelerated  motion^  the  paffi  described  rintiAw. 
ai  the  end  of  any  time,  is  hjaJf  that  which  the  body  vxmld 
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Second  law. 


Third  law. 


Furmulaa  to 
compute  the 
circumatanoee 
of  this  mottoB. 


describe  in  the  same  time,  if  it  were  to  move  uniformly  with 
the  vehdty  ojcqwired  during  this  time. 

Since  the  paths  described  during  any  two  tftnes,  as 
Ot^  Ot^  are  represented  by  the  triangles  Ot^v^  Ot^v^ 
respectively,  and  since  these  triangles  are  similar  and  their 
areas  are  to  each  other  as  the  squares  of  their  homologous 
sides,  it  also  follows, 

2d.  In  uniformly  accelercUed  motion,  the  paths  described 
at  the  end  of  any  two  timesy  are  to  each  other  as  the  squares 
of  these  times. 

8d.  Th^  these  paths  are  to  each  other,  as  the  squares 
of  the  velocities  acquired  at  the  end  of  the  corresponding 
times. 

When  in  uniformly  accelerated  motion,  the  velocity 
t^v^  acquired  at  the  end  of  a  given  time  Ot^,  say  one 
second,  taken  as  the  unit  of  time,  is  given,  the  law  of  the 
motion  or  the  right  line  0  %  which  represents  it,  is  com- 
pletely determined,  and  we  may  compute  the  velocity  and 
space  which  correspond  to  any  other  time. 

Denote  by  Ci  and  Vj,  the  length  of  path  and  velocity 
which  correspond  to  the  first  second,  and  by  S  and  F,  the 
path  and  velocity  corresponding  to  any  other  time,  as  T; 
we  have  by  the  first  law, 


ejitice  in  tmit  of 
tiuid; 


«!  =  iwj  X  1*  =  i«,     .    .     .•  (4), 


iflHtion  of  Bpaoei 
lime,  and 
velocity; 


S^iVT 


and  by  the  second  law, 


(5); 


Ci  :  JS  ::   1*  X  1'  :    Tx  T  ::   1'  :   T*; 


spaoeiniaj 

tiiue. 


whence^ 


S  =  SiX  T^ 


(6); 
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and  leplacmg  ei  b j  its  yalue^  Eq.  (4), 


S  =  JviT*. 


From  the  third  law, 


or 


CO- 


^vi  :  S  ::  vi*  :    7"; 


BptM  fanny 
tfine; 


whence 


"P  =  2v^S 


(8). 


YaloeitjdMlo 
■njipMe. 


B  J  the  defimtion  of  uniformly  varied  motion,  we  have, 


vi  :    V  ::   1*  :   T] 


whence 


V  =  v^T. 


(9). 


Vclodtjdiielo 

anytime. 


Fig.  24 


In  what  precedes,  we  have  supposed  the  body  to  start  tim  body  im 
from  rest,  so  that  the  right  line,  which  gives  the  law  of  the  "^TJ^L^L,^^. 
motion,  passes  through  the  point  of  departure  0.    But 
if  the  body  have  already 
a   velocity    Ovq,    acquired 
previously,  this  right   line 
will    pass  through   Vq,  the 
extremity  of  the   ordinate 
which    represents    the   ve- 
locity of  the  body  at  the  in- 
stant from  which  the  time  is 
reckoned  The  velocity  Ov^ 
ia  called  the  initial  vdocity. 

By  drawing  v^  if^  parallel 
to  Oi?,  we  see  that  the 
velocity  t^v^  which  corre- 
sponds to  the  time  0^  is 
composed  of  two  parts,  viz. 
^^3,  and  1f%Vi\  the  first  is 
equal  to  the  initial  velocity  Ov^  and  the  second  to  the 


biUlftlTtiooitj. 


\a 
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FornrahMto 
oompotethe 
dreumitanoM  of 
ttiemoUon; 


velocity  which  the  body  would  acquire  in  the  time  v©  ^j, 
equal  to  0  ^  under  the  action  of  the  constant  force,  had  it 
moved  from  the  point  i;o  with  no  initial  velocity,  as  in  the 
preceding  case ;  for  the  line  VqV^  gives,  in  reference  to  the 
line  ^0^5,  the  law  of  acceleration.  Knowing,  then,  the 
velocity  which  the  force  is  capable  of  impressing  upon  the 
body  in  a  unit  of  time  when  moved  from  a  state  of  rest, 
it  is  easy  to  construct  the  line  v^^v^  in  relation  to  v©  f^  or 
its  parallel  0  /(,  and  to  deduce  from  it  aU  the  circumstances 
of  the  motion. 

Let  it  be  required,  for  example,  to  find  the  length  of  ' 
path  described  by  the  body  in  the  time  Ot^.  This  path 
will  contain  as  many  linear  units  as  the  trapezoidal  area 
Ot^v^VQ  contains  superficial  imits.  We  perceive  at  once, 
that  this  length  will  be  composed  of  two  parts,  viz. :  that 
described  uniformly  in  virtue  of  the  initial  velocity  Ovq, 
and  represented  by  the  rectangle  Ot^tf^v^f  and  that  de- 
scribed in  virtue  of  the  constant  force  and  represented  by  ' 
the  triangle  v^tf^v^.  But,  denoting  by  a  the  initial  ve- 
locity, and  by  Tthe  time,  we  have  for  the  measure  of  the 
rectangle 

aT; 
and  for  the  measure  of  the  triangle,  Eq.  (7), 


and  if  we  denote  by  S  the  total  length  of  path  actually 
described  by  the  body,  we  have 


TBtaeofttia 
•pMe; 


S  =  aT  +  iv^T^ 


(10): 


and  because  the  actual  velocity  at  the  end  of  any  time,  is 
the  initial  velocity  increased  by  that  due  to  the  action  of 
the  constant  force  during  this  time,  we  have,  Eq.  (9), 


▼ahiBorttio 
T«loelty. 


F  =  a  +  vi  r 


(11). 


Fig.  26. 


graphical 
repreaentation. 


MECHANICS    OF    SOLIDS.  73 

§  69. — ^If  we  now  suppose  the  oonstant  force,  instead  unironniy 
of  increasing  the  initial  velocity  of  the  body,  to  diminish  «*«^«i»«^«"? 
it)  the  motion  becomes  unijbmdy  retarded^  and  the  line 
VqV^  gives  the  law  of  the  motion. 

By  drawing  v^  H^  parallel  to 
O^  we  see  that  the  velocity 
v^t^  which  corresponds  to  the 
time  Ot^  is  nothing  else  than 
the  initial  velocity  Ov^  dimin- 
ished by  the  velocity  if^  v^ 
which  the  body  would  acquire 
under  the  action  of  the  con- 
stant force  at  the  end  of  the 
time  04  had  it  moved  from 
rest.  The  length  of  path  de- 
scribed is  now  represented  by 

the  trapezoidal  area  Ol^v^v^\  and  is  equal  to  that  which 
would  be  uniformly  described  in  the  same  time,  with  the  initial 
velocity  0  v^  diminished  by  that  which  would  he  described  in 
the  same  time,  if  moved  from  rest  under  the  action  of  the 
constant  force^  by  a  motion  uniformly  accelerated;  that  is  to 
sayj  the  length  of  pcUh  is  represented  by  the  rectangle  Ot^if^v^ 
dimimshed  by  the  triangle  Vq  v^  f^. 

The  equations  (10)  and  (11),  which  appertain  to  uni- Pommiaa  to 
fonnly  accelerated  motion,  become,  therefore,  applicable  ^"w^Btan^a  of 
to  uniformly  retarded  motion,  by  simply  changing  the  tw»  mouon. 
sign  of  the  velocity  generated  by  the  constant  force,  and 
that  of  the  area  of  the  triangle,  which  represents  the  path 
due  to  the  action  of  this  force ;  hence, 


« 


S  =  aT  --  iviT^ 


(12),        Value  of  space; 


Y   =z    a   "    ViT (18).        of  velocity. 


Let  us  suppose  that,  among  other  things,  we  desire 
the  time  required  for  the  force  to  destroy  all  the  initial 
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velocity ;  we  liave  only  to  make  F=  0,  and  equation  (18) 
becomes 

whence 

Time  required  to 

destroy  aU  a  J^  -—    _  ^      ^      (l4V 

body'e  velocity.  Vi    * V      /» 

from  which  we  conclude  that  the  time  required  for  a  con- 
stant force  to  destroy  all  the  velocity  a  body  may  have,  is 
equal  to  the  quotient  arising  from  dividing  the  value  of 
this  velocity,  by  the  velocity  which  the  force  6an  generate 
in  the  body  in  one  unit  of  time. 

To  find  the  length  of  path  described  by  the  body 
during  the  extinction  of  its  velocity,  substitute  the  value 
of  the  time  above  found  in  equation  (12),  and  we  have 

The  path  ^8 

deecribed  during  S  =    ^ — (^^)» 

the  deatnictlon  of  ^  V| 

ita  velocity ; 

that  is  to  say,  the  space  through  which  a  body  will  move 
during  the  entire  destruction  of  its  velocity  by  the  action 
of  a  constant  force,  is  equal  to  the  square  of  the  velocity 
destroyed,  divided  by  twice  the  velocity  which  this  force 
can  generate  in  the  body  during  a  unit  of  time. 

It  is  important  to  remark,  that  if  the  force  continue  to 
after  the  Telocity  act  after  having  destroyed  all  the  velocity,  the  body  will 
b^jdTwm^tw^;  return  along  the  path  already  described,  and  pass  in 
succession  and  in  reverse  order,  as  to  time,  through  its 
previous  positions,  at  each  of  which  it  will  have  the  same 
velocity  it  had  there  before ;  for  while  the  body  is  losing 
its  velocity,  it  may  be  regarded  as  beginning  its  motion 
at  any  point  of  its  path  with  its  remaining  velocity  or 
that  yet  to  be  destroyed,  which,  in  such  case,  is  denoted  by 
a,  and  when  all  its  velocity  is  destroyed,  it  returns  from  a 
state  of  rest  or  begins  to  move  backward  with  no  initial 
velocity ;  so  that  equations  (4)  to  (9)  become  applicable  to 
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this  latter  motion,  while  equations  (14)  and  (15)  are  to  the 
fonneir.    But  fix)ni  equation  (8)  we  have 

and  substituting  for  S  its  value  given  by  equation  (15) 
we  get 


and  have  al  its 


}r  _-   \/ f —   =    a •  poaitioiii the 

2  f I  iame  yelodtj  aa 


befora. 


that  is  to  say,  the  velocity  "PJ  which  the  body  has  ac- 
quired in  moving  backward  through  a  space  S^  is  equal  to 
the  velocity  a,  with  which  it  began  to  describe  the  same 
space  in  its  forward  motion. 

§  70. — One  of  the  most  important  examples  of  uni-  MoUon  of 
formly  accelerated  motion,  is  that  presented  by  the  verti-  *"*^**®**^5 
cal  fell  of  heavy  bodies ;  but,  before  discussing  it,  we  will 
make  known  some  of  the  circumstances  which  accompany 
and  modify  this  motion  at  the  surface  of  the  earth.         ' 

We  have  already  seen,  §  82,  that  the  force  of  gravity 
may  be  considered  as  constant  within  ordinary  limits. 
But  at  the  surfece  of  our  globe,  all  bodies  are  plunged  into  caosea  wbidi 
the  atmosphere,  and  this  atmosphere  is  itself  a  material  ™!^!^ 
body,  which,  by  its  inertia  and  impenetrability,  opposes         ' 
with  greater  or  L  energy  aU  kinds  of  motion  of  Ses; 
this  opposition  is  named  atmospheric  resistance.     Experi- 
ment shows  us  that  this  resistance  increases  as  the  velocity 
of  the  body  and  the  extent  of  its  surface  increase ;  thus, 
in  striking  the  air  with  a  light  flat  board,  the  resistance 
which  we  experience  is  greater  in  proportion  as  the  mo-  influence  of 
tion  is  more  rapid,  while  it  is  scarcely  sensible  when  the  ^l^tofaurfeoe' 
motion  is  very  slow;  and  again,  the  resistance  will  be  less 
i^  instead  of  striking  the  air  with  the  broad  surfece,  we  ' 
present  to  it  the  edge  of  the  board. 
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inflaenoe  of  air 
on  the  fall  of 
iKxllea; 

bodies  which 
weigh  most  and 
have  least 
aurlkce,  fUl  most 
rapidly ; 


Fig.  26. 


InyacuoaU 
bodies  lUl 
equally  fast; 


gravity  acts  on 
the  Interior  and 
exterior  particles 
of  a  body  alike ; 


distinction 
between  the 
weight  of  a  body 
and  the  force  of 
gravity. 


It  is  plain,  therefore,  that  the  presence  of  the  air  must 
modify  the  laws  of  the  vertical  fell  of  bodies  subjected  to 
the  action  of  their  weight.     In  permitting  bodies  to  fidl 
through  the  air,  from  the  same  height,  it  is 
observed  that  those  which  weigh  most  under 
the  same  volume,  or  those  which  present  the 
least  surface  in  the  direction  of  the  motion, 
arrive  soonest  at  the  bottom ;  thus,  a  ball  of 
lead  will  fall  sooner  than  a  ball  of  equal 
volume  of  common  wood,   and  a  ball  of 
conmion  wood  sooner  than  one  of  cork,  &c. 
But  if  made  to  fall  in  vacuo,  or  in  a  long 
hollow  cylinder  from  which  the  air  has  been 
removed,  experiment  shows   that  all  bodies 
fall  equally  feat,  and,  therefore  will  reach  the 
bottom  at  the  same  instant  if  they  start 
together.      This   is  called    the  guinea  and 
feather   experiment^    from    the    fact    that   a 
guinea  and  feather  will  fall  under  the  action  of  their 
respective  weights  in  vacuo,  with  the  same  velocity  and, 
therefore,  will  reach  the  bottom  in  the  same  time. 

From  this  it  follows,  that  ike  force  of  gravity  acts  indis" 
criminately  upon  every  particle  of  matter,  and  impresses  upon 
each,  at  every  instant,  the  same  degree  of  velocity  in  vacuo, 
a  feet  which  it  is  important  to  remember. 

We  may  easily  assure  ourselves  that  the  force  of 
gravity  acts  on  the  interior  as  well  as  on  the  exterior 
particles  of  all  bodies,  by  observing  that  the  same  body 
weighs  just  as  much  by  the  weighing  spring  whether 
placed  in  the  open  air,  or  in  a  close  chamber;  which 
proves  that  the  force  of  gravity  acts  through  this  chamber 
envelope  without  undergoing  any  change. 

The  weight  of  a  body,  is  the  resultant  of  all  the  actions 
of  the  force  of  gravity  upon  its  elementary  particles ;  we 
must  be  careful,  therefore,  not  to  confound  the  weight  with 
the  force  of  gravity  itself,  which  is,  in  fe<5t,  only  the  ele- 
mentary force  impressed  upon  each  particle. 
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§  71. — ^Finally,  it  is  important  to  remember  that  the 
denser  bodies,  such  as  gold,  lead,  iron,  &c.,  are  those  coid,  iMd,  ate. 
which,  under  equal  volumes,  or  equal  surfaces,  will  fell  ^  ^^T^ 
most  rapidly  in  the  air,  because  the  resistance  of  the 
latter  is  weajcer  when  considered  in  reference  to  the 
weight;  and  this  resistance  may  become  relatively  so 
small  that  we  may  neglect  it,  particularly  when  the  fall  of 
the  body  is  not  very  rapid. 

Galileo,  an  Italian  philosopher,  was  the  first  to  investi-  themouonof 
gate,  experimentany,  the  laws  which  govern  the  motion  of  ^^^ 
bodies  falling  under  the  action  of  their  own  weight,  in  •cceianued. 
vacuo ;  and  he  found  the  motion  to  be  unijbrmly  accelerated. 
The  force  of  gravity  is,  therefore,  within  the  limits  of  ex- 
periment, a  constant  accelerating  force,  acting  with  an  equal 
intensity  at  each  instant  whatever  be  the  velocity  ac- 
quired.   Atwood,  an  English  philosopher,  in  resuming 
the  experiments  of  Galileo,  with  greatly  improved  means, 
obtained  the  same  results. 

Lawi  of  the 

§  72. — Hence,  when  a  body  falls  fix)m  rest  through  a  motion  or  (uiing 

_A    '     1     •    i_x    •  bodies: 

certain  height,  m  vacuo,  * 

1st  The  velocities  acquired  are  proportional  to  theflntiaw; 
times  elapsed  since  the  beginning  of  the  motion. 

2d.  The  total  spaces  passed  over,  or  the  heights  of  the  ■econdiaw; 
fell,  are  proportional  to  the  squares  of  the  times  elapsed. 

3d.  These  heights  are  proportional  to  the  squares  of  thiiduw; 
the  velocities  acquired  at  the  end  of  each. 

4th.  The  velocity  acquired  at  the  end  of  the  first  unit  fourth  uw. 
of  time,  is  measured  by  double  the  height  of  fall  passed 
over  during  this  time. 

Although  the  force  of  gravity,  may,  without  sensible  Force  of  g»Tity 
error,  be  regarded  as  constant  at  the  same  locality,  it  yet  J[^|^ j!*^  **** 
varies,  as  we  have  seen,  firom  place  to  place,  in  going 
southward  or  northward,  and  cannot,  therefore,  generate 
as  much  velocity  in  one  latitude  as  another.  From 
carefiil  experiments,  made  with  a  pendulum  at  different 
places,  it  is  found  that  the  length  of  path  described  by  a 
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body  in  the  first  second  of  its  fall  firom  rest  in  vacuo,  will 
be  given  by  the  following  formula^  viz : 

^»<»««rtbe  ei  =  16.0904  -  0.04105  COS.  2  +  •    •    (16), 

wider  ito  utioD 

in  flnl  Mcond ;  • 

in  which  6|  is  the  space,  and  4/  the  latitude  of  the  place. 

In  works  on  mechanics,  the  velocity  which  the  force  of 
gravity  can  generate  in  a  second  of  time  at  the  Burfece  of 
the  earth,  is  usually  denoted  by  g  ;  and  as  this  velocity  is 
equal  to  twice  ei,  Eq.  (4),  as  given  by  the  above  equation, 
we  have, 

Telocity  it  can  feeL 

generate  in  one  g  =i  32.1808  -  0.0821  COS.  2  +   .      •      (17) ; 

■econd; 

hence  all  the  circumstances  of  the  motion  of  falling  bodies 
at  any  place,  will  be  given  by  equations  (4)  to  (15)  after 
substituting  therein  g  for  v^. 

Let  ff  represent  the  height,  in  feet,  through  which  the 
body  has  fidlen  in  a  given  time  denoted  by  TJ  and  V  the 
velocity  acquired  at  the  bottom  of  this  height ;  then,  firom 
equations  (5),  (7),  (8),  and  (9),  we  have 

H  =  iVT (18), 

fonnalaswbich  JT    =    Jgr  T* (19), 

relate  to  the  faU  '^  ^      ^' 

of  bodlea  in 

««»!  V  =  2gff (20), 

r  =gT (21X 

in  which,  for  all  ordinary  cases  we  may  take 

g  =  32.1808  feet  .    .    .    (22). 

appueation  to  Supposc  We  are  required  to  find  the  velocity  acquired 

"*"^'''  and  the  path  described  at  the  end  of  7  seconds;   from 

equation  (21),  we  have 

r  =  82.1808  X  7  =  225.2656  feet,  . 
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from  equation  (19), 


H  =  ^^^  X  {7f  =  788.4296  feet; 


tliat  is  to  say,  at  the  end  of  7  seconds,  the  body  will 
have  a  velocity  which  would  carry  it  over  a  distance  of  wwit*; 
225.2656  feet  during  the  8th  second,  were  its  velocity  at 
the  end  of  the  seventh  second  to  become  constant,  and  the 
space  described  during  the  seven  seconds  of  fall,  will  be 
788.4296  feet 

It  must  be  remembered  that,  in  the  atmosphere,  the  iniiiienee  of  tiM 
body  will  not  fall  with  the  same  velocity,  on  account  of  ■^^^p  *"• 
the  resistance  of  this  medium ;  but  from  what  has  already  in  the  case  of 
been  remarked,  this  resistance  will  not  have  much  in-  ^J|JJJ^  ^^^^ 
fluence  if  the  falling  body  be  very  dense,  as  iron,  lead,  body  and  height 
&c. ;  or  if  the  sur&ce  of  the  body  be  small ;   or  if  the  * 

height  of  fidl  be  not  great,  say  sixty  or  seventy  feet.     We        * 
might,  therefore,  measure  approximately,  the  height  of  appucauonto 
towers,  depth  of  wells,  &c.,  &c.,  by  noting  the  time,  as  ^^we™ tS* 
indicated  by  a  watch  beating  tenths  or  fifths  of  seconds,  depth  of  weii^ 
required  by  a  body  to  fall  through  the  height 

If  we  have  given  the  height  through  which  a  body  has 
fiJlen,  it  is  easy  to  find  the  velocity  acquired ;  for  fi-om 
equation  (20),  we  have 


Suppose  a  body  to  fall  through  a  height  of  80  feet,  then 
wiU 

F  =   v^  2  X  82.1808  X  80  =  71.75  feet 
This  proposition  is  of  fi:equent  occurrence  in  practical 

mechanics.  velocity  due  to  a 

The  quantity  V  is  called,  the  velocity  due  to  a  given  ^^^^l^^ 
heigJU  H;  and  H^  the  height  due  to  a  given  velocity  V.  given  Tdodty. 
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A  body  thrown 

vertically 

upward; 


§  73. — When  a  body,  as  the  ball  from  a  gun,  for 
example,  is  threwn  vertically  upward,  its  weight  acts  at 
each  instant  with  the  same  intensity  to  diminish  by  equal 
degrees  its  primitive  velocity ;  the  motion  will  be  uni- 
f<yi*mly  retarded;  the  velocity  will  be  totally  destroyed 
when  the  body  attains  a  certain  height,  from  which  it  will 
descend,  in  taking  successively  the  different  degrees  of 
velocity  which  it  had  at  the  same  places  in  its  ascent,  all 
of  which  is  obvious  from  what  was  said  in  §  69.  Thus,  at 
the  distance  of  1,  5,  7,  &c.  feet  from  the  place  of  starting, 
the  body  will  have  exactly  the  same  velocity  in  ascending 
and  descending;  it  will  only  have  the  direction  of  its 
motion  changed.  When  it  returns  to  its  point  of  depar- 
ture, its  velocity  will  be  the  same  as  it  was  at  starting. 

Denote  by  SJ  the  greatest  height  the  body  will  attain; 
and  V^  the  primitive  or  initial  velocity ;  then  will,  equa- 
tions (20)  and  (21), 


greatest  height 
to  which  it  will 
ascend; 


H  = 


2«7 


(28), 


time  required  to 
rencli  its  greatest 
height. 


T  = 


9 


(24> 


Example ; 


That  is  to  say,  the  greatest  height  to  which  a  body  will 
ascend,  when  thrown  vertically  upward,  is  equal  to  the 
square  of  its  initial  velocity,  divided  by  twice  the  force  of 
gravity;  and  the  time  of  ascent  will  be  equal  to  the  initial 
velocity,  divided  by  the  force  of  gravity 

Let  the  body,  for  example,   leave  the  earth  witli  a 
velocity  of  150  feet  a  second,  then  will 


^  =  2^Sm  =  '''•''  '"*• 


T  = 


150 


32,1808 


=  4.658  second! 
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This  is  on  the  supposition  that  the  air  opposes  no  resist-  eHMor 
anoe.    The  body  will  not  ascend  so  high  in  the  air ;  and,  ^^^^^ 
moreover,  will  fall  with  less  velocity  than  in  vacuo. 

§  74. — ^We  may  how  appreciate  the  quantity  of  work  Quantity  of  work 
or  of  action  which  the  weight  of  a  body  will  expend,  in  ^^'^^^^Jj^** 
impressing  upon  itself  a  certain  velocity,  or  in  overcoming  impreseapona 
its  inertia.    Denote  by  Wj  the  weight  of  the  body,  express-  ^^L^^** 
ed  in  pounds,  or,  in  other  words,  the  absoliUe  effort  which 
gravity  exerts  upon  the  body,  and  which  is  equal  and 
contrary  to  that  necessary  to  support  it  in  a  given  posi- 
tion; this  will  measure  the  constant  effort  exerted  upon 
the  body  during  its  descent  through  the  height  H.    The 
quantity  of  work  consumed  during  this  faU  will,  §  45,  be  qiuntttjof  woik. 
denoted  by  ^^^"^ 

W  X  B, 

and  this  quantity  of  work  will  have  generated  in  the  body 
the  velocity  T^  computed  by  the  equation 

F"  =  2gH; 

from  which  we  have 


F  = 


and  multiplying  both  members  by  TFJ 


WH=\—xV^     .    .    (25). 


§  75. — ^Thus,  the  quantity  of  work  developed  by  the  work  required  to 

Impreesa 
yeloolty; 


weight  of  a  body  to  impress  a  certain  degree  of  velocity  ^p'**»»«*^*' 


upon  itseU^  is  equal  to  half  the  product  obtained  by  multi- 
plying the  square  of  this  velocity,  by  tiie  weight  of  the 
body,  divided  by  the  velocity  y,  which  the  force  of 
gravity  is  capable  of  impressing  upon  all  bodies  during 
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the  first  second  of  their  fall.    This  product^ 


W 


liTing  force ; 
equal  to  double 
the  quantity  of 
action  neceaaary 
to  produce  it ; 


half  the  living 
force  lost  or 
gained,  equal  to 
the  work  that 
OTercomes  the 
inertia. 


is  what  mechanicians  call  the  living  force  of  the  body 
whose  wdght  is  W,  We  see,  therefore,  that  the  quantity 
of  action  expended  by  the  weight  of  a  body,  is  half  the  living 
force  impressed;  or  that  the  living  force  impressed,  is  doubk 
the  quantity  of  action  expended  by  the  lueight 

It  is  to  be  remarked,  that  when  a  body  is  thrown  ver- 
tically upward  with  a  certain  velocity,  the  quantity  of 
action  of  the  weight,  which  is  always  measured  by  the 
product  of  the  weight  into  the  height  to  which  this  body 
has  risen,  is  employed,  on  the  contrary,  to  destroy  this 
velocity,  so  that  in  the  two  cases  of  ascent  and  descent, 
the  half  of  the  living  force  lost  or  gained,  measures  the 
quantity  of  action  or  of  work  necessary  to  overcome  the 
inertia  of  the  body,  whether  the  object  of  this  action  be  to 
impress  upon  the  body  a  certain  velocity,  or  to  destroy 
that  which  it  already  has. 

This  principle  is,  as  we  shall  soon  see,  general,  what- 
ever be  the  motive  force  employed  to  communicate 
motion  to  a  body,  and  whatever  be  the  direction  of  the 
motion.  But  it  is  necessary  first  to  remark  upon  certain 
terms  employed  in  mechanics. 


meaning  of  living       §  76. — ^As  the  cxprcssiou  of  living  foTcc,  employed  to 
**"^®'  designate  the  product, 


W 


ya 


not  a  force,  but 
the  result  of  a 
force's  action; 


may  lead  to  error,  it  is  proper  to  remark  here,  that  it 
must  not  be  regarded  as  the  name  of  any  force,  any  more 
than  the  name  given  to  the  product 

or  the  quarUity  of  action^  designates  a  force ;  it  is  simply 
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the  result  of  the  activity  of  a  motive  force,  expressible  in 
pounds,  which  has  been  employed  to  overcome  the  inertia 
of  a  body,  to  impress  upon  it  a  certain  motion — a  certain 
velocity.  Under  this  point  of  view,  the  living  force  is  but 
a  dynamic  ^ect  of  a  force,  or  rather  double  this  effect,  since  a  dynamic  effect. 

W 

—  .F«  =  2W.H. 

9 

A  body  in  motion,  or  a  certain  dynamic  effect,  may  a  body  in  motion 

indeed  become,  in  its  turn,  a  source  of  wk;    as,  for--— ''^ 

example,  a  body  thrown  vertically  upward  is  elevated 

in  virtue  of  its  velocity  to  a  certain  height,  as  though  it 

were  taken  there  by  the  incessant  action  of  an  animated 

moter.    But  this  is,  in  all  respects,  analogous  to  what 

takes  place  when  a  force  has  developed  a  certain  quantity 

of  work  to  bend  or  compress  a  spring ;  the  inertia  of  the 

matter  has  been  brought  into  play  in  the  same  manner 

that  the  molecular  springs  have  in  this  latter  case.    This 

inertia,  §  66,  when  it  has  been  thus  conquered,  becomes 

capable  of  restoring  the  quantity  of  work  expended  upon  but  cannot  bt^  a 

it,  as  weU  as  a  compressed  spring ;  in  a  word,  inertia,  like  'ZZ::Z.x 

a  spring,  serves  to  store  up  a  quantity  of  action,   to  body,  or  bent 

transform  it  into  living  force,  so  that  living  force  is  a  true  ^     ' 

disposable  quantity  of  action.    The  same  may  be  said  of 

a  body  elevated  to  a  certain  height ;   this  body  solicited 

by  its  weight  is  the  source  of  a  quantity  of  action,  of 

which  we  may  subsequently  dispose  to  produce  a  certain 

amount  of  mechanical  work.    But  as  we  cannot  say  that 

this  body,  elevated  to  a  certain  height,  is  a  Jbrce^  that  a 

compressed  spring  is  a  force^  neither  can  we  say  that  a 

body  in  motion,  or  that 

is  a  force.    It  is  the  same  of  Tnen,  animab  in  general,  or  animaia, 
of  caJoric,  of  uxUer-courses,  of  tmnd,  &c.,  &c ;  these  are  but  ^^  ^ 
agents  of  work,  or  meters — ^not  simple  forces. 
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V  )tijeci  of 
Uiechilliics  09 
applied  lo  the 


It  is  the  object  of  mechanics,  in  its  application  to  the 
arts  of  life,  to  study  the  different  transformations  or 
metamorphoses  which  the  work  of  moters  undergoes  by 
means  of  machines  and  implements,  to  compare  different 
quantities  of  work  with  each  other,  and  to  estimate  their 
value  in  money,  or  in  work  of  this  or  that  kind. 

In  short,  when  we  speak  of  UviTig  force^  conamunicated 
to,  or  acquired  by  a  body,  it  is  only  necessary  to  remem- 
ber, that  it  relates  to  a  real  motion  of  the  body,  and  is  equal 
to  the  product  of  the  square  of  its  velocity  into  its  weighty 
divided  by  the  force  of  gravity. 

§  77. — Since  the  force  of  gravity  acts  indiscriminately 

upon  all  the  particles  of  a  body,  and  impresses  upon 

them  at  each  instant,  the  same  degree  of  velocity  at  the 

same  place,  the  weight  of  a  body,  which  is  the  result  of 

these  partial  actions,  may  give  us  an  idea  of  the  relative 

The  m.i*8  of  a      quantity  of  Tnatter  it  contains,  or  of  its  mass,  for  it  is  plain 

^'"'^•^ '  that  the  mass  must  be  proportional  to  the  weight ;  often, 

indeed,  the  weight  is  taken  for  the  mass.     But  as  the 

intensity  of  the  force  of  gravity  varies  from  one  locality  to 

another,  and  as  the  quantity  of  matter  in  the  same  body 

or  the  mass  remains  absolutely  the  same,  it  is  obvious  that 

this  latter  would  be  but  ill  defined  by  its  weight,     Ex- 

force  ..f  gravity    periencc  shows  that  the  velocity  impressed  by  the  force  of 

proi.i.itiunai  to    gj^yifj^  in  Quc  sccoud  of  timc,  is  directly  proportional  to 

inu>  impress  in    thc  intcuslly  of  this  force,  and  that  therefore  the  ratio 

ont'  .second. 

W 


I 


must  remain  the  same  for  all  places,  since  the  weight  is 
also  directly  proportional  to  the  force  of  gravity.  Thus  if 
W  and  W,  be  the  weights  of  the  same  body  at  different 
places,  and  g  and  g'  the  intensities  of  the  force  of  gravity 
at  those  places,  respectively,  then  wiU 

W   I     W    ::    g    :    g'i 
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whence 


W       W_ 
9         9" 


This  inTorible  ratio  --,  is  taken,  in  mechanics,  as  the 

9 
measure  of  the  moss  of  a  body.    Ordinarily  the  mass  is  ii«Man<fth* 

represented  by  M,  whence  "^  "^  *  "^^ ' 


M  = 


W 
9' 


or 


W=  Mg (26),     Z^''^ 

in  which  W  expresses  the  effort  or  pressure  exerted  by 
the  weight  of  the  body,  and  g  the  velocity  which  this 
weight  can  impress  upon  the  body  in  a  second  of  time. 

§  78. — ^By  substituting  the  value  of  the  weight,  as  given 
by  equation  (26),  in  the  expression  for  the  living  force,  we 
find 

T|r  LlTliig  foree  In 

V*    =    3fV*]  temMofthemaM 

9  uid  Telocity ; 

that  is  to  say,  the  living  force  of  a  body  in  motion,  is 
equal  to  the  product  of  its  rnass  into  the  square  o/its  velocity. 

Finally,  mechanicians  have  agreed  to  call  the  product  of 
the  mass  of  a  body,  as  above  defined,  into  its  velocity,  or 
JfVj  the  quantity  of  motion  of  the  body;  and  this  it  must  be  quantity  or 
remarked  is  very  different  firom  the  quantity  of  action  or ""°"®"' 
of  work.    To  understand  what  is  meant  by  this   new 
expression,  denote  the  quantity  of  motion  by  Q,  then  will 

Q  =.  Kr^  ifV    .    .    .    (27); 
8 
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it«}  meaning ; 


It  ia  a  prewiira» 
like  weight ; 


Uviriif  force 
equal  to  the 
({uantity  of 
tuotiou  into  the 

VtM.M-itV. 


or,  which  is  the  same  thing, 

Q    :     W   ::     V   :    g. 

But  TT,  is  the  weight  of  the  body,  and  g,  the  velocity 
which  this  weight  can  generate  in  this  body,  in  one  second 
of  time;  hence  Q  must  designate  either  a  weight  or  an 
equivalent  eflfort,  which  can  generate  in  the  body,  the 
velocity  V,  in  one  second. 

We  see  also  that  the  living  force, 

MV*,    or  MVr  =  QV, 

is  the  product  of  this  ejBfort,  by  the  velocity  F,  or  by 
the  path  described  uniformly  by  the  body  in  a  unit  of 
time  in  virtue  of  its  acquired  velocity. 

These  observations  show  the  distinction  between  the 
quantity  (^motion  of  any  body  and  its  living  force^  and  the 
identity  between  this  latter  and  double  the  quantity  of 
action. 


V'^  of  the 
denominations 

I'.rj"^  and 
(ji'intity  of 
iM',»tion. 


§  79. — It  is  principally  to  abridge  and  simplify  the 
computations  and  reasonings,  that  the  denominations  mass 
and  quantity  of  motion,  are  employed  in  mechanics ;  and 
they  might  easily  be  dispensed  with.  But  as  authors 
generally  have  used  them,  it  becomes  important  to  under- 
stand their  precise  significations. 


A  lorce  is  §  80. — Wc  havc  just  sccu  that  the  force  of  gravity  will 

tl  'v' ?oci^ir  i^P^^'^ss  upon  a  body,  during  one  second  of  time,  velocities 
can  generate  in  a  which  are  Constantly  proportional  to  its  intensity,  or  to 
^>  J . !!  I^tumtl^  the  absolute  weight  of  the  body  in  each  locality.  But 
this  property  arises  only  from  the  fact,  that  the  weight 
\\  h-n  the  force    rcmaius  coustaut  during  the  fall,  so  that  the  total  velocity 

vr"l'^lti*to    **  *®  ®^^  ^^  ^"^^  ^^1'  ^  proportional  to  the  equal  degrees 
tiie  nmaii  degree  of  vclocity  imprcsscd  at  each  instant.    When  the  motive 

impartld^at  a      ^^^^^»  iustcad  of  being  constant,  varies  at  each  instant,  it  is 
(T.vcn  inataoL      obvious  that  its  intensity  can  no  longer  be  measured  by 
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the  velocity  which  it  impresses  upon  the  same  body 
daring  a  unit  of  time,  and  that  its  measure  must  depend 
upon  the  smaU  degree  of  velocity  which  it  communicates 
at  a  given  instant 

By  observing  what  takes  place  at  the  sur&oe  of  the  foroM 
earth,  and  in  our  planetary  system,  it  is  found  that  the  ST^^dTdlmei 
mUive  forces  or  pressures  are^  infact^  proportional  to  the  small  of  T©iodtytti«y 
degrees  of  velocity  which  they  impress  upon  the  same  body  in  ^  n^^T 
equal  indefinitely  small  portions  of  time.     This  fiswjt  serves  portion  of  tim^ 
as  the  basis  of  all  dynamic  investigations,  and  must  be 
regarded  as  a  general  law  of  nature. 

§  81. — ^Accordingly,  let  F  be  the  measure,  in  pounds,  MeMoreorttw 
of  a  force  of  pressure ;   let  v  be  the  small  degree  of  ^^^^^^^ 
velocity  which  it    can   impress   upon    a   body  at  any  Telocity 
instant  or  epoch,  during  an  indefinitely  small  interval , J^  y,^ 
of  time,   denoted  by  t;    also,  let   W  be  the  pressure 
exerted  by  the  weight  of  a  body  at  any  given  place, 
and  v*  tbe  small  degree  of  velocity  which  this  weight  can 
impress  upon  the  body  during  the  same  short  interval  t 
We  shall  have,  from  the  principles  already  established, 
since  F  may  be  regarded  as  constant  within  tbe  limited 
time  % 


F    :    W    ::    V    :    v' ;  oonMiiDMioei or 

tUilsw; 


whence 


W 
1/ 


But  from  the  first  law  of  filling  bodies 

f/    :    g    : :    t    :    l"^; 
whence 
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for  the 
Intensity  of  anj 
mottTe  force; 


therefore 


i?'  =  Z.  X  4  =  M.^    .    .    (28). 
g  t  t 


Inertia  exerted, 
proportional  to 
the  product  of 
maaa  into  the 
Tdodty 
imparted; 


That  is,  the  intensity  of  any  motive  force^  is  measured  hy  the 
product  of  the  mass  into  the  velocity  it  can  generate  while 
acting  with  a  constant  intensity^  divided  hy  the  duration  of  the 
action.  Thus,  when  we  know  the  small  velocity  v,  im- 
pressed in  the  short  interval  of  time  ^  by  the  force  F^  we 
may  compute  the  value  of  this  force,  which  is  equal  and 
contrary  to  the  resistance  opposed  to  motion  by  the  inertia 
of  the  body.  This  resistance  has  been  called  by  some  the 
force  of  inertia^  and  by  others  dynamic  force.  The  relation 
given  by  Eq.  (28),  shows  us  ihat  the  force  of  inertia,  which 
is  equal  and  contrary  to  F,  is  directly  proportioned  to  the 
mass,  and  to  the  velocity  v  which  this  mass  receives  during 
the  elementary  time  t. 

Let  F^  be  the  measure  of  a  second  force,  which  acts 
upon  the  mass  if',  impressing  upon  it  in  the  same  time  t^ 
the  small  velocity  i/,  then  will 


V 


F'  =  M'.^j 

V 


which,  with  Eq.  (28),  gives 


ralallon  of  anj 
two  mottTe  foroea. 


F   :    jP' 


ifv 


M'V. 


That  is  to  say,  any  tivo  motive  forces  are  to  each  other,  as  the 
quantities  of  motion  they  can  impress  in  the  same  elementajy 
portion  of  time. 

§  82.— From  Eq.  (28),  we  find 


VelodU 

tmpnweed  fai  any 
dkortttme; 


V    = 
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fiom  which  we  perceive  that  the  degree  of  velocity  which  pmportioiiaito 
a  motive  force  iinpre««8  upon  a  body,  during  a  short  H;--!.^,::, 
elementaiy  portion  of  time,  increases  with  the  intensity  of  i>jf  um  mui. 
the  force,  and  inversely  as  the  mass,  or  weight 

§  83.; — ^If  now  we  suppose,  at  any  instant,  the  force  MMSDnofinertu 
suddenly  to  cease  to  vary,  and  to  continue  to  act  upon  the  "^  "f  •«'-' 

J  J'  r  andcostrary 

body  with  the  intensity  which  it  possessed  at  that  instant,  mottYefowe; 
the  vdocity  will  incriease  or  diminish,  proportionally  to 
the  time,  §  67,  and  the  intensity  of  the  force  may  be 
measured  by  the  definite  quantity  of  motion  which  it 
can  impress  upon  the  body  during  the  first  succeeding 
second. 

Designate  by  TJ  the  velocity  generated  in  the  body 
dtiTing  the  first  second  succeeding  the  instant  in  which 
the  force  becomes  constant,  then  will 


Vi    I    V    II    1"~-  :    i; 


whence 


F   -  - 


which,  in  Eq.  (28),  gives 

F  =^   Ft  if (29); 

and,  in  general,  the  motive  force,  equal  and  contrary  to  the  eqiwi  to  the 
force  of  inertia^  is  measured,  at  each  instant,  by  the  quantity  m^^'^^e  latter 
of  motion  it  can  impress  during  one  second^  if,  instead  of  vary-  can  impraee  in  a 
vng,  it  retain  unaltered  the  intensity  it  had  at  that  instant         TOMtontT^^  ^^ 

When  the  mass  becomes  the  unit  of  mass,  Eq.  (29) 
becomes 

F  =  Vt (30); 

ihe  force  in  this  case  is  called  the  accelerating  force,  or,  Aoceientiog 
more  properly,  the  acceleration  or  retardation  due  to  theforce^  **"** 


r^f^ 
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measured  bj  the  and  18  olways  meosured  by  the  velocity  it  is  capable  of  imr 

im ^rowed  on  a  P'Tessing  on  a  unit  of  mass  in  a  unit  of  time,  acting  with  a 

unit  of  msM  In  constant  intensity. 
to  time;  ^^^  ^^  -^^  ^29^^  which  give3, 


U  equal  to  the 
motive  force 
divided  by  the 
mass. 


Geometrical 
illustration ; 


r^  = 


F 


Fig.  27. 


it  appears  that  the  acceleration  or  retardation  due  to  the 
force,  ia,  in  every  case,  nothing  more  than  that  portion 
of  the  entire  motive  force  which  results  from  dividing  the 
latter  by  the  number  of  units  in  the  mass  acted  on. 

§  84. — ^Trace,  according  to  the  method  described  for 
uniformly  varied  motion,  §  68,  the  curve  v©  Vi  Vg  Vj,  &a, 
which  represents 
the   law  of  the 
times  and  veloci- 
ties ;  let  ^  v^  and 
U  "^4  represent  the- 
velocities   which 
correspond  to  the 
end  of  the  times 
Ot^  and  Ot^  or 
at  the  beginning 
and  end  of  the 
very  small   por- 
tion of  time 


Draw  through  v^  the  line  v^  J4,  parallel  to  the  axis  OB 
of  times,  and  produce  it  till  v^m  =  l  second ;  this  line 
will  meet  the  ordinate  t^v^  and  b^v^  will  be  the  small 
portion  of  velocity  =  v,  impressed  by  the  force,  during 
the  small  portion  of  time  t.  Now  if,  at  the  instant  cor- 
responding to  the  end  of  the  time  0 1^  the  force  become 
constant,  it  will  subsequently  impress  upon  the  body  equal 
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increments  of  velocity  during  the  equal  intervals  of  time  t, 
and  the  curve  v^v^v^  will  become  the  straight  line  v^n, 
tangent  to  the  curve  at  the  point  Vg.  Drawing  through 
m  a  line  parallel  to  t^v^^  the  portion  mn  will  represent 
the  velocity  Vi  impressed  in  one  second,  and  the  two 
similar  triangles,  v^  b^  v^  and  v^  m  n,  will  give 


or 


V    ::    l*^:     Vi] 


whence 


V    -  —' 


theraloeofttM 
Telocity  at  any 
iastant; 


as  before  found. 

Thus,  when  we  know  the  law  which  connects  the 
velocity  with  the  time,  or  the  curve  which  represents  this 
law,  we  may,  at  any  instant,  by  drawing  a  tangent  to 
the  curve,  determine  the  velocity  Fi,  and  consequently  found  by  the 
compute  the  value  of  the  intensity  of  the  force  from  the  ^■°«®''*"^J 
equation, 

H'  —     irir     —     —     v.  memaMowof 

^     —    Jll   Ki    —  •    rij  tbemottyeforae. 

or,  which  is  the  same  thing,  the  value  of  the  equal  and 
contrary  resistance,  opposed  by  the  inertia  of  the  body,  at 
each  instant  during  the  action  of  the  force. 

§  85. — ^Reciprocally,  if  we  know  the  value  of  the  in- 
tensity of  the  force  F  at  each  instant,  we  deduce  from  it  vtioaofiha 
the  corresponding  value  of  iST^ttT" 

force  dlTlded  by 


F,  = 


F 
M 


» 
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Tnftllimlioin  of 
tangent  to  the 
ooire. 


or  of  the  indination  of  the  tangent  v^n,  or  that  of  the 
element  of  the  curve  of  velocities  to  the  axis  OB  of  times. 
The  tangent  of  this  inclination  is  given  by 


=    Vi 


and  if  the  initial  velocity  Ov^he  given,  nothing  is  easier 
Carre  oonftmoted  ^j^j^j^  ^  constTuct  the  curvc,  of  which  the  ordinates  shall  be 

by  mettu  of  thfai 

tangent  the  successivc  vclodties  acquired  under  the  action  of  the 

force ;  since,  by  means  of  the  inclinations  of  the  tangents 
or  elements  of  the  curve  corresponding  to  each  absciss  of 
time,  those  elements  may  be  drawn  one  after  the  other, 
thus  forming  a  polygon,  which  will  differ  less  and  less 
fix)m  the  curve,  in  proportion  as  the  number  of  values  of 
the  force  between  given  limits  is  greater. 


fig.  2a 


Work  neoeantrj         §  86. — ^By  the  aid  of  what  precedes,  we  may  readily 
v^iocu*^***^^  compute  the  quantity  of  work  which  must  be  expended 

against  a  body,  whose  weight  is  "R^  by  a  force  F,  equal 

and  contrary  to  the  force 

of  inertia,  to  impress  upon 

it  a  certain   velocity  FJ 

or,    more    generally,    to 

augment  or  diminish  its 

velocity  by  a  given  quan- 
tity. 

The  quantity  of  work 

expended     during     any 

small  interval  of  time  ^ 

has,  for  its  measure,  the 

product  of  the  intensity 

of  the  force  F^  into  the 

elementary  portion  of  the  path  described  by  the  body 

during  this  time.    This  small  path  is  given  by  the  area 

of  the  small  rectangle  v^  %  t^  h^  whose  base  is  the  element 

4  ^4  =  ^,  and  whose  altitude  is  ^  v,  =  7J  §  67  and  §  68 ; 


o 
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diat  is  to  say,  bj  the  product  Vt    Hence  the  elementary 
quantity  of  work  is 

for  each  instant  of  time,  or  for  each  small  increment  b^v^ 
of  velocity  V.    But  from  Eq.  (28)  we  have 


V 


replacing  F  by  this  value,  in  the  preceding  expression, 
we  have,  for  the  elementary  quantity  of  work, 

MVv; 

and  it  is  the  sum  of  all  these  partial  quantities  of  work 
which  composes  the  total  quantity  of  work ;  this  sum  may 
be  found  thus : 

From  the  point  0,  as  an  origin,  lay  off  the  distances 
Owij  u>iw^  WgW^  &c.,  to  represent  the  different  incre- 
ments of  velocity 
during  the  different 
successive  elementary 
portions  of  time  t, 
which  have  elapsed 
smce  the  beginning  of 
motion  —  increments 
that  will  not  be  equal 
in  the  case  of  a  vari- 
able force;  then  will 
OtVi,  Ow^  Ow^  &C., 
represent  the  veloci- 
ties of  the  body  at  the 

corresponding  instants :  lay  off  these  same  lengths  upon 
the  ordinates  WiV^  w^v^  ^s^s?  ^-i  bo  that  we  shall 
have 


etomcotuy 
qnantttyofworic; 


Pig.  29. 


gwmetilcal 
method  of  finding 
tlM  whole  work. 


io^Vi  =  Ow^     WjVj  =  Ow^      w^v^  =  Ow^  &c,; 
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tlie  aeriea  of  pointa  v„  «»,  Vj,  &c.,  will  He  on  a  right  line, 
inclined  to  the  axis  0  B,ia  an  an^e  of  45°,  Consider 
now  the  velocity  v,  «jj  =  V, 
for  instance,  of  which  the  in- 
crement Wj  to,  or  Vf  b,  =  Wj  b,, 
is  called  v.  The  product 
Vv,  will  here  be  represent- 
ed by  the  small  rectangle 
Vb  Wj  to,  b„  or  by  the  trape- 
zoid VlV}^w^v^,  to  which  it 
becomes  sensibly  equal  when 
the  increment  of  velocity  or 
that  of  the  time  ia  very  "  ~*  "" 
small     The  sum  sought,  of 

all  the  partial  products  Vv,  has  lor  its  measure  the  s 
all  the  corresponding  elementary  trapezoids,  or  the  area 
comprised  within  the  right  line  Ov,,  the  axis  Ow.,,  and  the 
ordinate  w^  v,,  which  latter  represent  the  velocity  acquired 
from  the  beginning  to  the  end  of  the  time  for  which  we 
wish  to  estimate  the  work  done  by  the  force. 


.J\ 

,y 

r^ 

«. 

/I  1 . 

a  of 


i  %  87. — ^For  example,  if  the  body  sets  out  from  rest,  and 
we  desire  to  find  the  aura  of  the  products  of  Tv,  correspond- 
ing to  the  acquired  velocity  w,  v,  =  V,  this  sum  heing  rep- 
resented by  the  area  of  the  triangle  0  w,  v„  we  shall  have 

^Oto,  X  w,v,   =   ^{tv,v;f   =   i  V"; 

hence  the  quantity  of  work  corresponding  to  the  velocity 
V',  and  consumed  by  the  inertia  of  the  body  whose  mass 
.  is  if,  will  be  measured  by  J  if  V*,  or  by  half  the  living 
force  communicated  from  the  beginning  of  the  motion,  §  76. 
This  principle  obtains,  therefore,  for  any  kind  of  motion, 
or  for  a  motive  force  different  from  the  force  of  gravity. 

For  another  velocity,  w, «,  =  V",  the  consumption  of 
work  will  be  in  like  manner  measured  hy  \3£  F"*,  and 
consequently  for  the  interval  between  the  positions  in 
which  the  body  had  the  velocities  K'and  F",  the  quantity 
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of  work  consumed  will  be  measured  by  the  difference,  or 

corresponding  to  the  trapezoid  w^  w^  v^  174.    But  M  V^  and  woa  conramed 
if  F"*  are  the  living  forces  at  the  beginning  and  end  of  eq^'tohaiftbe 
the  interval  of  time  during  which  we  are  considering  the  diff«ronce  of 
work  of  the  motive  force ;  the  expression  above  is,  there-  beginning  and 
fore,  one  half  the  increment  of  living  force,  or  half  the  living  •****• 
force  communicated  in  this  interval ;  so  that  the  principle 
applies  to  any  two  instants  of  the  body's  motion,  and  thus 
the  qaantiiy  of  work  expended  has,  in  every  case,  for  its 
measure,  half  of  the  living  force  communicated  in  the  interval 
between  these  two  instants. 

%  88. — ^Finally,  it  must  be  remarked,  that  the  preceding 
supposes  the  velocity  of  the  body  to  increase  incessantly ; 
if  it  were  otherwise,  the  force  would  be  opposed  to  the 
motion,  and  would  be  a  retarding  force.  But  the  reasoning 
remaining  the  same,  would  be  applicable  to  this  case,  and 
we  should  find  that  the  quantity  of  work  or  action  woa  deTeioped 
developed  by  the  resistance  F^  (equal  and  contrary  to  the  ^  ^^^^?  **° 
force  of  inertia  now  become  a  power,)  during  the  time 
necessary,  to  reduce  the  velocity  firom  V  to  F",  would 
have  for  its  measure, 

or  half  the  living  force  destroyed  or  hst  equal  to  hair  (h« 

Thus,  the  diminution  of  the  living  force  of  a  body  ,j^.j^"°^j^ 
between  any  two  given  instants,  supposes  that  a  quantity  the  beginning  and 
of  work  or  of  action  equal  to  the  half  of  this  diminution, 
has  been  developed  by  the  inertia  of  this  body  against 
obstacles  or  resistances,  as  its  augmentation  supposes,  on 
the  part  of  a  power,  a  consumption  of  work  equal  to  the 

half  of  this  augmentation.  inertia  aervea  to 

tranafonn  work 

§  89. — ^We  now  clearly  perceive  how  the  inertia  of  J^du^fo!^ 
a  body,  serves  to  transform  work  into  living  force,  andintoacttonj 
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examples  In  the 
inechanloarto; 


example  of  the 
grlBt-mill; 


the  airman; 


living  force  into  work;  or,  to  use  the  expressions  em- 
ployed, §  76,  on  the  occasion  of  the  vertical  motion  of 
heavy  bodies,  we  see  that  inertia  will  store  up  the  work 
of  meters  by  convertLog  it  into  living  force,  and  give 
this  work  out  again  when  the  living  force  comes  to  be 
destroyed  against  resistances. 

The  mechanic  arts  offer  a  multitude  of  instances  in 
which  these  successive  transformations  take  place,  in 
operating  by  means  of  machinery,  implements,  &c.,  Ac. 
m  water  Ltained  in  the  r^rvdrs  of  gn^unul,  for 
example,  represents  a  certain  quantity  of  disposable 
action,  or  work,  which  is  changed  into  living  force  when 
the  sluice  gates  are  opened ;  in  its  turn,  this  living  force 
acquired  by  the  water,  in  virtue  of  its  weight  and  descent 
from  the  reservoir,  is  changed  into  a  certain  quantity  of 
work ;  this  is  communicated  to  the  wheels  of  the  mill, 
and  these  latter  transmit  it  to  the  millstones  which  pul- 
verize the  corn.  The  air  confined  in  the  reservoir  of  an 
air-gun,  represents  the  value  of  the  mechanical  work 
expended  by  a  certain  meter  in  compressing  it ;  on  open- 
ing the  valve,  the  air  acts  upon  the  ball,  impels  it  forward, 
and  converte  a  certain  quantity  of  work  into  living  force. 
If  this  baU  be  thrown  against  a  spring,  or  an  elastic  body, 
the  latter  will  be  compressed  in  opposing  a  greater  or  less 
resistance  to  the  inertia  of  the  former,  and  will  finally 
have  destroyed  all  its 


motion  at  the  instant 
the  quantity  of  work, 
developed  by  the 
the  aotioB  ofthe  Spring,  becomcs  equal 
to  half  the  living 
force  of  the  ball ;  the 
spring  being  retained 
by  any  means  in  its 
compressed  state,  the 


Fig.  80. 


baUagalJMta 
•pring. 


living  force  will  be  stored  up  as  a  quantity  of  disposable 
work,  so  that  when  the  restraint  is  removed  from  the 
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spiing,  the  ball  will  be  thrown  back  with  a  velocity  sach, 
that  the  living  force  will  be  double  the  quantity  of  action  or 
of  work,  restored  by  the  spring  in  unbending  or  expanding* 

§  90. — J£y  then,  the  spring  be  perfectly  elastic,  the  Perfectly  eiaatie 
velocity  communicated  to  the  ball,  wiU  be  precisely  equal  ^iJ^J!?'^^ 
to  that  impressed  upon  it  by  the  air-gun  in  a  contrary  loatduringaa 
direction.     Thlis,  in  the  example  before  us,  the  quan-  '"^■^ 
tity  of  work  has  been  alternately  changed   into  living 
firce^  and  limng  force  into  quantity  of  luorkj  without  any 
thing  having  been  lost  or  gained.    But  if  the  spring  be 
not  perfectly  elastic,  a  portion  of  the  living  force  im- 
pressed upon  the  ball  will  be  employed  in  destroying  the 
molecular  force  of  the  spring,  that  is  to  say,  in  producing 
a  permanent  change  in  L  aSangement  of  t  pakcles. 

§  91. — ^Hence,  in  the  collision  of  bodies,  not  perfectly 
elastic,  there  will  always  be  a  loss  of  quantity  of  work, 
and  this,  firom  what  has  already  been  said,  must  be  equal 
to  half  the  living  force  destroyed.    Few,  if  any,  solid  UTtngfiiroeia 
bodies  are  perfectly  elastic,  and  as  the  vast  majority  are,  ^mtumrfUjJJM 
to  a  considerable  degree,   deficient  in  this  quality,   thenotperfbeuy 
quantity  of  work  Tiselessly  consumed  by  the  molecular 
forces  will,  in  general,  bear  an  appreciable  ratio  to  that 
developed  by  inertia  during  the  compression ;  and  it  there- 
fore follows,  that  if  this  last  force,  or  the  velocity  which 
occasions  the  collision,  be  considerable,  there  will  take 
place,  in  a  veiy  short  time,  a  great  loss  in  the  quantity  of 
action;    and  this  is  why  it  is  important,  as  before  re- 
marked, to  avoid  all  shocks  in  the  motion  of  machinery. 

§  92. — ^We  also  see,  from  what  precedes,  that  it  is  as  ttw  work 
impossible  for  the  force  of  a  spring  to  develop,  in  ii^i- never  ex^ 
bending,  a  living  force  greater  than  that  consumed  in  tiu»*ooii»ainediii 
bending  it,  as  for  the  force  of  gravity,   §  65,  to  give  ^^^ 
to  a  body  while  fidUng,  a  living  force  exceeding  that 
destroyed  in  it,  through  the  same  height,  while  rising; 
indeed,  the  whole  of  the  velocity  wiU  not,  in  general, 
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be  restored,  and  as  the  corresponding  living  force  lost 
in  the  shock,  has  really  been  employed  to  overcome  a 
certain  resistance,  and  therefore  to  produce  a  certain 
quantity'  of  work,  it  is  true,  as  before  stated,  that  inertia 
does  actually  perform  an  amount  of  work  equivalent  to 
that  which  has  been  employed  in  putting  it  into  action ; 
only  it  happens,  that,  in  certain  cases,  a  portion  of  this 
'  work  is  diverted  from  the  object  we  desire  to  accom- 
plish, and  is  not,  on  that  account,  regarded  as  forming 
a  part  of  the  useful  effect,  as  was  explained  in  §  50 
with  regard  to  the  ordinary  force  of  pressure. 

whrt  takes  place  §  98. — ^Wc  havc  showu,  bv  cxamplcs,  how  the  quantity 
motion^***  of  work  or  of  action  may  b^  transformed  alternately  into 
living  force,  and  living  force  into  quantity  of  action,  by 
means  of  springs  and  machines  which  store  up  and  give 
them  out  successively.  These  transformations  take  place, 
in  general,  whenever  the  motion  of  a  body  solicited  by  a 
motive  force  varies,  by  insensible  degrees,  so  as  sometimes 
to  be  accelerated  and  sometimes  retarded.  This  occurs, 
for  example,  in  the  periodical  motion  spoken  of  in  §  25, 
and,  in  general,  in  all  cases  of  forward  and  backward 
movement,  usually  called  alternating,  and  in  which  the 
velocity  becomes  nothing  from  time  to  time.  The  motion 
of  the  pendulum  and  that  of  the  plumb-bob  are  evident 
when  the  examples  of  this  last  kind.    When  the  velocity  of  a  body 

lucroaKxi,  innitin  a^gnients,  it  is  a  sign  that  some  portion  of  the  motor's 
oppoeeafhe        work  acts  in  the  direction  of  the  body's  motion,  and  in- 
'  creases  its  living  force  by  a  quantity  double  this  portion, 

when  the  of  work ;  the  other  portion  being  absorbed  by  resistances ; 

JJJJJJ^^  if,  on  the  contrary,  the  velocity  of  the  body  diminish, 
Inertia  aids  um  notwithstanding  the  power  may  be  exerted  in  the  direc- 
tion of  the  motion,  a  certain  portion  of  the  living  force 
acquired  will  be  expended  against  the  resistances,  and  will 
augment  the  work  of  the  moter  by  a  quantity  equal  to 
half  the  living  force  thus  expended|  and  so  on,  according 
to  the  number  of  alternations. 
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§  94 — ^From  wliicli  we  see,  that  when  the  velocity  or 
living  force  of  a  body  ocioillates  between  certain  limits,  it  is 
a  proof  that  inertia  has  alternately  absorbed  and  given  out 
portions  of  the  moter's  work.  The  work  absorbed  by 
inertia  will  be  the  s&me  for  all  equal  velocities,  and  for  the 
interval  between  the  instants  of  equal  velocities  there  will 
be  nothing  lost  or  gained,  and  the  power  must  be  con- 
sidered as  having  been  entirely  employed  to  overcome 
resistances  other  than  inertia.  But,  if  in  any  interval  of 
time,  the  velocity,  after  having  undergone  alternations, 
does  not  attain  to  what  it  was  before,  the  half  of  the 
difference  of  the  living  forces  which  correspond  to  the 
beginning  and  end  of  this  interval,  measures  the  quantity 
of  work  which  has  really  been  consumed  or  given  out  by 
the  inertia  of  the  body.  Consequently,  if  the  body  were 
to  set  out  from  rest,  the  quantity  of  work  consumed  by  its 
inertia  up  to  any  instant,  would  be  measured  by  half  the 
living  force  possessed  by  the  body  at  this  instant ;  if  the 
velocity  had  increased  incessantly,  the  inertia  of  the  body 
would  have  opposed  the  motive  force  without  .intermis- 
sion ;  if  the  velocity  had,  during  any  part  of  the  time, 
diminished,  the  inertia  would  have  aided  the  force. 


Within  the 
intenrals  between 
instants  of  equal 
▼elodlties,  the 
moter  it  not 
employed  to 
overcome  inertia; 


work  absorbed  or 
given  out  hj 
inertia,  eqnal  to 
half  the  Hying 
foree  acquired  or 
destroyed. 


Fig.  81. 


§  95.— All  of  which 
may  be  made  manifest 
by  means  of  the  second 
figure  employed  in  §  86, 
in  observing  that  when 
the  velocity  of  the  body 
diminishes,  after  hav- 
ing augmented  during  a 
certain  time,  so  will  the  c 
abscisses  and  ordinates 
of  the  right  line  Ov^^ 

which  represent  this  velocity ;  the  extreme  ordinates  Wj «,, 
after  receding  firom  the  point  0,  while  the  velocity  is 
increasing,  will,  on  the  contrary,  approach  this  poiat  while 


Geometrical 
illustration ; 
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the  velocity  is  diminisliing,  to  keep  the  triangolar  area 
0  w^  V7,  constantly  proportional  to  the  quantity  of  work 
absorbed  by  the  inertia,  or  to  its  equal,  one  half  the  living 
example  of  a  forcc.  A  Carriage  travelling  at  a  variable  rate,  sometimes 
t^^wffc™^  fester,  sometimes  slower,  offers  an  example  of  this:  at 
first,  the  horses  exert  a  certain  quantity  of  action  to  move 
the  carriage  with  a  trot ;  then,  when  the  velocity  is  dimin- 
ished, by  an  increase  of  resistance,  or  by  feebler  action  on 
the  part  of  the  horses,  the  inertia  of  the  carriage  develops 
against  the  resistances  to  its  motion,  a  portion  of  the  work 
it  had  at  first  absorbed^  equal  to  half  the  diminution  of  its 
living  force:  and  this  alternation  will  continue  till  the 
carriage  is  brought  to  rest,  at  which  instant,  the  work 
restored  by  the  inertia  will  be  exactly  equal  to  the  quan- 
tity of  work  consumed,. so  that  nothing  will  be  lost.  In 
what  is  here  said,  it  is  understood,  however,  that  no  dimi- 
nution of  velocity  results  from  opposition  or  holding  back 
of  the  horses,  for  in  that  case,  the  moter  would  be  con- 
verted into  resiBtance. 

The  same  §  96. — ^Thc  samc   reflections  are    applicable  to   the 

tn  weig^^^^  weight  of  a  carriage  in  ascending  and  descending  a  hilL 

f^  to  inertia.  The  quantity  of  work  employed  in  overcoming  the  weight 
while  ascending  will  be  restored  during  the  descent,  pro- 
vided the  latter  be  not  so  steep  as  to  cause  the  horses  to 
hold  back,  by  which  a  quantity  of  work  would  be  con- 
sumed uselessly.  And  this  consideration  shows  us  on^ 
of  the  many  advantages  which  results  from  giving  gentle 
slopes  to  roads. 

When  a  force  ia        §  97. — ^Whcu  a  motcr  is  employed  to  raise  a  burden 
T^^^^^  through  a  vertical  height,  it  takes  the  body  from  a  state 
retains  nothing  of  of  rcst,  and  hcncc  a  quantity  of  work  must  be  expended 
'to  overcome  its  inertia.    Arrived  at  the  desired  height^ 
the  effort  of  the  moter  is  relaxed  to  restore  the  body  to 
a  state  of  rest,  and  during  this  diminished  action,  a  por- 
tion of  the  living  force  acquired  is  employed  to  destroy 
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in  part  the  effect  of  the  body's  weight,  and  the  inertia 
will  finaUj  retain   nothing  of  what  it   had   absorbed. 
The  same  thing  may  be  said  of  the  operation  of  antbenmeiitnie 
artificer  in  filing,  sawing,  &c.,  since  at  the  end  of  each  im„^rt*l^L 
oscillation  of  the   tool,   the   velocity  becomes  nothing 
thxoagh  insensible  variations.    This  could  not  be  the  case 
if  the  motion  were  suddenly  to  change,  or  if  concussions 
should  take  place  between  bodies  not  perfectly  elastic ;  a 
portion  of  the  living  force  would,  in  that  case,  be  de- 
stroyed, or,  which  is  the  same  thing,  diverted  firom  its 
intended  purpose  in  producing  a  permanent  change  in 
the  arrangement  of  the  paxticles  of  the  colliding  bodies. 

§  98. — ^Finally,  in  order  to  give  a  fuller  idea  of  the  part  Examples  of  the 
performed  by  inertia  in  the  various  operations  of  the  J**^^^]^!™*^ 
mechanic  arts,  and  to  demonstrate  how  it  may  serve  to 
explain  an  almost  infinite  variety  of  effects,  we  shall  add 
a  few  special  examples  to  those  already  mentioned. 

To  take  from  a  plane-stock  its  chisel,  the  carpenter  the  chiaei  era 
strikes  the  plane  a  blow  on  the  back ;  a  velocity  is  thus  ^     * 
suddenly  impressed  upon  the  stock  which  the  chisel  and 
its  wedge  only  partake  of  in  part^  because  of  their  inertia 
and  imperfect  connection  with  the  body  of  the  plane,  and 
are,  therefore,  left  behind 

A  hung  is  taken  fix)m  a  cask  by  striking,  on  either  side  fli©  bang  ora 
of  it,  the  stave  in  which  it  is  inserted;  the  resistance       ' 
which  the  inertia  of  the  bung  opposes  to  the  sudden  mo- 
tion communicated  to  the  stave,  causes  the  separation. 

We  often  see  a  handle  adjusted  to  a  tool,  as  an  axe  or  handles  or  toou; 
liommer,  by  striking  it  on  the  end  in  the  direction  of  its 
length ;  the  inertia  of  the  handle  and  that  of  the  tool  tend 
to  resist  the  sudden  motion  impressed  by  the  blow,  but 
the  former  yielding  more  than  the  latter,  by  reason  of  the 
slight  connection,  the  handle  becomes  inserted. 

Aa  an  illustration  of  the  agency  of  inertia,  in  trans- 
forming quantity  of  action  into  living  force,  take  the  com-  the  oommon 
men  rftVi^,  from  which  a  stone  may  be  thrown  with  much 
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greater  velocity  than  from  the  naked  hand.  Here,  living 
force  is  accumulated  in  the  stone,  by  whirUng  it  through 
many  accelerated  turns  about  the  hand  before  it  is  dis- 
theeommon  charged.  The  common  top  turns  and  runs  along  the 
^'  ground,  in  virtue  of  the  living  force  acquired  during  an 
accelerated  unwinding  of  the  string  from  the  coils  of 
which  it  is  thrown. 

§  99. — ^We  would  recommend  to  the  reader,  to  con- 
sider attentively  these  examples,  as  well  as  all  others  of 
like    nature  which   his  observation   and    memory  may 

Inertia  8ometim68  furnish.     They  will  aid  his  conceptions  of  the  manner  in 

n^urtimi^*  which  the  inertia  of  bodies,  like  their  weight  and  molecu- 
lar spring,  sometimes  acts  as  a  mere  passive  resistance, 

nometimesareai  and  sometimcs  as  a  real  motive  force,  according  to  the 

mouv  force.       eircumstauccs. 

It  is,  however,  proper  to  remark,  that  the  last  example 
is  mainly  concerned  with  the  inertia  of  a  body  having  a 
motion  of  rotation,  while,  thus  far,  we  have  only  spoken 
of  the  living  force  of  a  body  possessing  a  motion  of  transla- 
tion, in  which  all  the  particles  have  the  same  velocity; 
but  we  shall  soon  see,  that  the  principles  which  connect 
the  living  force  with  the  quantity  of  action,  are  universal 
and  applicable  to  all  kinds  of  motion. 


IV. 


or    FORCES,    WHOSE    DIRECTIONS    MEET    IN    A 

POINT. 

ForoM  whow  §  100. — Thus  far  we  have  only  considered  the  effect  of 

directions  meet  'i/?-!'.!  i^  •*    ,% 

in  a  point;  ^  smglc  lorcc,  oircctly  opposed  to  an  equal  force,  viz.: 
to  molecular  spring  or  elasticity,  to  weighty  or  to  inertia.  It 
often  happens  that  several  forces  are  applied  to  a  body, 
in  different  directions,   to  overcome  certain   resistances 
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through  its  intervention.    When  a  body  is  thus  subjected 

to  the  action  of  several  forces^  {potvers^  or  resistances,)  we  forc«i  in 

say  these  forces  are  in  equilibrio,  when  one  of.  them  ^^JJ^ 

destroys  or  prevents  the  eflFect  which  the  others  would  prevonta  the 

produce,  if  the  first  did  not  exist.    The  body  itself  is  in  oth^^*"*** 

equilibrio,  if  the  different  forces  applied  to  it,  leave  it  at 

rest     This  last  kind  of  equilibrium  can  never  be  abso-  no  abwinte 

lute,  because  all  bodies  connected  with  the  earth  partake  J^^f"""' 

of  its  continual  motion  through  space,  and  there  is,  in  fact, 

no  rest  for  them.    A  body  may,  however,  have  relative 

rest,  .as  when  it  retains  the  same  place  in  reference  to 

surrounding  objects,  such  as  mountains,  houses,  &c.,  which 

we  are  in  the  habit  of  regarding  as  fixed.    Thus,  the  idea  itauoid  and 

of  equUibriimi  is  not  alone  related  to  rest,  and  by  no*^""!!™*^ 

■*  1  J  equilibrium. 

means  excludes  motion.  From  this  results  the  distinction 
of  statical  and  dynamical  equilibrium ;  the  former  relating 
to  the  repose  of  the  body,  and  the  latter  to  the  mutual 
destruction  of  the  forces  which  solicit  it  Thus,  a  body 
may  be  in  motion  while  the  forces  acting  upon  it  are  in 
equilibrio,  or  it  may  be  at  rest  under  the  same  circum- 
stances. 

§  101. — ^It  has  already  been  stated,  §  43,  that  whenReeoiiantof 
several  forces  act  along  the  same  right  line  and  in  the  ■®^®'^  **"*•' 
same  direction,  their  efiect  will  be  equivalent  to  that  of         ^ 
a  single  force  equal  to  their  sum,  and  which  will  therefore 
be  their  resultant.    If  these  forces  act  in  opposite  diree-  when 
tions,  and  along  the  same  straight  line,  their  resultant  will  1^°*,^*^^ 
be  equal  to  the  excess  of  the  sum  of  those  which  act  in  in  diiferant 
one  direction,  over  the  sum  of  those  which  act  in  the  ***'**^^""» 
opposite  direction,  and  it  will  act  in  the  direction  of  the 
greater  of  these  sums.    This  is  the  case  in  which  several 
forces  are  exerted  in  the  direction  of  the  same  cord.    The 
tension  of  the  cord  will  be  the  same  throughout,  and  it  is 
not  possible  to  draw  its  two  ends  with  different  efforts. 
The  tension  of  a  cord  is  the  effcrt  hy  which  any  two  of  ^do^umot^ooid; 
its  consecutive  portions  are  urged  to  sgxLrate  from  each  ot^^ 
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theeflbetof 
unequal  forcet 
acting  upon  a 
cord. 


and  this  being  the  same  throughout,  the  excess  of  the 
sum  of  the  forces  which  act  in  one  direction  over  that  of 
those  which  act  in  the  opposite  direction,  will  be  wholly 
employed  in  overcoming  the  cord's  inertia  and  giving  it 
motion. 


paths: 


Fig.  82. 


§  102. — ^When  a  body,  or  material  point,  moves  from 
J.  to  £,  so  as  to  describe  the  rectilineal  path  A  B,  each 
of  the  positions  A  and  B  may  be  projected  upon  the  right 
lines  Oif  and 

Parallalognmof    O  Nj     situated 

in  the  same 
plane  with  the 
line  A  B,  by 
drawing  paral- 
lels to  these 
lines  consider- 
ed as  axes,  the 
place  A  ^ving 
the  two  co-or- 
dinates A  A'  and  AA'\  and  the  position  B  the  two 
co-ordinates  BB'  and  5  5".  The  positions  A*  and  A",  on 
the  axes,  are  simultaneous  with  the  position  A;  and 
those  of  B,  5",  with  the  position  B.  The  paths  A'  B^ 
and  A'*  B\  on  the  directions  OM  and  OiVJ  are,  therefore, 
described  by  the  projections  in  the  same  time  as  the  path 
J.  J5  by  the  moving  point.  The  first  are  called  component 
or  relative  paths  in  such  and  such  directions.  Prolong  the 
co-ordinates  of  the  points  A  and  j8,  till  the  parallelogram 
AEBF  is  formed,  and  this  principle  will  appear,  viz.: 
the  rectilineal  patk  described  by  a  pointy  may  always  he  re^ 
solved  into  two  relative  or  component  paths,  in  any  two 
rMoiattoBoriDj  directions^  and  these  component  paths  will  he  the  sides  of  a 
c^iil^Mot  paraUebgram,f  constructed  upon  the  path  described  hy  the 
v»OiM\  point  as  a  diagonal,  and  parallel  to  the  assumed  directions. 

Reciprocally,  when  we  have  the  relative  paths  in  any  two 
directions,  the  true  path,  called  the  resvUlard^  will  be  that 


relative  or 

oomponeiii 

paths; 


L 
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diagonal  of  the  parallelc^Tam  conatmcted  upon  the  rela- « 

tire  paths  which  passes  throngh  their  point  ofmeetiDg.       u»  »»»«'»•  p«»* 

§103. — It  has  been  shown,  that  the  Telocily  of  a  body  PinUaiognun  of 
in  motion,  is  represented  by  the  length  of  path  described  "'°*"'"i 
nnifomily  in  any  very  small  portion  of  time,  assumed 
18  the  unit  of  time,  and  that  it  is  only  in  the  case  of 
nnifonn  motion,  that  the  interval  of  time  during  which 
the  velocity  ie  estimated,  may  be  taken  as  great  as  we 
plcBse.     The  path  AB,  in  the  last  figure,  being  described 
by  the  body  in   the  same   time  that  its  relative  paths  tiw  nd  niuh* 
A' B'  and  A"  B"  are    described  by   its  projections  on  "' 

the  directions  0  Jf  and  0  J\^  the  firat  may  be  regarded  as 
the  point's  trae  velocity,  and  the  two  last  as  its  relative 
velocities.     Hence  the  true^vdocity  of  a  body,  is  the  diagtmcU  tm*  Ttiodtr 
<^  a  paraB^offram  conslnKted  upon  its  two  relative  velocities,  '^^^^^^^^g. 
atimaied  in  any  given  dtre^iona  whatever,  »ai  uu  mme. 

§  104. — ^If  the  motion  be  curvilinear,  the  rectilineal  di-  Routtra  path)  m 
Agonal  A  B  can  no  longer  represent,  in  general,  the  path  " 
described.     Nor,  if  the  motion  be  varied,  can  its  length 
measure  the  velocity,  when  the  time  of  description  is  con- 
siderable.   In  such  cases,  conceive  a  ^ven  interval  of  time 
divided   into  a  great 
nomber  of  small  and  „    „„ 

.  _^  J  Bg.  88. 

eqnal    portions,    and 

determine  the  relative  ^ 

paths  described  during 
each,  by  the   projec- 

tions  of  the  moving  r 

point    on    the    axes.  " 

Each    pair    of    these 

relative  paths  will  de-         ~  jr    -      ~  t'~~ 

termine    a    parallelo- 
gram, of  which  the 

diagonal  will  be  the  corresponding  elementary  path  de- 
scribed by  the  point  itself.    Any  one  of  these  diagonals, 
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oolurtnictloii  of 
the  direction  of 
the  body's 
motion* 


SiB  ABj  will  sensibly  coincide  with  an  element  of  the 
curve,  and  its  prolongation  A  T  will  be  tangent  to  the 
curvilinear  path.  This  tangent  will  determine  the  direc- 
tion of  the  body's  motion  at  the  instant,  and  may  be 
drawn  by  laying  off  from  the  projections  A!  and  A**  of 
the  body's  place,  the  distances  A'  T  and  A"  T\  equal 
r^pectively  to  double,  triple,  quadruple,  or  any  number 
of  times  the  body's  relative  velocities  at  the  time,  and 
drawing  T  7  and  T"  T^  respectively,  parallel  to  the  direo- 
tions  0  T"  and  0  T. 


Boberral^ 
method  of 
oonfltmetlng  the 
tangent; 


retolti  from  the 
Uw  which 
determinas  the 
path. 


Fig.  84. 


§  105.— When  the  law  of  a  body's  motion  m  two  direc- 
tions is  known,  it  is  always  possible  by  the  preceding 
method  to  draw  a  tangent  to  the  path  described.    Take, 
for  example,  the  ellipse : 
this  curve  is  generated 
by  fixing  at  two  points 
F  and   J?",   called    the 
foci,    the     ends     of    a 
thread  FAF\  equal  in 
length  to  a  given   line 
MM\  called  the  trans- 
verse axis,  and  moving 
the  point  of  a  pencil  A 
to  all  positions  in  which 
it  will  keep  the  thread 

stretched.  Since,  in  the  motion  of  the  describing  point, 
the  sum  of  the  lengths  FA  and  AF'  \&  always  the  same, 
the  portion  FA  wiU  increase  just  as  much  as  the  portion 
A  F'  will  diminish,  and  therefore  the  point  A  tends  to 
describe  equal  relative  paths,  or  will  have  equal  relative 
velocities,  in  the  two  directions  A  B  and  A  F\  Henoe, 
taking  upon  FA  produced,  and  upon  AF*^  the  equal 
portions  A  B  and  AB*^  and  completing  the  parallelograza 
A  B  GB\  the  diagonal  A  (7,  passing  through  the  position 
of  the  point,  wiU  be  a  tangent  line  to  the  path  described. 
This  method,  which  is  due  to  Boberval,  is  very  useful  in 
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all  casea  where  we  know  tiie  law  by  which  the  cmre  is 
described. 

§  106. — ^We  have  seen  that  any  single  motion  may  be 
resolved  into  two  others,  and  the  reverse.     This  arises 
from  the  simple  feet,  that  a  body  may,  in  reality,  be  ani- 
mated by  two  or  more  simultaneous  velocities.     To  illus- 1 
trate,  let  it  be  supposed  that  while  a  boat  is  crossing  a  ^^^J|^^ 
river,  a  man  walks  &om  one  side  of  the  boat  to  the  other,  T«iociti«i ; 
and  that,  starting  &om 
the  point  A,  for  exam- 
ple, he  arrives  at  B  at  Fig.  ss. 
tie    moment    the    boat  , 
reaches   a  position   such 
that  the   point  A  shall 
be  at  A',  and  the  point 
S  at  B'.     It   is   plain, 
that    the    mui,    though 
only  conscious    of   hav- 
ing  walked    across    the 

boat  &om  ,^1  to  ^.  will,  in  fact,  have  been  carried  &om 
.4  to  .8'  in  reference  to  the  sur^e  of  the  river.  He 
will  have  moved,  at  the  same  time,  with  the  velocity 
which  he  impressed  upon  himself  and  that  impressed 
upon  him  by  the  boat  This  being  understood,  it  is 
easy  to  see  that  the  result  would  be  the  same,  if  the  boat  wunpi*  or  tm 
first  move  from  A  to  A',  and  afterward  the  man  walk  J^^^JI^r*" 
across  it  from  A'  to  B';  or  if  the  boat  were  stationary, 
while  the  man  is  crossing  it  frvm  A  to  B,  and  then 
were  to  move  from  B  to  B'.  But  this  is  not  all ;  the 
earth  turns  about  its  axis,  while  the  boat  floats  along 
the  surface  of  the  water,  and  the  man  walks  across  the 
deck  of  the  boat ;  add  now  the  motion  of  the  earth  about 
the  sun  through  space,  and  we  shall  find  the  man  ani- 
mated by  four  simultaneous  velocities,  of  which  it  is  easy 
to  see  that  we  shall  find  the  resultant,  in  compounding, 
by  the  rule  ^ven  in  §  103,  first,  any  two,  then  the  resul- 


X08 


NATURAL    PHILOSOPHY. 


remiltantof 
•eToral 
Bimultaneoos 
▼elocities; 


nilDS 


illottratiott. 


Fig.  86. 


tant  of  these  two  with  the  third,  and  the  resultant  of  the 
three  with  the  fourth.  In  fact,  when  a  body  has  several 
simultaneous  motions,  the  effect  is 
the  same  as  if  the  body  had  re- 
ceived, one  after  the  other,  all  the 
motions  which  it  possesses  at  the 
same  time.  Hence,  this  rule, 
viz. :  The  resuitant  of  several  simul- 
taneous velocities  is  found  by  conr 
structing  a  polygon,  of  wkuJi  the 
sides  are  equal  and  parallel  to  the 
component  velocities^  and  by  join- 
ing, with  a  right  line,  the  point  of 
departure  with  the  extremity  of  the 

last  side.  This  right  line  wiU  represent  the  resultant  required. 
Thus,  let  the  point  0  have  the  simultaneous  velocities 
OV.OV^O  F",  0  F'" ;  from  the  extremity  F  of  O  "P; 
draw  Vm  parallel,  and  equal  to  OV' ;  from  m  draw  m  m' 
parallel,  and  equal  to  0  F";  from  m'  draw  m'  m"  parallel, 
and  equal  to  0  F'",  and  join  0  with  m";  the  line  0  m"  will 
be  the  resultant  velocity. 


I 


Indepebdenoe  of 
the  action  of 
simoltaneout 
forow; 


§  107. — ^The  action  of  a  force  upon  a  body,  whether  at 
rest  or  in  motion,  is  always  the  same,  and  impresses  upon 
it  the  same  degree  of  velocity.  Let  a  body  £eJ1,  for  exam- 
ple, under  the  action  of  its  own  weight,  gravity  wlQ 
impress  upon  it  the  same  velocity  in  a  given  portion  of 
time,  whether  it  set  out  from  rest  or  is  projected  down- 
ward   by    the    action    of 


some  other  force.  For 
example,  when  a  bomb- 
shell is  thrown  into  the 
air,  it  describes  a  curve, 
under  the  joint  action  of 
the  living  force  with  which 
it  leaves  the  mortar,  and 
the  incessant  action  of  its 


Fig.  81 
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weighty  and  its  velocitj  at  anj  instant  is  the  resultant 

MS,  of  the  velocity  MQ^  which  it  has  received  at  the 

iDstant  immediately  preceding  that  we  are  considering, 

and  the  small  velocity  MP,  which  its  weight  can  impress 

iq)on  it  during  the  very  short  interval  of  time  between 

these  two  instants.    Thus,  when  two  forces  are  applied  to  twofone* 

the  same  body,  they  impress  upon  it,  at  each  instant,  and  lJJ|jJJJJJ|jgj,^ 

simultaneously,  the  same  degree  of  velocity  which  each  the  Mine  T«iocitr 

would  impress  if  acting  alone.    This  degree  of  velocity,  ^^^^^ 

we  have  said,  §  81,  is,  from  the  general  law  of  nature, 

proportional  to  the  intensities  of  the  forces. 


Big.  88. 


§  108. — ^Accordingly,  let  a  material  point  A  be  acted  pMBiwognin 
upon  by  the  two  forces  P  and  Q,  represented  in  intensity  and  ' 

direction  by  the  lines  A  £  and  A  C  respectively.  These 
forces  will  impress  simultaneously,  and  in  their  respective 
directions,  the  same  degrees  of  velocily  A  m  and  An,  sa 
though  each  acted  separately. 
The  resultant  velocity  will, 
§  107,  be  represented  by  the 
diagonal  Ar  o{  the^  parallelo- 
gram A  mm.  Conceive  a 
force  ^  to  act  upon  the  point 
along  this  diagonal,  but  in  the 
opposite  direction,  or  ifrom  r 
to  A,  and  with  such  intensity 
as  to  destroy'  this  velocity; 
no  motion  can  take  place,  so 
that  the  force  X,  destroying 
the  effect  of  the  forces  P 
and  Q,  will  maintain  these 
forces  in  equilibrio.  Take,  up- 
on the  diagonal,  the  distance 

AD  ^  X,  and  conceive  it  to  represent  a  force  that  acts 
upon  the  point  A,  from  A  towards  D ;  it  will  produce 
the  same  effect  as  the  forces  P  and  Q,  and  will,  therefore, 
be  their  resultant    Now,  the  forces  P  and  Q,  and  their 
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the  regultant  of 
any  two  oblique 
farces  q>plled  to 
a  point ; 


ropreaented 


by  the  aame  rolea 
Mvelooltlee; 


resultant  A  D,  equal  in  intensity  to  X^  are  proportional 
to  the  velocities  Am,  A  n,  and  A  r,  which  they  can 
simultaneously  produce,  and,  therefore,  A  D  must  be  the 
diagonal  of  the  parallelogram  constructed  upon  the  lines 
A  B  and  AC  b&  sides.  Whence  results  this  important 
principle,  known  under  the  denominiation  of  paraUdogram 
of  forces^  viz. :  the  resultant  of  any  two  forces  applied  to  the 
same  pointy  is  represented,  in  magnitude  and  direction^  by 
the  diagonal  of  a  paraJJelogram,  constructed  upon  the  lines 

apaimiieimm-^  i^AtcA  represent,  in  intensity  and  direction,  the  two  forces.    It 

must  not  be  forgotten  that  a  force  is,  in  geometrical  inves- 

.       tigations  of  mechanics,  always  represented  by  a  portion 

of  its  line  of  direction,  containing  as  many  linear  units  as 

there  are  pounds  in  the  intensity  of  the  force.    It  is  plain, 

fbieeaeombtned  therefore,  that  forces  may  be  combined  by  the  same  rules 
as  velocities ;  and  this  is  confirmed  by  experiment.    If,  for 
example,  we  attach  to  a  cord  A  CB,  fixed  at  its  two  ends, 
a  weight  R  =  fifteen  pounds,  it  is  easy,  by  a  balance- 
spring,  to  measure  the 
efforts  exerted  in  the 
directions     C  A    and 
C  B.    Laying  off  up- 
on the  vertical  through 
C,  and  from  the  point 
G,    a    distance     C  D 
equal    to    15    inches, 
and     completing     the 
parallelogram  by  draw- 
ing D  fL  and  D  b  paral- 
lel respectively  to  CB 
and  CA,  we  shall  find 
the  number  of  inches 
in  Oa  and  (75  to  be 

the  same  as  the  number  of  pounds  indicated  by  the  bal- 
ances A  and  B. 


Fig.  89. 


experimental 
lUuatratlonofthe 
parallelogram 
offoreea. 


§  109. — By  the  same  principle  that  two  forces,  applied 


MECHANICS    OF    SOLIDS. 


Ill 


to  the  same  point,  may,  without  change  of  effect,  be  re-  BMointioiiora 
placed  by  a  single  one,  may  a  single  force  be  replaced  by  '^1?****^*^ 
two  others,  acting  in  given  directions.    Let  a  given  force,         ' 
applied    to    the   point   0,    be 
represented  in  direction  and  in- 
tensity by  the  line  Or:  its  com- 
ponents, in  any  two  assumed 
directions,  as  0  ^  and  0  J9^  are 
thus  found.    Through  the  point 
r,  the  extremity  of  Or,  draw 
rm  and  m   parallel,    respec- 
tively, to  OB  and  OA;  the 
portions  Om  and  On  will  repre- 
sent the  components  required. 

Make  Om  =  P;   On  =  Q;   Or  =  B;  the  angle  trigonometriMi 
-A  05  =  <p  =  rnB  =  180^  -  rn  0.    Then,  in  the  tri  '^^'^''^ 
angle  Orn^  because  Om  =  rn  =  P,  we  shall  have 


multant  to  its 
two  oomponontt ; 


or 


E    =    >/P«  +  (?  +  2PQ    cos  9         .      (81);     i^ot^m^atMnH 


and  because  the  angle  Om  is  equal  to  the  angle  r  Om^ 
and  sin  rn  0  =  sin  ^  05,  we  also  have,  from  the  same 
triangle, 


whence, 


JS   :    Q   : :    sin  9    :    sin  rOrn, 
-B   :    P   : :    sin  (p    :    sin  r  On; 


.      .^  Csin(p^ 


sin  r  On   = 


Psin  9 


^^^.         it!  iaeUnatUm  to 


JR      J 


§  110. — ^We  Iiave  heretofore  supposed  die  resistance 


112 


NATURAL    PHILOSOPHY. 


immediately 
opposed  to  the 
force; 


Fig.  4L 


Quantity  of  work  inunediatelj  opposed  to  the  force  destined  to  overoome 
raM^Mianot  ^*-  ^^  ^  ^^^  oonsider  the  case  in  which  the  resistance 
is  exerted  in  any  line  of  direction  other  than  that  of  the 
force,  and  in  which  the  pomt  of  application  of  the  force 
can  only  move  along  the  line  of  direction  of  the  resistance. 

Let,  for  example, 
A  B  represent  a  force 
applied  to  the-  point  -4, 
which  can  only  move 
in  the  direction  AB. 
Decompose  this  force, 
which  denote  by  B^ 
into  two  components 
P  and  Q — the  first  per- 
pendicular to  J.  jB,  and 
the  other  in  the  direo- 
tion  of  that  line,  and, 
consequently,  immedi- 
ately opposed  to  the  resistance  that  may  be  overcome. 
Since  the  point  A  cannot  yield  in  a  direction  perpeodicular 
\o  ABf  the  component  P  can  only  tend  to  press  it,  without 
producing  any  wort  The  component  Q^  is  immediately 
opposed  to  the  resistance,  and,  if  ^  a  be  the  small  path 
described  by  the  point  of  application  J.,  the  product 
Q  X  Aa^  will  measure  the  elementary  quantity  of  work 
necessary  to  overcome  the  elementary  quantity  of  resist- 
ance over  the  same  path;  such  will  be  the  measure  of 
the  effective  quantity  of  work  of  the  force  B, 

Draw  from  the  point  a,  a  r  perpendicular  to  A  12; 
A  T  will  obviously  be  the  length  of  path  described  by 
A  in  the  direction  of  the  force  B^  and  we  shall  have, 
from  the  triangles  A  ar  and  A  Q  B^  which  are  similar, 
having  a  common  angle  J.,  and  each  a  right  angle, 


equal  to  the 

product  (rffha 

force  Into  the        whcnCC, 

path,  estimated  In 

dtrecli<Mi  Kit  force. 


Aa    :    At 


B 


Q: 


Aa  X    Q  =  Ar  X   B 


(88); 


1 


XECHANICS   OF   SOLIDa 

which  shows  that  the  quantity  of  vxnh  of  a  force^  not 
immedkUebf  opposed  to  a  resistance,  is  equai  to  the  product 
(f  the  force  into  the  length  of  pcUh  described  hy  its  point  of 
opptieaticn,  estimated  in  the  direction  of  the  fbrce. 
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^9.48. 


Qnutttjofwoik 
ofthowdghtofa 
bodj,  moTtaig  on 
moniTe; 


§  111. — ^When  a  heavy  body 
18  compelled  to  move  upon  the 
carve  A  B  C^  the  elementary 
quantity  of  work  expended  by 
itB  weight  Wy  in  causing  it  to 
describe  the  elementary  path 
jS  (7,  is,  from  what  has  just 
been  shown,  equal  to  the  prod- 
uct TF  X  6'  c\  estimated  upon 
the  vertical  line  A  B\  It  is 
also  the  measure  of  the  quan- 
tity of  work  expended  in  the 
direction  of  the  curve.  Add- 
ing together  all  the  elementary 
quantities  of  work  by  which 
the  body  is  made  to  describe 

the  whole  curve,  it  is  plain  that  the  sum,  or  the  whole 
quantity  of  work  expended  by  the  weight,  must  be  equal 
to  the  weight  multiplied  into  the  smn  of  the  elementary 
paths  V  c',  which  make  up  the  whole  height  Aiy  =^  H; 
or  to  W  X  S.    This  is  also  the  measure  of  the  quan- 
tity of  work  performed  by  the  component  of  the  weighty 
which  acts  in  the  direction  of  the  motion,   along  thefhetnmeaitbi* 
curve.    But^  fiom  §  88,  the  double  of  this  last  quantity  ^^  J^J^TT* 
is  equal  to  the  living  force  of  the  body ;  that  is  to  say,  directum  of 
to  the  product 


cnrre. 


w 


X   F*/ 


in  which  V  denotes  the  velocity  of  the  body  in  the  direc- 
tion of  the  curve,  at  the  instant  the  work  terminates; 
whence 
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depaanUopoa 
tlM  bttigfat,  and 
not  on  Um  paUii 


or 


2  WH  =  J?.  F», 


that  is  to  say,  the  velocity  acquired  by  a  body  in  moving 
down  a  curve,  under  the  action  of  its  own  weight,  is  the 
same  as  though  the  body  had  fidlen  vertically  through 
the  same  height  And  we  see,  from  this  investigation, 
that  the  quantity  of  work  which  a  moter  must  expend, 
in  elevating  a  weight  along  any  inclined  sur&ce,  is 
always  measured  by  the  product  of  the  weight  of  the 
body,  into  the  vertical  height  to  which  it  is 


qouutity  of 

of  two  fclOM 


tte 


§  112.— It  .has  just  been  shown,  §  110,  that  the  ele- 
mentary quantity  of  work  of  a  force,  of  which  the  point 
of  application  is  moved  in  a  direction  different  from  that 
of  the  force,  is  measured  either  by  the  product  of  this 
force  into  the  length  of  the  path  described,  estimated  in 
the  direction  of  the  force,  or  by  the  product  of  the  real 
path  into  that  one  of  the  two  rectangular  components 
of  the  force,  which  acts  in  the  direction  of  the  motion; 
and  it  must  here  be  re- 
marked, that  this  component  ^  ^ 
18  nothing  more  nor  less 
than  the  projection  of  the 
fi>roe  on  the  direction  of 
the  motion.  Accordingly, 
let  us  consider  two  forces, 
P  and  Qy  applied  to  the 
point  A^  R  their  resultant, 
and  a  A  the  small  path  de- 
scribed by  the  point  of  ap- 
plication.   Let  £dl  from  the 

points  Q,  P,  and  R,  the  perpendiculars  Q  Q^,  R  R,  and 
P  P*,  upon  A  a  produced ;   the  projection  of  the  force 

P  will  be  ^P;  that  of  Q,  .4  ^,  and  that  of  tke  lesol- 
\kdXR,AR. 
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Now, 


AS  =  AP'  —  RP\ 


but^  Q  and  RP^  being  equal  and  parallel,  their  projec- 
laons  A  (^  and  R'  P'  upon  the  same  line,  are  eqnal,  and 
hence 

AR*  =  AP'  —  AQ/ 


and  mnltipljing  both  members  by  the  path  A  a,  we  have  workorretoitont 

equal  to 
dlfferenco  of 

AR'    X  Aa  —  AP'   X   A  a  —  A<^   x   Aa;      work  of 

eomponanto ; 

the  first  member  is  the  elementary  quantity  of  work  of 
the  resoltant  R,  the  first  term  of  the  second  member 
ia  the  elementary  quantity  of  work  of  the  component  P, 
and  the  last  term,  the  elementary  quantity  of  work  of 
the  component  Q,  And  it  must  be  remarked  that  the 
component  A  P'  acts  in  the  direction  of  the  motion,  while 
the  component  A  Q^  acts  in  the  opposite  direction ;  so 
that  the  effective  quantity  of  work  of  these  components, 
which  is  the  same  as  that  of  the  components  P  and  Q, 
§  110,  is  equal  to  the  difference  of  the  quantities  of  work 
taken  separately. 


Had  the  motion  taken 
place  so  as  to  cause  the 
projections  of  the  points 
Q  and  P  to  fell  on  the 
same  side  of  the  point  A, 
a  httle  consideration  will 
show  that  the  last  equa- 
tion would  become 


Jig.  44 


when  the 
projection!  fall 
on  lame  aide ; 


AR  X  Aa  ^  AP'  X  Aa  +  AQ  xAa^ 


the  woit:  of 
rewiltant  equal  to 


and  that  the  effective  quantity  of  action  of  the  compo-  ,„m^fjjj^^,j 
nents  A  P'  and  A  Q',  would  be  the  sum  of  the  quantities  components. 
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taken  Beparatel j,  and  the  equation  may  be  written,  gen- 
erally, 

AB'  XAa=:AP'  xAaHiAQ'  xAa..{U). 

The  work  of  Hence,  the  dementary  quantity  of  vx/rh  of  ihe  restiUant 

thilteebndc       ^  ^^^  JoTces,  applied  to  a  poirUf  is  equal  to  the  algdyraic 
Biim  of  the  work  sum  of  the  quantities  of  work  of  ihe  two  components. 

When  the  projection  of  a  force  falls  on  the  same  side 
of  the  point  of  application  as  the  path  described,  and  we 
give  the  corresponding  elementary  quantity  of  work  the 
positive  sign,  then  when  it  &lls  on  the  opposite  side,  the 
work,  must  have  the  negative  sign. 


of  its 
components. 


Motion  about  a 
fixed  point. 


fig.  46. 


§  118. — The  small  space  A  a,  may  be  described  in 
different  ways.     If  we  suppose,  for  example,  that  the 
point  of  application  J.  is  on  an  axle  A  0,  which  turns 
horizontally  about  some  point  0,  taken  arbitrarily  in  the 
plane  of  its  motion,  as  in  the  case  of  a  bark  or  mortar 
mill,  the  path  A  a  becomes  the 
small  arc  of  a  circle,  which  we 
may  regard  as  a  small  right  line 
perpendicular   to  J.  0.     From 
the  point  a,  let  &11  the  perpen- 
diculars abj  ad,  and  a c,  upon 
the    directions    of    the    forces 
P,  Qy  and    their   resultant  It; 
then  will  the  elementary  quan- 
tities   of   work    due    to    these 
forces  be  respectively  P  X  Ab, 
Q  X  Ad,  and  It  X  Ac;  and  from  §  112. 

It  X  Ac  =  P  X  Ab  ±Q  X  Ad. 

From  the  point  0,  about  which  the  motion  takes 
place,  let  fall  the  perpendiculars  Op,  Oq,  and  Or,  upon 
the  directions  of  the  forces  P,  Q,  and  R,  respectively ; 
the  triangles  A  Op  and  Aab  are  similar,  since  each  has 
a  right  angle,  and  the  angle  A  Op,  of  the  first,  is  equal 
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to  tbe  angle  aAb  ol  the  Becond,  the  sides  A  0  and  Op 
bemg,  respectiyelj,  perpendicular  to  the  sides  A  a  and 
Ab;  hence, 

Ab:  Aa  : :    Op  :   AO; 

vhenoe, 

Ab  =^  Opx  -j^i 

and,  in  like  manneri  from  the  similar  triangles  A  da  and 
OAq^wehAYQ 

Ad=  Oq.  j^; 

and  from  the  similar  triangles  A  ca  and  J.  Or, 

Aa 


Ac  =  Or  X 


AO 


these  values,  substituted  in  the   above  equation,  give, 
rfler  omittii  the  oommo«  &ctors.  aad  Zing  Or  =  n  ' 
Oq  =  J,  and  Op  =  ja, 

^r  =  Pxi>±CXj.    .    .    (85V 

The  ^ective  quantity  of  tvorh  which  a  force  is  capable  Moment  or« 
of  performing,  while  its  point  of  application  is  constrained  ^*'"*' 
to  describe  an  elementary  path  A  a,  about  a  fixed  centre 
0,  is  called  the  nuyment  of  the  force ;  the  fixed  point  0 
IB  called  the  cerUre  of  Tnomertts;  and  the  perpendiculars  the  centra  or 
1),  g,  and  r,  the  lever  arms  of  the  forces  P,   ft  and  R  "'o-*"**? 

*'   *'  '  1     T*i  1  lever  armg; 

respectively. 

The  elementary  quantities  of  work  performed  by  the 

forces  P,  Q,  and  R^  during  the  description  of  the  path 

A  Oj  are  measured  by  the  products  Pp,  Q  q,  and  JR  r, 

Aa 
multiplied  each  by  the  constant  ratio  -jtt;  ax^d  if  this 


^ 
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jiioaieot ; 


the  luomeDt  of 
tho  resultant  of 
two  forces. 
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constant  ratio  be  omitted,  these  products  may  be  taken 
as  the  relative  measures  of  the  elementary  quantities  of 
work.  Hence,  the  relative  measure  of  a  moment,  is  the 
product  of  the  intensity  of  the  force  into  its  lever  arm ;  and 
from  Eq.  (35)  we  see  that  the  moment  of  the  resultant 
of  two  forces^  applied  to  a  point,  is  equal  to  the  algebraic  sum 
of  the  moments  of  the  components. 


Fig.  4«. 


§  114. — ^In  what  precedes,  the  two  forces,  P  and  Q, 
have  been  supposed  to  be  applied  to  the  same  point ;  if  they 
u'ht^n  the  forces  bc  applied  to  different  points 

ZZm^^^i^  ^a^d  -S»  i*  is  evident  that  we 
may  suppose  two  rigid  bars, 
CA  and  jB  J.,  to  be  firmly 
attached  to  the  body,  and  to 
coincide  in  direction  with  the 
given  forces.  These  bars,  if 
the  forces  act  in  the  same 
plane,  will  meet  at  the  point 
A,  and  the  latter  thus  becom- 
•  ing  invariably  connected  with 
the  body,  may  be  taken  as  the 

common  point  of  application,  without  changing  the  effect 
of  the  forces.  The  resultant  A  R  will  be  obtained  by 
means  of  the  diagonal  of  the  parallelogram  A  PH  Q,  and 
the  point  D,  where  it  meets  the  surface,  may  be  taken 
as  its  point  of  application.  If,  now,  the  body  be  con- 
strained to  move  around  any  point,  as  0,  the  common 
point  of  application  A,  will  describe  the  small  arc  of  a 
circle,  which  may  be  regarded  as  a  small  right  line,  to 
be  projected  on  the  directions  of  the  forces,  as  in  the  last 
.,  ,^    article;  and  the  same  reasoning  will  show  us,  that  in  this 

Kill  I  equal  to  the  '  o  ' 

uigthraic  sum  of  casc  also,  the  moment  of  the  resultant  is  equal  to  the 

Uie  raoiuents  of         t      i        •  n  .i_  ^        ^  a1_  x 

tb^  components,  alg^braic  sum  of  the  moments  of  the  components. 

§  115. — ^The  relations  which  have  just  been  established 
between  the  quantities  of  work,  and  between  the  mo- 


tlir-  moment  of 
Ui»-  resultant  it 


r 
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ments  of  forces  and  of  their  resultant,  will  always  obtain  These  reuuoM 
wherever  the  point  0  be  taken,  since  its  selection  was  JUJ^^^^^)!^ 

,  entirely  arbitrary ;  but  these  relatioiis  were  obtained  by  <»n*««  ^ 
considering  the  motion  of    the  point,   common  to  the  taken* 
directions  of  the  forces,  this  point  being  assumed  as  their 
oonmion  point  of  application.     To  show  that  they  are 
equally  true  in  regard  to  the  motion  of  the  true  points  of 
application  B^  0,  and  D,  see  the  last  figure,  we  have  only 
to  remark  that  the  measure  of  the  moment  depends  alone 
upon  the  intensity  of  the  force,  and  the  length  of  the 
perpendicTilar  drawn  from  the  centre  of  moments  to  its 
line  of  direction,  and  is  wholly  independent  of  the  posi- 
tion of  the  point  of  applicatioiL    The  moment  of  theorwheraTorthe 
force  P,  for  example,  will  be  the  same  whether  it  be  sup-  ^*^2,^ 
posed  applied  at  A,  or  at  the  point  B,  where  its  direction 

'  meets  the  surfece  of  the  body.  The  theorem  of  moments 
will  be  true,  therefore,  when  the  forces  P  and  Q  are  not 
applied  to  the  same  point. 


§  116. — ^If  it  be  shown  that  the  quantity  of  work  of  szteneioiiortiM 
a  force  is  the  same,  whatever  point  be  taken, on  its  line  *^*®""®'*'»« 

'        ^  *         -  quantity  of  woik; 

of  direction  as  the  point  of  application,  it  is  obvious 
&at  the  theorem  of  the  quantity  of  work,  estimated 
by  the  motion  of  the  common  point  of  union  of  two 
forces  and  their  resultant,  will  be  equally  true  of  all 
cases  in  which  the  quantities  of  work  of  these  forces  are 
computed  in  reference  to  the  motion  of  their  respective 
points  of  application.  Three  cases  may  arise,  according  work  ertimiued 
as  the  body  has  a  motion  of  rotation,  of  translation,  or  ^^^^^^ 
of  both  combined. 
First  case.  The 
body  and  the  di- 
rection A  -P,  of 
the  force  P,  being 
supposed  to  have 
a  motion  of  rota- 
tion about  the  point  0,  any  two  points,  as  A  and  B  of  the 


UneofdlrectfoB; 


Kg.  47. 


ofroCatloii; 
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line  A  P,  will  de- 
scribe arcs  which 
are  projportional  to 
their  distance,  OA 
and  OBf  from  0; 
and  we  shall  have 


Fig.47. 


Aa 

To 


Bb 
OB' 


nflfiontl   In 
motion  of 
Inuudation; 


but  the  quantity  of  work  of  the  force  P,  estimated  by  the 
motion  of  its  point  of  application  supposed  at  A^  will 
have,  §  lis,  for  its  measure, 

or  estimated  by  the  motion  of  its  point  of  applicationi 
supposed  at  B^  will  be  measured  by       < 

P  X  0  J)  X  Q-g . 

Hence,  the  quantities  of  work  are  equal,  being  measured 
by  the  product  of  the  intensity  P,  the  length  of  the  per- 
pendicular 0^,  and  the  equal  fectors  75-7,    and  75-35-. 

Second  coat.  If  the 
body  only  have  a 
motion  of  translation, 
any  two  points  of  ap- 
plication, as  A  and 
B^  will  describe  the 
equal    and    parallel 

p&ths  A  a  and  B  i,  which  will  be  projected  upon  the 
direction  J.  P,  in  the  equal  paths  A  a'  and  BV ;  and  the 
quantities  of  work  in  the  two  cases  being  P  X  Aa'  and 
P  X  BVy  are  equal  to  each  other. 

Third  case.    Suppose  the  line  of  direction  AP  of  the 
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force  P,  to  take  the  position  Ai  ^,  in  virtue  of  the  com-  Tbiid-wh«n  uw 
bined  motion  of  rotation  and  translation,  and  the  points  JJI^^J^'n"^  ^ 
A  and  i?  to  be  transferred  to  the  positions  a  and  b.    This  rotauon 
motion  of  the  points  A  and  B  may  be  regarded  as  reaolyed 
into  a  motion  of  rotation  around  the  point  0,  the  centre 
of  a  circle,  tangent 

to  the  two  positions  Fig.  49. 

of  the  line  of  direc- 
tion, supposed  in- 
definitely near  each 
other,  and  of  trans- 
lation along  the  sec- 
ond position  of  this 
line.  By  the  first, 
the  points  A  and  B 
are  carried  in  the 
arcs  of  circles  to  Ai 
and  Bi,  and  by  the 

second,  firom  these  latter  positions  to  a  and  b,  thus  making 
jia  and  Bb  the  actual  paths  described.  Projecting  these 
latter  paths  on  the  primitive  direction  of  tiie  force  by  the 
perpendiculars  a  a'  and  b  i',  we  shall  have  for  the  quan- 
tities of  work,  considered  in  reference  to  the  motion  of  the 
points  A  and  B^  Px  Aa'  and  P  X  Bb'^  respectively. 

But  by  projecting  the  points  Ai  and  B^  on  the  primitive 
direction,  by  the  perpendiculars  A^  A^  and  B^  J^',  we  have 

Aa*  —  A^a'  -  -4,'^, 
BV  =  ^'6'  -  B^B; 

multiplying  each  equation  by  P, 

P  X  uia'  =  P  X  A'a'  -  P  X  A^A, 

PX  BV  =  Px  B^V  -  Px  B^B. 

Now  P  x  A^  a',  and  P  X  Bi'V,  are  the  quantities  of 
work,  on  the  supposition  of  a  simple  motion  of  translation 
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alone,  in  the'  direc- 
tion A  By  and  these 
have  been  shown^ 
in  the  seamd  case^  to 
be  equal ;  whence, 

A^a'  =  B^ly. 

no  maitar  wbere    The  pioduCtS 

the  points  of 

application  be  P  yC  A\  A^ 

taken  on  the 

lines  of  direction; 


Fig.  49. 


and 

PX  BiB, 

measure  the  quantities  of  work  due  to  the  motion  of  A 
and  By  on  the  supposition  of  a  simple  motion  of  rotation 
about  0,  which  have  been  shown  to  be  equal,  in  theyiwt 
case;  whence, 


AlA  =  B{B; 


and  consequently, 


PX  JLq!  =  PxBV. 

the  work  of  the    Thus,  the  relation  given  in  §  112,  between  the  quantity 
resultant,  iseqnai  ^f  ^^pjj.  ^f  ^j^^  rcsultaut  of  two  foiccs,  and  the  total  quan- 

to  the  algebrale       .  .  ^  ,        ^     ,  i    .  •         ii 

sum  of  the         titles  of  work  of  the  components,  subsists  m  all  cases, 
quantittesof       whatever  be  the  points  of  application,  and  whatever  be 

work  of  the  *  ^^  ' 

oomponenta.       the  natuTC  of  the  motion. 


§  117.— Eesuming  Eq.  (85), 

Rt  ^  Pp  ±i   Qq, 

When  the         in  which  r,  jp,  and  ;,  denote  tiie  lengths  of  the  lever  arm 
resultant  is  seres  of  the  Tcsultant  B  and  of  tiic  two  components  P  and  O, 

or  when  its  Une  ^  ^' 

of  direction        wc  sec  that  the  moment  Rr^  of  the  resultant,  can  only 

JJJJJ^*^"*''  *  reduce  to  zero  when  the  moments  of  the  components  P 

and  Q  are  equal  and  have  contrary  signs.    But  the  prod* 
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act  R  T,  becomea  nothing,  either  whca  A  ~  0,  or  r  =  0.  iben  win  ba  •> 
In  the  first  case,  the  resultant  is  nothing,  and  there  will  •i""""'™- 
be  an  eqTuIibriain  independently  of  all  other  considera- 
tions. In  the  second  case,  the  perpendicular  r,  which 
measures  the  distance  of  the  line  of  direction  of  the 
resultant  from  the  centre  of  moments,  being  nothing, 
indicates  that  the  resultant  passes  through  the  fixed  point 
Again,  the  equably  of  the  moments  of  the  components, 
necessarily  implies  an  equality  in  the  quanti^  of  work 
performed  by  each,  and  these  quantities,  having  different 
signs,  destroy  each  other ;  hence,  there  will  be  an  equi- 
librium about  a  fixed  point,  when  the  resultant  of  the  forces 
which  act  upon  the  body,  passes  through  this  fixed  point 


OF  I-OBCES  WHOSE    DIBECTIOHS  ABB  FABALLEL. 

§  118. — ^It  has  been  shown  of  two  forces  whose  direc-  ThaanDof  ika 
tions intersect:  1st,  thattheline  JiTrf^'"*' 

of  direction  of  the  resultant,  will  "»  *>•  mpmBm*  eqwoijr 

intersect  those   of  the  compo-  u>nJm 

nents  in  the  same  point;    2d,  *p      v*ubL 

that  the  moment  of  the  resul-  / 

tant  is  equal  to  the  sum  or  dif- 
ference of  the  moments  of  the 
components,  according  as  the 
components  tend  to  turn  the 
body  upon  which  they  act,  in 
the  same  or  in  opposite  directions 
about  the  centre  of  moments. 
Now,  these  properties,  being 
entirely  independent  of  the  po- 
sition of  the  point  of  meeting 
0,  and  of  its  distance  from  the 
body  or  centre  of  momenta,  will  not  cease  to  be  true  when 
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Value  of 
resultant  when 
the  components 
act  In  Bome 
direction ; 


the  point  0  ia  so  &x  removed  as  to  make  the  directions 
of  the  forces  sensibly  parallel :  whence  we  must  conclude, 
that  the  line  of  direction  of  the  resultant  of  'two  parallel 
forces  is  in  the  plane  of  the  forces,  is  parallel  to  the  direc- 
tion of  the  forces,  and  that  the  moment  of  the  resultant, 
taken  in  reference  to  any  point  in  the  plane  of  the  forces, 
is  equal  to  the  sum  or  difference  of  the  moments  of  the 
components,  according  as  they  tend  to  turn  the  system  in 
the  same  or  opposite  directions  about  the  centre  of  mo* 
ments. 


Kg.  61. 


Besuming  Eq.  (31),  and  re- 
volving the  directions  of  the 
forces  P  and  Q  about  their 
points  of  application  A  and  B 
till  they  become  parallel,  and 
the  forces  act  in  the  same  direc- 
tion, the  angle  9  will  become 
zero,  and  we  shall  have 


B=  y^P'  +  (f  +  2PQ  =  P+Q. 


Fig.  52. 


Again,  revolving  the  directions 
as  before,  till  they  become  par- 
allel and  the  forces  act  in  op- 
posite directions,  the  angle  9 
will  equal  180^  and  Eq.  (81) 
reduces  to 
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B=  VP»-{-  (^-2PQ^  P-  Q; 


•nine  of  retaltant 
whan  eompoae&to 
act  in  oppoiite 


whence  we  conclude,  that  ^  tntmaihf  of  the  resuUant  of  <***«**<»»» 
two  parallel  components,  is  equal  to  the  av/m  or  difference  of  rate; 
Ae  intensities  of  the  components  according  as  these  latter  act 
in  the  same  or  in  opposite  directions. 

Now,  resuming  Eqs.  (32),  and  changing  the  notation  to 
suit  the  first  %ure  in  §  118,  we  have 

Ji 

in  which,  if  we  make  9  =  0,  or  180®,  we  obtain 

sin  i2  0  J.    =   0, 
sin  ROB   =   0; 

that  is  to  say,  the  angle  which  the  direction  of  the  result-  thedinctionof 
ant  of  two  parallel  forces  makes  with  the  directions  of  the  ^o^^lJIluS*  ^^ 
components,  is  nothing;  in  other  words,  the  direction  of  the  componentihto 
resultant  of  the  parallel  forces  is  parallel  to  ffiat  of  the  com-  Sie  ©omponwito. 
ponentSj  which  is  a  coriftrTnation  of  what  we  said  above. 


§  119. — ^Passing  thus  to  the 
limits  of  the  case  in  which  the 
directions  of  two  forces  P  and 
Q,  applied  at  the  points  A  and 
B  of  any  body,  meet  in  a 
point ;  assume  any  point  as  Kj 
in  the  plane  of  the  forces,  and 
let  fidl  the  perpendiculars  Ka, 
Kb,  Denote  by  B,  the  in- 
tensity of  the  resultant,  sup- 
posed to  act  along  the  line  Be, 


The  theoram  of 
moment!  tme  of 
penllel  foroee. 
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then,  from  the  principle  of  moments,  will 

JRxKe  =  Px  ITa  ±:  QxKb; 


Relation  of 
resultant  to  its 
two  parallel 
componenU ; 


the  upper  or  lower  aim 
being  taken,  according  as 
thefcforoes  tend  to  turn  the 
body  in  the  same  or  op- 
posite directions  about  the 
point  K. 

Eeplacing  R  by  its 
value  P  ±:  Qj  the  above 
becomes 


(P=b  Q)Ke  ^  PxKa±i  QxKb; 

which,  by  an  obvious  reduction,  becomes 


P  {Kc  -  Ka)  =  Q{^Kh^i  Kc)\ 


but 


Kc  —  Ka  ^  ca;    =fc  Kb  q:  Kc 


he; 


whence 


P  X  ac  ^dt  Q  X  hc^ 


or 


P   X    Q    i\    he    I    ac; 


the  distance  of  that  is  to  say,  the  line  of  direction  of  the  resultant,  divides 
^t^m^^^^^  the  perpendicular  distance  between  the  lines  of  direction 
proportioiMi  to    of  the  componeuts,  into  parts  which  are  reciprocally  pro- 

the  other  _^         i  a.     ^.-u     i» 

component.        portioual  to  the  forocfl. 
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§  120.— Let  the  paraDel 
forces  P  and  Q,  be  applied 
to  the  points  A  and  B,  Join 
A  and  j5  by  a  straight  line, 
and  draw  Ba*  parallel  to  io, 
then  will 


B&  =i  be;       &a'  ss  ca; 

and  because  Cd  is  parallel  to  A  a\  the  triangles  B&  {7  and 
Ba'Aj  give  the  proportion, 


Be'    \    da'    II    BO   :    OA; 


whence 


P    :    Q      ::    BO  :    AO; 


that  is  to  say,  the  line  of  di- 
rectum of  the  resultant  of  any 
two  parallel  components^  di- 
vides the  line  joining  their 
points  of  application  into 
parts  which  are  reciprocally 
proportional  to  the  intensities 
of  the  components. 

The    above   proportion 
gives  by  composition, 


ISg;  M. 


Role  tor  poaltton 
7t         ofnniltaiit; 


P±Q    '.    P   '.:    SO±iAO  :    SO, 


P±  Q    .    Q    ::    BOdbAO   :    AC; 
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or,  replacing  P  ±  Q  hj  B,  miB  0 ^  A  0  hj  ^Qwhoh 
line  £A^ 

B   :    P   ::    AB   :    BO, 
B    :    Q    t:    AB   :    AO; 


Pig.  66. 


relation  of  that  ifl  to  sajT,  (he  resultant  of  two  paraM  components  is  to 
TmJ^*'*^  ri^A^r  comp<ment,  as  the  length  of  the  straight  Une  joining  the 
points  of  application  of  the  components,  is  to  th^  portion  of  this 
line  between  the  point  in  which  it  is  ciUby  the  direction  of  the 
resultant  and  the  point  of  application  of  the  other  compo' 
nenL 

Momenta  of  §  121.— "When  two  forces  are  parallel,  their  moments 

parallel  foreei  in  ^      n    ^  ^^^^  ^  reference  to  a  point,  but  also  in 

reference  to  u      ****%/  J  /-  ' 

axis;  reference  to  a  right  line,  supposed  fixed.    Thus,  suppose 

the  forces  P,  Q^  and 
their  resultant  B,  to 
act  along  the  parallel 
lines  AP,  BQ,  and 
'  0  B,      respectively. 

Assume  any  line,  as 
ML,  at  pleasure ; 
conoeive  a  plane 
drawn  through  this 
line  and  perpendicu- 
lar to  the  plane  of 
the  forces,  and  let 
JSTi/'  be  the  intersec- 
tion of  these  planes.  From  the  point  JEJ  draw  KL'^  per- 
pendicular to  the  direction  of  the  forces ;  then,  regarding 

momenta  referred  K  SiS  the  Centre  of  momCUtS,  will 
to  a  centre; 


whence 


BxKO'  =:  PxJS:A'+  Qx  KB'] 


r 
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Bnt  from  the  siimlar  triangles,  KA'A^    KB'  B^    and 
KG*  0,  we  have 

KA'         KA 


KG'  KG' 

KB'  _    KB^ 
KG'  '^    KG' 

which,  sobstitated  in  the  sboye  equation,  gives,  on  dear- 
uig  fractions, 

B  X  KG  =  PxJS:A  +  Qx  S^B.  .  .  (86). 
DiTiding  both  members  by  i2  X  J^Gj 

P      KA       Q      KB 

From  the  points  J.,  ^,  and  Gj  draw  the  lines  ^o,  JS6, 

and  67  c,  perpendicrdar  to  the  line  KL,    Also,  resolve  fore*  »i 

each  of  the  forces  P,  Q,  and  jB;  supposed  applied  at  -4,  -B,  ^nJ^^m,. 

6|  respectively,  into  two  components,  one  parallel,  and  the 

other  perpendicular,  to  the  line  KL;  and  let  A  P",  B  Q'\ 

and  GR"  be  the  former,  and  J.P',  BQ\  and  C-fi',  the 

latter  of  these  components. 

In  the  similar  triangles  P  J.  P',  BGB\  and  QBQ'^ 
we  havOy  denoting  the  components  J. P',  GB\  and  BQ\ 
by  P',  ^',  and  Q\  respectively, 

P_   _  JP^ 
£    "    B" 

J?.   -    «1. 
B    ^    B" 


M  I 


uo 
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and  fix)m  the  similar  triangles  KA  a,  KCc^  and  KBh^ 


KA 
KG 

KB 
KG 


Aa 

Bb 

Cc  ' 


whicli  values,  substituted  in  the  foregoing  equation,  give, 
after  clearing  the  fractions, 


moments  of 
compoaento 
perpendicular  to 
theezie; 


R'  X  Cc  =  P'  xAa+  Q'  X  Bb 


(87). 


Fig.  M. 


moiWHls  of  hW 

penUel 

oompoikenti; 


i. 


The  eflfective  quan- 
tity of  work  per- 
formed by  each  of 
the  forces  P,  Q,  and 
Rj  may  be  replaced 
by  the  algebraic  sum 
of  the  quantities  of 
work  performed  by 
its  components ;  but 
the  efiedtive  quanti- 
ties of  work  of  the 

components  which  are  pattiUel  to  the  line  KL,  will  be  zero, 
since  the  points  of  application  are  constrained  to  move  in 
planes  at  right  angles  to  this  fixed  line,  and  hence  the  terms 
in  £q.  (37)  will,  for  reasons  explained  in  §  113,  be  the 
measures  of  the  relative  quantities  of  work  of  the  forces  P, 
Qj  and  JB,  being  the  products  of  the  remaining  components 
into  the  perpendicular  distances  of  their  respective  lines 
of  direction  from  points  on  the  line  KL. 

The  moment  of  a  force  in  referent  to  a  line,  is  the  effec- 
fofoein  referenee  ^iye  quantity  of  work  which  the  force  is  capable  of  per- 

to  a  fixed  exia,  i  ir  r 

forming  while  its  point  of  application  is  constrained  to 
describe  an  elementary  path  about  this  line,  considered  as 
fixed ;  and  its  relative  meiisure  is,  the  product  of  the  com- 
ponent at  right  angles  to  the  line,  (the  other  being  parallel 


moment  of  a 
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to  it,)  into  the  shortest  distance  from  the  fixed  line  to  that 
of  the  direction  of  the  force. 

The  fixed  line  is  called  the  axis  o/moments.  the axteoi 

moments. 

§  122.— Dividing  %  (86)  bj  K  C,  we  find 

and  sabstituting  the  values  of 

KA  KB 

KC  ^"^  TC' 

as  given  on  the  opposite  page,  we  find,  after  clearing- 
the  firaction, 

R  y.  Cc  :=  P  X  Aa  +  Q  x  Bh; 

from  which  we  see,  that  the  product  of  the  resultant  of  two  Relation  of  the 
parallel  forces  into  the  perpendicular  distance  of  its  point  ^^^^^  ^  ***® 

*  '^      *■  *  distancet  of  their 

of  application  firom  any  given  straight  line,  is  equal  to  the  poinu  of 
sum  of  the  products  of  the  forces  into  the  perpendicular  *pp"«»««>'»'J«™ 

*  x"     i'  a  line,  end  plane. 

distances  of  their  respective  points  of  application  horn  the 
same  line.  It  is  easy  to  see  that  the  same  is  equally  true 
of  any  plane,  since  we  have  but  to  project  the  line  joining 
the  points  of  application  of  the  forces  upon  the  assumed 
plane,  and  take  this  projection  as  the  axis  of  moments. 

§  128. — ^Now  let  us  suppose  any  number  of  parallel 
forces — ^for  instance,  five.    Find  the  resultant  of  any  two  Reraitantofany 
of  them :  compound  this  resultant  with  the  third  force,  "»""»*»«'  <»' 

'  -^  '  parallel  forces ; 

and  the  resultant  of  the  first  three  with  the  fourth,  and 

80  on.    The  final  resultant  thus  obtained,  will  be  equal 

in  intensity  to  the  sum  of  the  intensities  of  the  forces 

which  act  in  one  direction,   diminished  by  the  sum  of 

the  intensities  of  those  which  act  in  the  opposite  direction. 

Its  action  will  be  in  the  direction  of  the  greater  sum. 

And  the  moment  of  the  resultant  will  be  equal  to  thenierorflnding; 

algebraic  sum  of  the  moments  of  the  components. 

Men  pulling  upon  parallel  ropes,  horses  drawing  upon 
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eocBiDpIes  of 
parallel  fotcoB, 


The  work 
performed  by  the 
raaultant  of 
pftraUel  forces ; 


equal  to  the 
algebraic  sam  of 
the  work  of  the 
ooiupouent&. 


Fig.  61 


r' 


K 


their  traces  attached  to  whipple-trees,  are  examples  of 
parallel  forces. 

§  124. — Suppose  a  body  to  be  drawn  in  one  direction 
by  any  number  of  parallel  forces  P,  ^,  R^  &c.,  and  in  the 
opposite  direction,  by  the  parallel  forces  P',  ^,  jB',  &c. 
If  the  points  of  the  body  move  in 
parallel  lines,  it  is  plain  that  the 
paths  described  by  the  points  of 
application  will  be  equal  to  each 
other,  and  thus  the  quantity  of 
work  of  any  force,  will  be  given 
by  the  product  of  its  intensity 
into  the  small  path  common  to  all 
the  forces.  The  total  work  will 
be  equal  to  the  sum  of  the  quan- 
tities of  work  performed  by  the 
forces  P,  Qy  B,  &c.,  diminished 
by  the  sum    performed  by  the 

forces  P,  Q',  R\  &c. ;  that  is  to  say,  it  will  be  equivalent 
to  the  product  of  the  common  path,  multiplied  into  the 
algebraic  sum  of  all  the  forces,  or  into  the  resultant.  But 
this  latter  product  is  the  quantity  of  work  performed  by 
the  resultant.  Hence,  the  quantity  of  work  performed  by 
the  resultant  of  any  number  of  parallel  forces,  is  equal  to 
the  algebraic  sum  of  the  quantities  of  work  performed  by 
the  components. 


§  125. — ^We  have  seen,  §  122,  that  the  product  of  the 
intensity  of  the  resultant  of  several  parallel  forces  into  the 
perpendicular  distance  of  its  point  of  application  from  any 
plane,  is  equal  to  the  sum  of  the  products  arising  from 
multiplying  the  intensity  of  each  force  into  the  perpen- 
dicular distance  of  its  point  of  application  from  the  same 
plane.  Denote  this  latter  sum  by  K,  the  intensity  of  the 
resultant  by  R,  and  the  perpendicular  distance  of  its  point 
of  application  from  a  given  plane  by  r,  then  will 
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Mt    =:     JEI  Position  of  the 

resultant  of 
whence  panllel  forces. 

K 

'  =  :b' 

and  if  the  given  plane  be  parallel  to  the  direction  of  the 
forces,  r  will  be  the  distance  between  it  and  a  second  plane 
containing  the  line  of  direction  of  the  resultant.  If  we 
know  the  value  of  K^  in  reference  to  another  plane,  also 
parallel  to  the  direction  of  the  forces,  the  corresponding 
value  of  r,  will  ^ve  the  position  of  a  second  plane,  whose 
intersection  with  the  first  will  give  the  line  of  direction  of 
the  resultant  Thus,  the  principle  explained  in  §  122, 
may  be  employed  to  determine  the  line  along  which  the 
resultant  of  several  parallel  forces  acts. 

§126. — ^To  illustrate  the  principle  of  parallel  forces,  niustrauonofthe 
let  us  take  the  example  of  the  common  steelyard,  ai^  ^[l^^euo^^s  b 
instrument  employed  to  ascertain  the  weight  of  different  t»»e  steelyard. 
substances.     It  con- 
sists of  a  bar  MN^ 
which   turns    freely 
about  an  axis  G  sus- 
pended from  a  fixed 
point;  the  substance 
Q  to  be  weighed,  is 
placed   at   one   end 
J.,  while  a  constant 

weight  P  is  placed  at  a  suitable  point  J?,  towards  the  other 
end     In  order  that  there  may  be  an  equilibrium,  it  is  * 
necessary  that  the  resultant  of  the  forces  P  and  Q  shall 
pass  through  the  fixed  point  C;  in  other  words^ 

Q  X  AG  :=-  P  X   GB, 
from  which 

BG=^  X  X  AG; 


V\g.  68. 


^    I 
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or,  if  Pbe  taken  equal  tD  one  pound,  then  will 

BG  =^  Q  X  AO. 


The  scale  of  the    If  ^  be  taken  suc- 

cmrtmcted.        cessivelj  equal  to  1, 

2,  3,  4,  &c.  pounds, 

then  will  the  corre- 


Fig.  58. 


sponding  values  of 
B  (7,  become  A  (7, 
iAC,ZAC,4tAG, 

&c.  Thus,  if  a  scale  of  equal  parts  be  constructed  on  the 
longer  arm,  having  its  zero  at  the  point  CJ  and  the  con- 
stant distance  between  the  consecutive  divisions  equal  to 
A  0;  the  number  of  the  division  estimated  from  Q  on 
which  the  weight  P  is  placed  to  hold  Q  in  equilibrio,  will 
indicate  the  weight  of  the  latter. 

The  construction  of  the  steelyard  depends,  as  we  see, 
upon  very  simple  principles;  it  gives  rise,  however,  to 
considerations,  which  will  be  referred  to  when  we  come  to 
treat  of  the  lever. 


VL 


Poiat  of 
application  of 
resultant  of 
parallel  forces ; 
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§  127. — Whatever  be  the  angle  which  two  parallel 
forces,  P  and  Q^  make 
with  the  line  A  B,  join- 
ing their  points  of  ap- 
plication, the  intensity 
of  the  resultant  R^  and 
the  position  of  its  point 
of  application  (7,  will 
always  be  the  same, 
however  the  direction 
of  the  forces  may  re- 
volve about  their  points 
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of  application,  provided  the  forces  oontiuue  parallel  to  each 
other,  and  preserve  unchanged  the  ratio  of  thjeir  iutensities ; 
far  the  intensity  of  the  resultant  is  give2i  \>j 

and  the  point  CJ  by 

P  X  AO  ^  Q  X  BC; 

which  aie  wholly  independent  of  the  angle  which  the 
common  direction  of  the  forces  makes  with  the  line  A  -B, 
So,  likewise,  if  there  be  three  forces  P,  Q,  and  /SJ  we  may 
join  the  point  of  application  i>,  of  the  third  jforce  S^  with 
that  of  tlie  resultant  iZ,  and  show,  in  like  manner,  that  the  tiiero  is  one  point 
position  of  0,  the  point  of  application  of  the  resultant  T  ^^.^^^^ 
of  jB  and  &,  (that  is,  of  P,  Q^  and  /SJ)  is  entirely  independ-  «iwaj»pMB; 
ent  of  the  inclination  of  the  forces  to  the  line  CD.    And 
as  the  same  reasoning  may  be  extended  to  any  number  of 
parallel  forces,  we  conclude,  that  in  every  system  of  paral- 
lel forces,  there  is  one  point  through  which  the  resultant 
will  always  paa& 

This  point  is  called  the  centre  of  parailM  forqea^  «iw  eentre  of 

parallel  fiirefli. 

§  128. — ^Every  body  is  composed  of  an  indefinite  num- 
ber of  elementary  heavy  particles,  which  are  the  points  of 
application  of  as  many  vertical  or  parallel  forces.  Their 
resultant  is  a  force  equal  to  their  sum,  and  is  called  the 
weight  of  the  body.  The  point  of  application  of  the  weight  weigfatofabody; 
is  obtained  by  combining  the  parallel  forces  in  the  manner 
before  explained ;  this  point  will  be  the  centre  of  the  sys- 
tem, and,  because  the  forces  are  those  which  result  from 
the  action  of  gravity,  it  is  called  the  centre  of  gravity.  oaBtnorgnrUif. 
The  centre  of  gravity  of  any  body  may  be  defined,  the 
point  throttgh  which  the  line  of  direction  of  the  weight  always 
foases. 

%  129. — ^The  centre  of  gravity  of  a  body  being  the 
centre  of  all  the  vertical  Ibices  which  solicit  its  heavy 
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particles,  this  point  must  remain  invariable,  while  the 
forces,  without  ceasing  to  be  parallel,  revolve  about  the 
Tiro  methodB  or  points  of  application.  Instead  of  causing  the  forces  to 
g»Tityr°*"**  rotate,  let  the  body  revolve.  In  this  motion,  the  forces 
will  preserve  tlieir  vertical  direction,  and  the  line  of 
direction  of  the  weight  always  passing  through  the  centre 
of  gravity,  there  will  result  two  very  simple  methods  of 
finding  the  position  of  this  point  as  long  as  the  figure 
of  the  body  remains  unchanged. 

A  body  being  suspended  by  means  of  a  thread  A  Q 
fi-om  the  point  A,  will  take  such  a  position,  that  the  effort 
exerted  along  the  thread  to  sup- 
port it,  wiU  be  in  equilibrio 
with  the  weight,  and  thus,  when 
the  body  comes  to  rest,  the  di- 
rection of  the  thread  will  pass 
through  the  centre  of  gravity  G, 
If  we  change  the  point  C,  to 
'  which  the  thread  is  attached,  to 
C',  the  body  will  assume  a  new 
position,  and  when  it  comes  to 
rest  again,  we  shall  have  a  sec- 
ond line  (7'  (7,  also  passing 
through  the  centre  of  gravity, 
and  whose  intersection  with  the 
first,  will  determine  the  position  of  that  point 

By  the  same  reasoning  it  follows,  that  a  body  will  be 
supported  upon  a  point,  whenever  the  vertical  through 
the  centre  of  gravity  passes  through 
this  point ;  and  all  positions  of  the 
body  which  satisfy  this  condition, 
give  as  many  lines  intersecting  at 
teeoBd  method-  the  Centre  of  gravity.  The  upper 
and  lower  points,  in  which  any  two 
of  these  lines  pierce  the  sur&ce,  be- 
ing known,  and  connected  by  recti- 
lineal openings,  these  openings  will 


Fig.  61. 


bypoiibig; 
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give,  by  their  inteisection,  the  centre  of  gravity  of  the 

body.     To  find  these  upper  and  lower  points,  suspend  traces  of  the 

the  body,  by  a  thread  or  rope,  and  when  it  comes  to  ^^^^^ 

rest^  suspend  a  plummet  on  each  side,  and  in  such  posi-  sm^i^  found. 

tioDS  that  the  plane  of  their  threads  shall  contain  the 

sospension  line  of  the  body;  then,  with  a  pencil,   trace 

upon  the  body  the  intersection  of  this  plane  with  its 

snr&ce.    Next,  su^)end  the  body  firom  some  other  point, 

and  repeat  the  same  operation ;  the  intersections  of  the 

two  traces  will  give  two  of  the  points  required ;  and  the 

same  for  others. 

§  130. — ^This  method  becomes  impracticable  in  the  case  centre  of  gniTity 
of  very  heavy  bodies,  of  those  which  are  fixed,  or  of  such  JJIJ^puJuon; 
as  do  not  yet  exist,  and  of  which  the  construction  is  only 
in  project.     In  general,  when  the  form  of  a  body  is 
defined  geometrically,  or  by  a  drawing,  the  centre  of 
gravity  is  determined  in  this  wise.    Conceive  the  body  to 
be  divided  into  small  portions  by  a  series  of  planes ;  take 
the  product  of  the  weight  of  each  portion  into  its  distance 
from  some  assumed  plane  of  reference,  and  take  the  sum 
of  these  products;  this  sum  is,  according  to  what  we 
have  seen  of  the  principles  of  parallel  forces,  equal  to 
the  product  of  the  entire  weight  of  the  body  into  the  distance  of  centre 
distance  of  its  centre  of  gravity  fix)m  the  same  plane.  of»«yttyfroma 
Hence,  the  distance  of  the  centre  of  gravity  from  any  plane,  is 
equal  to  the  sum  of  the  products  obtain^  by  multiplying  the 
weight  of  each  element  of  the  body  into  its  distance  from  this 
plane,  divided  by  the  whole  weight  of  the  body. 

Find  the  distance,  given  by  this  rule,  from  any  three  from  three 
arbitrary  planes,  and  the  position  of  the  centre  of  gravity  !J^. 
becomes  known.     This  method,  which  becomes  long  and 
tedious  in  many  instances,  may  be  abridged  according  to 
circumstances,  particularly  when  the  object  is  to  find  the  process  m»y  be 

'  n  1  ,      ,.  A    1.    J      •  -J  sbridgedintitt 

centre  of  gravity  of  homogeneous  bodies.    A  body  is  saia  ^^^^  ^ 
to  be  homogeneous^  when  any  two  of  its  parts  have  the  bornogmeom 
same  weight  under  equal  volumes. 
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Oentreofgrmvitj 
of  regular  and 
homogeneous 
bodJet; 


Fig.  62. 


& 


X3 


of  a  bar; 


C 


4- 


of  a  bar  with 
eqoal  apherea  at 
theenda; 


centre  of  graTity 
of  regular  and 
homogeneoua 
bodiea,  at  the 
centre  of  flgore ; 
right  priam ; 
circle,  4m.; 


centre  of  gimTltj 
of  aaorlhoe;  of  a 
line. 


Bodj 

aymmetrlcal  Ib 
reference  to  a 
plane; 


§  131. — ^Experience  shows  us  that  a  bar  A  By  of  wood, 
metal,  or  any  other  material,  which  is  perfectlj  homo- 
geneous, will  remain  in 
equilibrio  in  a  horizontal 
position,  if  suspended  by 
its  middle  point  C;  and 
hence  the  centre  of  gravity 
of  this  bar  is  situated  at 
the  middle  of  its  lengtL 
The  bar  is  also  found  to 
remain  in  eqmlibrio  when 
placed  in  a  vertical  posi- 
tion, if  suspended  by  the 
central  point  of  its  end; 
and  hence  the  centre  of 
gravity  is  situated  at  the 
central  point  of  its  thick- 
ness. If  the  bar  support 
at  its  ends  equal  spheres, 

it  will  still  remain  in  equilibrio  when  suspended  by  ite 
middle  point,  if  placed  in  a  horizontal  position. 

The  centre  of  gravity  of  a  sphere  is  at  its  centre  of 
figure,  for  when  suspended  by  any  one  of  its  pc»nts,  the 
direction  of  the  suspending  thread  always  passes  through 
that  point  And  it  is  a  general  principle,  that  the  centres 
of  gravity  of  all  regular  and  homogeneous  bodies  are  at 
their  centres  of  figure.  And,  hence,  a  right  prism  or 
cylinder  has  its  centre  of  gravity  at  the  middle  of  its 
length;  breadth,  and  thickness ;  a  circle  at  its  centre ;  and 
a  right  line  at  its  middle  point. 

By  the  centre  of  gravity  of  a  surfece,  is  understood 
that  of  a  body  of  extreme  thinness,  such  as  paper,  tin-foil, 
gold-leaf,  &c. ;  and  by  the  centre  of  gravity  of  a  Mae,  is 
meant  that  of  a  body  whose  breadth  and  thickness  are 
very  small  as  compared  with  its  length. 

§  182. — ^A  body  is  said  to  be  symmetrical  in  reference 


ir 
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to  a  plane,  when  the  latter  cuts  into  two  equal  parts  every 
perpendicular  which  is  drawn  to  it,  and  which  is  termina- 
ted by  the  opposite  extremes  of  the  body.    This  plane  pUum  or 
is  called  Ae  plane  of  syirvmetry.  ^»n«    , 

A  body  is  symmetrical  in  reference  to  a  line,  when  it  qrmmetricai  in 
has  two  planes  of  symmetry  passing  through  the  line.  J^?J^  ^ 
This  line  is  called  a  liTie  of  mpmrysbry,  ijmmetry; 

A  sur&oe  is  symmetrical  in  reference  to  a  line,  when  mftoe 
the  latter  cuts  into  two  equal  parts,  aU  the  perpendiculars  IS^^^^ 
to  it  which  are  terminated  on  opposite  aides  by  the  con-  ui»» 
tour  of  the  sur&ce. 

In  dU  oaseSy  the  centre  of  gravity  of  homogeneous  symmeb-  centre  orgmTity 
rical  bodies,  18  situated  in  theirplan^.or  Ivruis  of  s^Tnetry.^^"^ 
Consider,  for  example,  a  symmetry; 

curve  having  A  B  for  its 
lineofsymmetry,  andof 
which  we  have  found  the 
.centra  of  gravity  Q  and 
&,  of  the  two  halves 
A  MB  and  A  M  B. 
These  two  halves  being 
turned  about  the  line  of 
symmetry  till  one  is  ap- 
plied to  the  other,  their 

centres  of  gravity  will  coincide ;  that  is  to  say,  the  centres  unutrauenta 
of  gravity  Q  and  ff,  were,  before  the  motion,  situated  **J^,^|[^J|g^ 
upon  a  right  line  0&^  perpendicular  to  the  line  ^^curre; 
Hence,  if  the  curves  be  supposed  concentrated  at  their 
respective  centres  of  gravity,  O  Q  becomes  a  right  line, 
terminated  by  two  material  points  whose  common  centre 
of  gravity  is  at  the  middle  point  0,  on  the  line  of  symme- 
try.   A  similar  reasoning  may  be  applied  to  all  bodies  of 
symmetrical  dimensions. 

The  centre  of  gravity  of  a  surface  which  has  two  axes  centre  of  gnvitj 
of  symmetry,  is  at  the  intersection  of  these  axes.    The^^*^^^^ 
transverse   and  conjugate  axes  of  the  ellipse,   for  ex- »yn»metiy; 
amplci  being  axes  of  symmetry,  cut  each  other  at  the 
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lOftlM 

ellipM; 


fig.  64w 


rectangle; 


<P 


axle  of 
qrmiiietry; 


centre  of  gravity  of  the  elliptical 
surface.  For  the  same  reason,  the 
centre  of  gravity  of  a  rectangle  is 
%  at  the  intersection  of  the  right 
lines  joining  the  middle  points  of 
its  opposite  sides. 

When  a  volmne  has  a  right 
line  of  symmetry,  its*centre  of  gravity  is  on  this  line.    A 
TDiune  with  one  right  Cylinder,  with  an  elliptical  base,  has  two  planes  of 
symmetry,  determined  by  the 
longer  and  shorter  axes  of 
the  ellipse,  its  centre  of  grav- 
ity is,  therefore,  on  the  line 
G  G,  joining  the  centres  of 
gravity  of  the  bases,  and  at 
its  middle  point  0. 

Other  bodies  are  divided  symmetrically,  in  an  infinity 
of  ways.  Such,  for  example,  is  the  sphere  of  which  all 
the  planes  of  symmetry  pass  through  the  centre  of  figure ; 
it  is  for  this  reason  that  this  point  is  also  its  centre  of 
gravity. 


Fig.  <»6. 


0 


5 


D 


■pheremeny 

ezeeof 

qmunelry. 


Centre  of  gnyiiy 
of  two 

taomogeneooi 
bodiee,  one 
within  the  otlier. 


§  138. — ^If  the  regular  homogeneous  body  contain 
within  its  boundary  another  homogeneous  body  of  dif- 
ferent density,  the  centre  of  gravity  of  the  whole  mass  is 
found,  by  first  regarding  it  as  of  uniform  density,  and  the 
same  as  that  of  the  larger  body ;  the  centre  of  gravity  O, 
obtained  on  this  hypothesis,  gives 
rise  to  a  first  approximation.  We 
then  conceive  the  weight  ty,  of  the 
body  supposed  homogeneous,  to  be 
concentrated  at  the  centre  of  grav- 
ity 0,  and  subtracting  this  weight 

« 

w  firom  the  total  weight  WJ  we  ob- 
tain a  difference  W —  w,  neglected 
in  finding  the  point  0.  Let  0'  be 
the  centre  of  gravity  of  the  volume  corresponding  to  this 
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difference ;  join  0  with  0'  by  a  right  line,  and  divide  this 
line  at  the  point  K^  so  that 

w  X  OK  =^  {W  -  w)  KO; 
the  point  ^will  be  the  common  centre  of  grayitj. 

§  1S4. — ^Whenever  a  body  may  be  divided  into  parallel  when  the  utyen 
layers,  and  the  centres  of  gravity  of  these  are  situated  on  ^  *J^|^7f 
a  right  line,  the  centre  of  gravity  of  the  whole  body  is  also  gnTity  on  aright 
upon  this  line.    For  compounding  the  weights  of  any  two 
of  these  layers,  supposed  concdfttrated  at  their  respective 
centres  of  gravity,  and  the  resultant  of  these  with  the 
weight  of  a  third,  &;c.,  it  is  easy  to  see,  &om  the  principle  of 
parallel  forces,  that  the  point  into  which  the  whole  weight 
must  be  concentrated  will  be  on  the  line  in  question. 

§  185. — ^If,  for  example,  the  parallelogram  A  BC  D^  centre  of  snTtt^ 
sappoaed  to  poasess  a  ^L^^, 

small  thickness,  be  di-** 
vided  by  planes  par-  Fig.  61 

allel  to  C  D^  into  an 
indefinite  number  of 
strata  or  layers,  the 
centre  of  gravity  of 
each  one  will  be  at 
its  middle  point,  and 
therefore  on  the  line 

FEy  joining  the  middle  points  of  the  opposite  sides  CD 
and  AB;  the  centre  of  gravity  of  the  parallelogram  wiU, 
§  134,  also  be  on  this  line.  In  like  manner,  it  may  be 
shown  to  be  on  the  line  IN^  joining  the  middle  points  of 
the  opposite  sides  C  B  said  DA;  it  must,  therefore,  be  at 
their  intersection  0, 

A  simLlar  reasoning  will  show  that  the  centre  of  gravity 
of  a  parallelopipedon  and  cube,  will  be  at  the  common  or  a 
intersection  of  three  right  lines  joining  the  centres  of  J^J^ni^ 
gravity  of  their  opposite  &ces. 
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1 186.— The  triangle  ABC,  being  divided  into  very 
thin  layers,  parallel  to  the  side  A  (7,  it  follows,  from  what 
has  just  been  said,  that 


Centre  of  gntTity  the  Centre  of  gravity  of 

fore,  of  the  whole  tri- 
angle, will  be  sitaated 
upon  the  right  line  jSi?, 
drawn  from  the  vertex 
B  to  the  middle  of  the 
side  A  C.  For  the 
same  reason,  the  centre 
of  gravity  of  the  trian- 


P«;68. 


gle  will  also  be  on  the 

line  AF,  drawn  from 

the  angle  A  to  the  middle  of  the  opposite  side  OB;  and 

hence  it  must  be  at  the  intersection  (?. 

Join  F  D.  Since  the  sides  A  C  and  5  C[  are  divided 
proportionally  at  the  points  D  and  F,  the  line  D  F  ia 
parallel  to  A  B;  hence  the  triangles  A  0  B  and  D  G  F 
are  similar,  and  give  the  proportion 


AG 


GF 


AB    :    FD; 


but,  because  the  points  F  and  i>  are  at  the  middle  of  the 
lines  5  (7  and  ^  Q  it  follows  that  ^  i?  is  half  of  A  B, 
and,  therefore,  from  the  above  proportion,  i^  fl^  is  half 
A  G;  or  F  Gia  one  third  of  the  whole  line  A  F.  Hence, 
where  dtaatod;  the  Centre  of  gravity  of  a  triangle,  ts  ona  line  drawn  from 
one  of  the  angles  to  the  middle  point  of  Ae  opposite  sidej  and 
at  a  distance  from  this  side  equal  to  one  third  of  the  liae. 

This  point  is  also  the  common  centre  of  gravity  of 
lliree  equal  balls,  whose  centres  of  gravity  are  situated  at 
the  angles  of  the  triangle,  for  the  centre  of  gravity  of  the 
balls  A  and  C^  is  at  the  middle  point  I),  and  this  point 
being  joined  with  5,  the  centre  of  gravity  of  the  three 
balls  will  divide  tiie  line  jB  27  at  the  point  G^  so  that  B  Q 
shall  be  double  G  D, 


eommon  osDtra 
of  gravity  of 
three  eqnal  tMlli. 
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§  187. — To  find  the  centre  of  gravity  of  any  polygon,  centre  or  gnrity 
9aAB  CDEP,  draw  fix>m  any  <Mie  of  the  a&gles,  aa  A,  "^^^^"^ 
the  diagonals   AC,  AD^  AE^ 


Fig.  69. 


&C.,  and  thus  divide  the  polygon 
into  triangles.  Find  the  centres 
of  gravity  g,  g\  g'\  g"\  &c.  of 
each  of  these  triangles  by  the 
rale  above ;  join  the  points  g  and 
g'  by  the  right  line  gg\  and  de« 
note  the  areas  of  the  triangles 
ABG  and  ACD  hj  a  and  a', 
respectively ;  then  will  the  centre 

of  gravity  of  the  area  A  B  GD  A,  be  found  by  the  pro- 
portion 

a  +  a'    :    a    : :    gg'    :    g*Q. 

In  like  manner,  joining  Q  and  ^"  by  a  right  line,  and 
denoting  the  area  of  the  triangle  A  D  E  hj  a",  will  the 
oentre  of  gravily  of  the  area  A  B  CD  E  A  be  found  from 
the  proportion, 


a  +  a'  +  a 


// 


.'/ 


ffjr"    :     QQ'; 


aiid  so  on  to  the  last  triangle ;  the  quantities  g'  Q,  Q  0'^ 

tlift    nnlv  Tinlmown    nnantitifis  bp.€»nTirift   Immiim 


aiid  SO  on  to  the  last  triangle ;  the  quantities  g'  0,  Q  Wy 
4c.,  being  the  only  unknown  quantities  become  known 
from  the  proportions. 


§  188. — A  smes  of  planes 
parallel  to  the  base  DBC, 
of  the  triangular  pyramid 
A  BCD,  will  give  rise  to  a 
series  of  strata  or  layers  per- 
fectly similar  to  the  base,  and 
aU  tiieir  centres  of  gravity 
will  be  situatod  n-pon  a  right 
line  joining  the  centre  of 
gravity  of  the  base  and  the 
vertex,  because  they  are  all 
Bimilarly  situated  to  the  base. 


Apynmld 
divided  into 
layerepanlld 
tothebaae; 


^ 
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its  centre  of 
gravity  found; 


As  either  of  the  solid  angles  may  be  taken  as  a  vertex 

and  the  opposite  &ce  as  a  base,  and  as  the  dividing  planes 

may  be  passed  parallel  to  each 

of  the  bases,  it  follows  that 

the  centre  of  gravity  of  the 

pyramid  must  be  upon    the 

four  lines  drawn  from  the  solid 

angles  to  the  centre  of  gravity 

of  the  opposite  faces,  and  must, 

therefore,  be  at  their  common 

point  of  intersection. 

Let  G'  and  (?"  be  the  cen- 
tres of  gravity  of  the  triangu- 
lar  &ceaABD  and  BCD; 
join  these  points  with  the 
opposite  vertices  by  the  right 
lines  A  (?"  and   C  G\  their 

point  of  intersection  (?,  will  be  the  centre  of  gravity 
of  the  pyramid.    Join  G'  and  (7" ;  then,  because  the  lines 
A  E  and  E  0  sj^  divided  proportionally  at  the  points' 
G'  and  (?",  the  line  G'  G"  is  parallel  to  -4  (7,  the  triangles 
G  G'  G"  and  G  A  Oaxe  similar,  and  give  the  proportion, 


G'G'' 


GG" 


AO   I    AG; 


The  common 
centre  of  gravitj 
of  four  equal 
balls. 


but  G'  G"  is  one  third  of  A  (7,  and  hence  G  G"  is  one 
third  of  A  G,  or  one  fourth  of  A  ff".  The  centre  of 
gravity  of  a  triangular  pyramid  is^  ther^ore^  on  a  line  join' 
ing  one  of  the  angles  with  the  centre  of  gravity  of  the  opposite 
face^  and  at  a  distance  from  this  face^  equal  to  one  fourth  of 
the  line. 

The  same  result  may  be  obtained  for  the  common 
centre  of  gravity  of  four  equal  balls,  whose  centres  of 
gravity  are  situated  at  the  four  vertices  of  the  pyramid. 


§  139. — ^The  foregoing  reasoning  is  equally  applicabld 
to  a  pyramid,  of  which  the  base  is  any  polygon.    For  the 


r^ 
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centre  of  gravity  is  on  a  line  draini&om  the  vertex  8  to  oaontttn-yvf 

{be  centre  of  gravity  of  the  base,  because  it  contana  the  •'"'^w™^! 

ventres  of  giarit^  of  all  sectioiis  parallel  to  the  base ;  and 

if  we  eonceiTe  the  pyramid  divided 

into  triangalar  pyramids  by  planes  j^  ^^ 

^ugh  this  line,  and  through  l^e 

angles  A,  B,  C,  D,  &c.  of  the  base,  the 

centres  of  gravity  of  these  elementary 

pyramids,  and  therefore  of  the  whole 

pyramid,  vill  be  situated  in  a  plane 

parallel  to  the  base,  and  at  one  fourth 

the  distance  from  the  base  to  the 

THtex ;  it  must,  therefore,  be  at  the  ' 

inteisection  of  this  line 'and  plane. 

Hence,  to  find  the  centre  of  gravity  of 

mty  pyramid,  join  the  vertex  with  the  centre  of  gravity  of  ike  whm  Mt^ai. 

hut,  and  lay  off  a  distance  from  the  base  on  this  line  ejual  to 

oatfoarQ).  of  its  length. 

This  rule  is  also  applicable  to  a  cone,  which  may  be  oedtn  otcnTi^ 
regarded  as  a  pyramid  of  an  iadednite  number  of  sidea,      *"  ""^ 

%  140. — Since  every  polyhedron  may  be  divided  into  <^*^ 
triangular  pyramids  whMe  weights  may  be  supposed  to  '°'^'''™^ 
act  at  their  respective  centres  of  gravity,  and  since,  from 
the  principles  of  parallel  forces,  the  sum  of  the  products 
which  result  from  multiplying  the  weight  of  each  partial 
pyramid  into  the  distance  of  its  centre  of  gravity 
from  any  plane,  is  equal  to  the  product  of  the  entire 
weight  of  the  polyhedron  into  the  distance  of  its  centre 
of  gravity  from  the  same  plane,  the  distance  of  the 
centre  of  gravity  from  three  planes  may  be  foimd,  and 
thus  its  portion  determined. 

§141. — When  a  body  is  terminated  by  curved  BurfeCea,  w.bodjoriw 
by  planes,  or  by  curve  lines,  it  may  be  divided  into  small       ' 
elementary  parts,  similar  to  the  figures  which  have  been 
already  considered — as  right   line^   triangles,  parallelo- 
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grams,  pyramids,  parallelo- 
pipedons,  polyhedrons,  &c. ; 
theptftiai  the  sum  of  the  products 
which  result  from  multi- 
plying the  weight  of  each 
into  the  distance  of  its  cen- 
tre of  gravity  from  some  as- 
sumed plane,  or  right  line, 
must  be  found,  and  this 
sum  divided  by  the  entire 


Fig.  12. 


theramofth«M 
dlTlded  by  the 
ontira  weight; 


weight  of  the  body ;  the  result  will  be  the  distance  of  the 
centre  of  gravity  from  the  plane  or  line.  Let  it  be  required, 
for  example,  to  determine  the  centre  of  gravity  of  any  plane 
area  Ca  b  Fdc;  draw  in  its  plane  any  right  line  A  B,  and 
divide  the  given  area  into  a  series  of  very  thin  layers, 
perpendicular  to  this  right  line.  The  layer  acdb,  may  be 
regarded  as  a  small  rectangle,  and,  supposing  its  density 
uniform,  its  centre  of  gravity  is  at  its  middle  point  O; 
denoting  the  density  by  J5,  and  the  force  of  gravity  by  g, 
one  of  the  partial  products  will  be 


_,             ac  +  db^     .^        _.         ac+db       ea  +  ec 
fflmkiBtloii;        Dx  gx 2 xtO  -  Dg  X  — ^ —  X  2 — . 


The  other  partial  products  being  found  in  the  same  way, 
and  their  sum  divided  by  the  product  of  Dg  into  the 
entire  area  Oc  d  Fb  a  C,  determined  by  the  method  of  §  46, 
will  give  the  distance  of  the  centre  of  gravity  of  this  area 
from  the  line  A  B.  Performing  the  same  operation  in 
reference  to  another  line  A  E^  the  centre  of  gravity  is 
completely  determined,  being  the  intersection  of  two  right 
lines,  parallel  respectively  to  ^  jB  and  A  E^  and  distant 
from  them,  equal  to  the  results  obtained  by  the  above 
process. 

It  is  to  be  remarked,  that  when  the  force  of  gravity  g 
is  constant,  and  the  density  D  is  uniform  throughout  the 
deiMityiiBiANrm;  body,  thcsc  quantities  strike  out,  and  leave  the  distance 


when  the  force 
oTgnTityle 
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Usaoftheeentre 
of  graTlty  In 
oompnttng 
Tolamwand 
rarftoM; 


of  the  oentre  of  grayity  from  the  line,  or  plane,  equal  to  the  pvuii 
the  sum  of  the  products  arising  from  multiplying  the  ele-  fj^^^jj^ 
mentary  vchimes  into  the  distances  of  their  respective  ▼oiunei. 
centres  from  the  line  or  plane,  divided  by  the  entire 
volume. 


§  142. — ^The  consideration  of  the  centre  of  gravity  is 
very  usefril  in  computing  certain  volumes  and  surfaces, 
which  are  found  with  considerable  difficulty  by  the  ordi- 
nary process.  The  screw,  the  curbs  of  stair^ways,  surfaces 
oTrevolution  generated  by 
the  rotation  of  a  plane  curve 
CDS  about  an  axis  A  B,  Fig. la. 

situated  in  its  plane,  are  ex- 
amples. Suppose,  in  the  case 
of  a  volume,  the  generating 
area  CD  .^  to  be  divided  into 
small  rectangles,  of  which  the 
sides  are  parallel  and  perpen- 
dicular to  the  axis  A  B.  Each 
rectangle  will  generate  around 
the  axis  an  elementary  ring, 

and  the  sum  of  all  these  rings  will  give  the  volume  of  the 
solid  of  revolution.  Let  r  denote  the  distance  of  the  centre 
of  gravity  of  one  of  these  small  rectangles  from  the  axis ; 
we  know  that  the  volume  of  the  ring,  of  which  the  profile 
is  the  rectangle,  is  measured  by  the  product  of  the  area  a 
of  the  rectangle,  multiplied  by  the  mean  circumference  of 
the  ring,  2  fl*  r ;  for  the  annular  base  of  such  a  ring  being 
developed,  will  form  a  trapezoid,  the  half  sum  of  whose 
parallel  sides  is  equal  to  2  *  r,  and  hence  we  shall  have  for 
the  value  of  the  ring  the  expression  2^ra.  The  volumes 
generated  by  the  other  rectangles,  whose  areas  are  a',  a",  a'", 
&C.,  will  be  2  «'  /  a,'  2  *  r"  a",  2  *  r'"  a'",  &c.     And  de- 


noting by  Fthe  total  volume  generated,  we  shall  have 


V  =  2«'(ar  -f  aV  +  a"r'*  -f  a"'r"'  -|-  &c.); 
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Tolunketo 
generatrix  ind 
path  of  centre  of 
grartty; 


Fig. '78. 


but  the  qoantitj  within  the  brackets,  is  the  smn  of  the 

products  which  result  from  multiplying  the  elementaiy 

volumes   of  the    generating 

area  GED^  by  the  distances 

of  their  respective  centres  of 

gravity  from  the  line  AB^ 

which  we  know  to  be  equal 

to  the  product  of  the  whole 

area  OJEDy  into  the  distance 

of  its  centre  of  gravity  from 

the  same  axis.    Denoting  the 

area  CED  by  A,  the  distance 

of  its  centre  of  gravity  from 

ABhjEj  we,  therefore,  have 


i 


F=  2^BA 


(88). 


rale;  * 


Ilg.  '74 


If^  instead  of  an  area,  we  had  considered  a  plane  curve 
OJE,  the  quantities  a,  a',  a",  &c., 
would  represent  the  lengths  of  ele- 
mentary portions  of  this  curve,  A 
would  represent  its  entire  length, 
B  would  be  the  distance  of  its 
centre  of  gravity  G,  fit)m  the  line 
A  Bj  and  V  would  be  the  value  of 
the  surface  generated  by  the  entire 
curve  about  A  B.  Whence  we 
derive  this  rule,  viz. :  The  volume 
generated  by  the  motion  of  any  plane, 
or  8urfoi4ie  generated  by  the  motum  of 

amy  line,  is  equod  to  the  generairix^  multiplied  by  the  path 
described  by  its  centre  of  gravity  ;  the  direction  of  the  motion 
being  perpendicular  to  the  generatrix. 

This  rule  supposes  the  body  to  possess  a  constant  pro- 
file, of  which  the  plane  is  perpendicular  to  the  path  of  the 
centre  of  gravity. 
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Example  \st  Ijet  it  be  required  to 
find  the  volume  generated  by  the  ro- 
tation of  the  light-angled  triangle 
ABO^  about  the  side  A  B,  The  cen- 
tre of  gravity  Q^  being  fonnd  by  the 
rule  already  explained,  draw  QD 
perpendicular  \x>  AB.  Then,  in  the 
triangles  EOD  and  EBC^  we  have 


Fig.  '76. 


example--ttie 

Tolnmeofa 

oone; 


GB   : 

whence 


QD 


CE   :    GE   ::    8 


1; 


and 


QD  =  \CB; 


%^GD  =  %*CB, 


which  Ib  the  length  of  the  path  described  by  the  centre  of 
gravity.     The  area  of  the  triangle  is 

\AB  X  CB; 

whence  the  volume  V  becomes 

F=  \*CB^  X  AB, 
which  is  the  usual  measure  of  the  volume  of  a  cone. 


JSlbcampIe2d,  Let  it  be  required  to 
find  the  sur&ce  generated  by  the  rota- 
tion of  the  line  CD,  about  A  B.  The 
centre  of  gravity  of  CD  is  at  its  middle 
point  Q;  and  0D\  CA,  and -DJB  being 
perpendicular  to  Jl  ^  we  have 

OD^  =  \(AC  +  BD); 
and  for  the  path  described  by  G, 


ng.1^ 


example— the 
■nrftoe  of  a  eonie 
flmatoBt; 


2,^2)'  =  2<-^i^4-^; 


^     i 
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and  hence, 


7  = 


2*AC  +  2*BD 


.CD; 


eznapl*— the 
▼<4unM  of  a 
Btalnrmy  eurb ; 


excarttlon  from 
dltebM; 


rule  boldi  for 
any  portion  of 
■a  entire 
reyolutioa. 


71 


whicH  is  the  usual  measure  for  the  convex  surfiEu^e  of  a 
conic  frustum. 

Example  8d  Let  it  be  required 
to  find  the  volume  of  the  curb  of 
a  stairway,  of  a  helical  form. 

First,  compute  the  area  of  a 
section  ahcd^  perpendicular  to  a 
mean  helix  gg^  or  that  described 
by  the  centre  of  gravity;  then 
multiply  this  section  by  the  length 
of  the  mean  helix. 

The  excavation  taken  from  a 
ditch,  of  which  the  profile  is  con- 
stant, may  be  estimated  in  the 
same  way. 

In  examples  1st  and  2d,  the 
centre  of  gravity  is  supposed  to 
have  described  an  entire  circumfe- 
rence; but  had  it  moved  through  only  an  eighth,  tenth,  or 
any  other  fractional  portion  of  a  circumference,  the  volume 
•generated  would  still,  as  in  example  3d,  have  been  given 
by  the  area  of  the  generatrix  into  the  extent  of  the  path 
described. 


vn. 


MOTION    OP   TBANSLATION    OP   A   BODY    OB 

SYSTEM    OF    BODIES. 


Motion  of 
tnmalation; 


§  143. — ^A  body,  or  system  of  bodies,  is  said  to  have  a 
simple  Tmtion  of  translatioriy  when  all  its  elements  describe, 
simultaneously,  equal  and  parallel  paths. 
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Denote  by  t;  the  velocity  which  any  motive  force  com* 
miinicates  to  all  parts  of  the  system  during  any  small 
isterval  of  time  t  The  force  of  inertia  /  of  an  element 
whose  weight  is  j>,  will  be  given  by  the  equation 

/■    —    ^       il.  themmmnot 

J     —      a    '     t  '^  ttMlnaitUiofaB 

•^  elem6iil; 

a&d  the  force  of  inertia  f^  of  an  element  whose  weight 
iay,  by 

•^  9       ^ 

and  80  of  all  the  others,  provided  the  degree  of  velocity 
impressed  upon  all  the  elements  is  the  same  during  the 
time  t  Moreover,  as  each  force  of  inertia  is  exerted  in 
the  direction  of  the  path  along  which  the  elements  respeo- 
tively  move,  and  as  these  are  supposed  parallel,  the  forces 
of  inertia  are  parallel,  and  give  a  resultant  equal  in  inten- 
sity to  their  algebraic  sum.  Denoting  the  intensity  of  this 
resultant  by  F,  we  have 

and  replacing  the  sum  of  the  partial  weights  by  the  entire 

p 

weight  P,  and by  the  entire  mass  if  of  the  system,  we 

shall  finally  have 

^=if-T (39).  :r°'*' 


It  remains  to  find  the  invariable  point  of  application  of 

F,    This  point  is  called  the  centime  of  inertia.    The  inten-  o«ntra  of  inertia; 

fiities  of  the  forces  /  /',  /",  &c.,  are  proportional  to  the 

weights  p,  p'j  p'\  &C.,  to  which   they  are  respectively 

applied,  and  thus  the  point  of  application  of  F^  will  coin- 

cide  with  that  of  the  resultant  of  the  forces  py  p\  p",  &c. ; 
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of        that  is  to  say,  with  that  of  the  entire  weight  P,  which  is 
Inertia  iB  words.  ^^^  centre  of  gravity  of  the  system.     Hence,  the  total 

force  of  inertia  of  a  body,  or  system  of  bodies,  having  a  simple 
motion  of  translation,  is  measured  by  the  mass  of  the  system^ 
mvMplied  into  ike  ratio  which  the  smaU  degree  of  velocity 
communicated  bears  to  the  time  during  which  the  velocity  is 
impressed.  And  the  total  force  of  inertia  has  its  point  ofappiU' 
cation  at  the  centre  of  gravity. 

This  coincidence  of  the  centre  of  inertia  with  the 

centre  of  gravity,  results  from  the  assumption  that  the 

The  force  of       forcc  of  gravity  is  the  same  in  its  action  upon  the  different 

^^m*^      parts  of  the  system.    Had  it  been  otherwise,  that  is  to  say, 

oentre  of  gravity  liad  the  foroc  of  gravity  varied  in  intensity  from  one  ele- 

^Pia^.  ment  to  another,  the  centre  of  inertia,  being  always  at  the 

centre  of  mass,  would  be  different  from  the  centre  of 

gravity. 

The  intensity  of  the  force  of  gravity  being  regarded  as 
theae  centres  the  Same  within  the  limits  of  a  body  on  the  earth's  surface, 
inbodtoaonlho^  the  Centre  of  inertia  and  of  gravity  may  be  regarded  as 
Mrt>^  coinciding,  and  hence  these  terms  will  be  used  indis- 

criminately. 

§  144. — ^Let  F  represent  the  velocity  of  a  body  having 
a  motion  of  translation,  supposed  uniform  at  any  instant ; 
Qoantitjof        the  quantity  of  motion  of  any  one  of  its  elements  whose 
weightifli,,i8mea8uredby 


iMtlonofa 
body; 


9 
and  of  an  element  whose  weight  is  p\ 

9 

and  so  for  the  other  elements ;  and  as  these  motions  are 
parallel,  their  sum  will  give  the  quantity  of  motion  of  the 
entire  body.  Designating  this  quantity  by  Q,  we  shall 
have 


JCKOHAKICB    or    SOLIDS. 


:?+y  +  y"+*°-F=JfF. 


.(40). 


Tlixis  the  tote}-  qnantily  of  motios,  in  any  body  harmg  a 
motion  of  translation,  ia  tneasared  by  the  mass  of  the 
body  into  ita  velociQr. 

§  145. — ^When  a  oertun  degree  of  veloraty  v,  is  im-  Moaomrfi 
presaed  upon  o2  the  elements  of  a  body  during  a  very  J^"^^ 
short  interral  of  time  t,  we  have  seen  that  the  total  force  »">""  ""«• 
of  inertia  is  given  by,  Eq.  (Sfl),  SHT^^ 

tmllj; 

We  have  seen,  also,  that  this  force  of  inertia  is  exerted  in 
the  direction  of  the  body's  motioii,  and  through  the  centre 
of  gravity.  I^  therefore,  we  suppose  that  at  the  instant  in 
wbich  the  body  has  acquired  the  velocity  v,  a  force  equal 
to  F  \a  applied  in  a  direction  contrary  to  the  motion,  and 
at  the  centre  of  gravity,  it  will 
destroy  the  motion.  This  being 
supposed,  if  we  apply  at  the  ^'  '^ 

centre  of  gravity  of  the  body,  a 
motive  force  ^,  it  will  commu-  ' 
uicate  to  it  a  simple  motion  of 
translation.  For  this  force  X 
will  be  equal  and  directly  op- 
posed to  the  force  of  inertia  F, 

which  it  develops.  This  latter  force  F  will  be  resolved 
into  as  many  partial  forcea  of  inertia  /,  /',  /",  Ac.,  aa 
there  are  elementary  portions  of  the  body,  and  the  inten- 
mties  of  these  partial  forcea  will  be  proportional  to  the 
respective  weights  of  these  elements.  Denoting  the  masses 
of  the  elements  by  m,  m',  m",  &c,  we  shall  have. 
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The  degree  of  yelocitj  which  each  of  these  forces  im- 
presses upon  the  part  on  which  it  acts,  will,  §  82,  be 
measured  by 

or,  replacing/  /',  /",  &c.,  by  their  values  as  given  above^ 
simply  by  the  expression 

F.  t 
M    ' 

and  as  this  measure  is  the  same  aa  that  before  deduced, 

Bq.  (39),  for  the  degree  of  velocity  impressed  on  the  centre 

will  be  of  gravity  by  the  force  F^  or  its  equal  X,  we  see  that, 

l^wfT'^'*      to  impress  a  simple  motion  of  translation  upon  any  body,  it  is 

necessary  that  the  line  of  direction  of  the  m/)tive  force,  or  the 

resuUarU  of  the  motive  forces^  when  there  are  several^  must  pass 

throtjugh  the  centre  of  gravity  ;  and,  reciprocally,  if  the  Une  of 

^         direction  of  the  force,  or  that  of  the  resultant,  in  the  case  of 

aeveraiforcesj  pass  through  the  centre  of  gravity,  the  body  vriU 

have  a  simple  motion  of  translation, 

§  146. — K  the  force  X,  were 
applied  along  the  right  line  A  jB,  Fig.  T«. 

MoUon  when  the  not  passiug  through  the  centre 

Sr.^jL  ot  gravity  (?,  it  is  easy  to  see 

centre  Of  gimYity;  that  the  motiou  canuot  be  one 

of  simple  translation.    For,  if         " 
this  latter  motion  obtained,  the 
partial  forces  of  inertia  would 
have  a  resultant  of  which  the 

line  of  direction  would,  £rom  what  we  have  seen,  pass 
through  the  centre  of  gravity  Q;  and  if  this  resultant 
were  replaced  by  an  equal  force  F,  applied  along  the  same 
line  and  directly  opposed  to  the  motion,  the  latter  would 
be  destroyed,  and  an  equilibrium  would  result  But  it  is 
impossible  that  two  forces  X  and  F,  applied  to  the  ex- 
tremities of  a  physical  line  or  bar  A  (7,  can  produce  an 


MSCHANICS    OF    SOLIDS.  155 


equilibriiLm,  unless  thej  act  in  the  direction  of  the  bar.  wui  be  umi  of 
Hence,  when  a  body  receives  the  action  of  a  force,  of  which  ^J^jj[^^  ^J^ 
the  direction  does  not  pass  through  the  centre  of  gravity,  Munetime; 
its  motion  will  not  be  that  of  simple  translation,  but  will 
be  compounded  of  a  motion  of  translation  and  of  rotation ; 
that  is  to  say,  some  one  of  its  elements  will  move,  for  the 
instant,  in  a  right  line,  while  the  others  will  rotate  about 
it  as  a  centre. 

To  find  this  element  (7,  conceive  a  plane  to  be  drawn         « 
through  it,  parallel  to  the  direction  of  its  motion,  and  per- 
pendicular to  the  planes  in  which  the  other  elements,  for 
the   instant,    rotate, 
and  let   J.  J?  be  its 

trace  upon  that  one  Kg.  sa  poduonofthe 

of  th^  planes  which  /"^  ..  I^'T' 

contains  the  point  C7, 
and  its  rectilineal 
path.  Let  mx  be  the 
projection  of  some 
one  element  rn!  upon 
this  latter  plane,  and 

take  (7  (^  to  represent  the  velocity  v  of  translation,  and 
wijTw,  the  velocity  of  rotation  acquired  by  the  element  w',  in 
the  small  time  t  Make  rnxw^  equal  and  parallel  \x>  C(\\ 
then  would  vn^  m^  represent  the  velocity  acquired  by  tm', 
had  the  body  moved  with  a  simple  motion  of  translation ; 
but  by  virtue  of  the  motion  of  rotation,  the  actual  velocity 
acquired  by  m',  in  the  direction  of  (Ta  motion,  is  rriifn^ 
diminished  or  increased  by  the  projection  oi  m^m^  upon 
the  line  CCi  according  to  the  direction  of  the  rotation. 

Project  the  points  mi,  m^  and  m^  upon  A  JS,  by  the 
perpendiculars  m^  kij  m^  k^  m^  k^\  then  will  the  actual 
velocity  v',  acquired  by  m',  be  wii  thj  —  Tn,  o,  or 

v'  =  v  —  Tnjo; 
but 

mgo  =  m^mi  x  cosm^m^o  =  m^rni  x  cos  C^Tn^isy 
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v"  =  FiX; (42). 


denoting  Grny  =  Q  m,  =  Q  mj  by  r,  ttii  ^  =  w»j  i^  by  y„ 
and  the  yelocity  of  rotation  acquired  by  a  point  at  the 
unit's  distance  from  (7  by  T^  then  will 

and 

cos  QwijA^  =  ^, 

T 

Reiattre  TriocUr  which  Substituted  above,  give 

rjZr  t;'  =  v  -   F,y,     .    .    .    .    (41).  ^ 

Moreover,  m^  o  is  the 

velocity  of  the  ele-  Pig.  so. 

ment  m'  perpendicu- 
lar to  the  direction 
of  (7's  motion;  and 
calling  this  velocity 
t;",  and  the  distance 
Cihii    Xjf    we    shall 

the  nme  in  •       have 
direction 
perpendieolar  to 
thefonner; 

Denoting,  as  before,  the  weight  of  the  element  m'  by  jy, 
and  its  force  of  inertia  in  the  direction  00%  hj  f,  we 
have 

and  similar  expressions  for  the  inertia  of  the  other  ele- 
ments. Taking  the  sum  of  these,  and  representing  the 
inertia  of  the  entire  mass  by  F,  we  have,  from  the  princi- 
ple of  parallel  forces. 
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or,  denoting  the  entire  mass  of  the  body  by  J/j  and  the . 
masses  of  the  several  elements  by  m\  w!\  m^",  &c.,  this 
reduees  to 


▼■InelbrtlielbvM 

ofiiMrtlAora 

bodj; 


Now  the  first  term  of  the  seoond  member,  which  alone 
iiiTolyes  the  motion  of  the  point  C,  is  wholly  independent 
of  the  figure  of  the  body  and  of  the  distribution  of  its 
elements. 

It  will,  therefore,  remain  the  same  whatever  changes 
take  place  in  its  figure  and  size,  provided  its  quantity  of 
matter  remain  the  same.  The  place  of  (7,  as  determined 
from  any  supposition  consistent  with  this  last  condition, 
will,  therefore,  be  its  position  generally. 

This  being  understood,  conceive  the  whole  body  to 
contract  gradually  in  all  directions  till  it  is  concentrated 
in  a  single  point ;  this  point  must,  from  necessity,  be  the 
centre  of  gravity  which  alone  remains  undisturbed  during 
contraction}  as  it  will  during  an  expansion,  being  the 
centre  of  mass.  The  point  C7,  and  the  centre  of  gravity, 
not  being  disturbed  by  this  change  of  volume,  must 
coincide,  and  hence  must  always  remain  one  and  the 
same  point 

But  when  the  plane  in  reference  to  which  the  products 
^'  Vn  ^"  Vtn  ^9  ^  taken,  passes  through  the  centre  of 
gravity,  we  have 

m'y,  +  m"y,,  +  m'"y,,,  +  &c.  =  0; 
and  the  above  equation  reduces  to 

t; 
F  m  M '    —  ;  ilwEyB  equal  to 

t  the  maas  into  ratio 

ortheineremenl 
ofTaloeltytothal 

which  is  identical  with  Eq.  (89).  or  the  time. 


\ 
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The  body  wUl 
have  a  motion  of 
tranalatioii;  it 
will  alao  rotate 
about  the  centre 
or  gravity ; 


TBloeofthe 
Teloelty  of 
tramdation. 


Llring  fiHvelna 
aimple  motion  of 
translation. 


We  conclude,  therefore,  1st,  that  when  a  body  is  acted 
upon  by  one  or  more  Jbrces,  its  centre  of  gravity  will  move 
as  though  the  forces  were  applied  directly  to  it,  provided  their 
directions  remain  unchanged;  2d,  thai  when  the  line  of  di- 
rection of  the  force,  or  that  of  the  resultant  of  several  forces, 
does  not  pass  through  the  centre  of  gravity ^  the  body  unU,  in 
addition,  rotate  about  this  centre. 

The  law  which  regulates  the  motion  of  the  centre  of 
gravity  results  from  the  above  equation,  for  if  X  represent 
the  resultant  of  all  the  forces,  and  F  the  total  force  pf 
inertia,  we  have  from  the  equality  of  action  and  reaction, 
X=F,  which  value  of  F,  substituted  above  gives,  after 
reduction. 


t;  = 


X.  t 
M 


(42)'; 


in  which  v  is  the  velocity  impressed  in  the  very  short 
interval  ^  from  which  we  may  pass  to  the  velocity  ac- 
quired  at  the  expiration  of  any  time,  and  thence  to  the 
space  described. 

§  147. — ^What  has  been  before  explained,  applies  also 
to  the  total  living  force  possessed  by  a  body  having  a  sim- 
ple motion  of  translation.      For  v  being  the  common 

P 
velocity  of  any  one  element,  ~  X  v",  will  be  the  living 

^   ^' 
force  of  that  whose  weight  is  jj;  ^--  X  v*  the  liviHg  force 

of  that  whose  weight  is  p\  &c. ;  so  that  the  sum  of  all 
these  living  forces,  or  the  total  living  force,  denoted  by  2/, 

.„  ,       o       »  +  o'  +  »"  +  &c.  ,  .       ,, 

will  be  tr  X ^ ;   and  representmg  the 

entire  mass  of  the  system  by  i^  as  before, 

L  =  Mv\ 

If  the  body  have  a  motion  of  rotation  as  well  as  of 
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translation,  then  will  the  living  force  of  m',  in  the  direc-  ir  the  body  hsvo 

also  a  mo 
rotatioD; 


tion  of  the  motion  of  translation  be,  Eq.  (41),  "^  *  "^""^  "^ 


and  in  the  direction  perpendicular  to  the  motion  of  trans* 
lation,  Eq.  (42), 

and  similar  expressions  for  the  elements  whose  masses  are 
m",  m'",  Ac.  Taking  the  sum  of  these,  denoting  the 
Hying  force,  as  before,  by  Z,  and  reducing  bj  the  equa- 
tions 

m'y^  +  w"y,/  +  &c.  =  0, 

&C.      &c.    =  &c., 

m'  +  m"  +  m'"  +  &c.  =  M; 
we  find 

i  =  Jft;"  +  Fi^m'r/  +  m"r,,«  +  &c.); 

or,  making 

m'  r/  +  m"  r^f  +  &c.  =  2  .  m  r*, 

tbo  living  force  ia 

equal  to  that  dae 

L   =    M'l?  +    Fi*  .  2  m  r«    .      .      .      (48).        ^  tranalallon, 


inereaaed  by  that 
due  to  rotaUon. 


§  148. — ^The  considerations  which  have  now  been 
developed,  show  that  in  the  motion  of  translation  of  a 
body  or  system  of  bodies,  the  computations  may  be  great- 
ly simplified,  since  we  are  permitted  to  disregard  the 
shape  of  bodies,  to  suppose  them   concentrated  about 
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their  centres  of  gravity,  and  to  reason  upon  these  points 
as  upon  the  total  masses. 

G«nen]  theoram  §  149. — ^We  have  seeu  that  in  all  questions  affiscting 
wOTkofweiffhte-  the  circumstances  of  simple  motion  of  translation,  we  may 
regard  the  mass  as  concentrated  about  its  centre  of  grav- 
ity. But  when  the  different  parts  of  a  body  receive 
motions  which  differ  from  each  other,  this  concentration 
is  generally  inadmissible,  since  the  partial  forces  of  inertia 
not  being  parallel,  their  resultant  will  no  longer  be  equal 
to  their  sum.  If,  however,  we  desire,  in  any  case  of  the 
coexistence  of  various  motions,  to  estimate  the  work  per- 
formed by  the  weights  of  the  parts  of  a  body,  during  a 
given  time,  the  action  exerted  by  these  latter  forces  being 
parallel,  and  their  resultant  or  the  total  weight  always  pass- 
ing through  the  centre  of  gravity,  we  may  still  reason  upon 
the  motion  of  this  point  as  though  the  mass  were  concen- 
trated at  it,  and  disregard  the  motion  of  rotation  of  the 
other  parts  of  the  body  about  it  In  this  case,  the  quantity 
of  work  expended  in  every 
instance,  will  be   obtained  pig.  81. 

by  taking  the  product  of  ^-^^ 

eqvdtotbe       the  weight  into  the  path  j '^^PF^j 

wfliffbt, into flie   described  by  the  centre  of  .x""""''^'! 

oftheoMitnoi    gravity,  estimated  in  a  ver-         /'4'V^ 

«"'^-  tical  direction.  K  for  exam-         {M^ U 

pie,  the  centre  of  gravity  of  ^^  i 

any  body,  as  a  bomb-shell, 
pass  from  the  position  Q  to 

Q ',  describing  the  curve  (?  G^ ',  we  obtain  the  work  done 
by  the  weight  during  the  interval  of  time  occupied  in 
passing  from  one  of  these  positions  to  the  other,  by  mul- 
tiplying the  weight  of  the  shell  into  (?'i?,  the  projection 
of  the  path  (3^  (? '  on  the  vertical  through  Q '. 

This  theorem,  in  regard  to  the  work  performed  by  the 
weight,  is  by  no  means  restricted  to  the  motion  of  a  single 
body,  but  extends  to  a  collection  of  pieces,  such  as  wheelsi 
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bars,  levers,  &c.,  connected  with  each  other  after  the  man-  AppUMtoau 
ner  of  ordinary  machinery.  If  the  quantity  of  work  „^h^.^,^ 
performed  by  each  piece  be  computed,  and  the  algebraic 
sum  be  taken,  it  wUl  be  found  to  be  equal  to  the  quantity 
of  work  performed  by  the  weight  of  the  whole  system, 
acting  at  its  centre  of  gravity,  computed  by  the  same  rule. 
In  general,  let  j>,  p',  j?",  &c.,  be  the  weights  of  the 
several  pieces  connected  together;  A,  h\  A",  &c.,  the  verti- 
cal distances  passed  over  by  their  respective  centres  of 
gravity,  in  passing  fix)m  one  position  to  another,  by  virtue 
of  their  connection ;  P,  the  sum  of  all  the  weights  or  the 
weight  of  the  entire  system;  and  z,  the  vertical  space 
described  by  the  common  centre  of  gravity :  then  will 


Pig.  sa. 


Pz  =  ph  +p'h'  +p"h;'  -t-  &c.  .    .   .   (44). 

To  demonstrate  this,  let  m,  m',  m",  &o.,  be  several 
bodies  so  connected  as  to  be  acted  upon  by  each  other's 
weights.     Let  P  de- 
note   the  weight  of 
the    entire    system ; 

A  P'f  P"i  ^?  *^® 
weights  of  the  sever- 
al bodies  m^  m',  m", 
&C.;  2j  the  distance 
of  the  common  cen- 
tre of  gravity  from  a 
horizontal  plane  A  B; 

and  Hj  H\  H'\  &a,  the  distances  of  the  centres  of  gravity 
of  the  bodies  Tin^  m\  m*\  &c.,  &om  the  same  plane..  Then, 
from  the  principle  of  the  centre  of  gravity,  will 

PZ  =  pH  +  p'H'  +p!'H"  +  &C.J: 

and  for  a  second  position  of  the  system,. 


qaqpre—lon  <rf  ttf 
nde; 


dmioBftntloii  of 
thBrato; 


u 
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and  subtracting  the  first  firom  the  second, 
P{Z,-Z)=p{H-E)+p'{H;-H')+p"(H;'-H")+tBa, 


eoncliuton  and 
role. 


And  supposing  the  horizontal  plane  of  reference  to  be 
below  both  positions  of  the  entire  system,  Z^--  Z  \b  the 
vertical  distance  z,  through  which  the  common  centre  of 
gravity  has  ascended  or  descended,  according  as  ^  is 
greater  or  less  than  Z;  H^  -  H,  HJ  -  H',  H/'  -  H"  &c, 
are  the  corresponding  distances  A,  A',  A",  through  which 
the  centres  of  gravity  of  the  bodies  m,  m',  m",  &c.,  have 
ascended  or  descended.  Moreover,  the  products  P  {Z^ — Z\ 
p  {H^  —  H\  p*  {H/  —  JST'),  &c.,  are  the  quantities  of  work 
due  to  the  entire  weight  and  to  the  partial  weights. 
Whence  this  rule,  viz. :  Tfie  total  quarUHy  of  work  dye  to  the 
action  of  the  entire  weight  of  any  system^  is  equal  to  the  sum 
of  the  quantities  of  tvork  of  the  weights  which  ascend,  dimin- 
ished by  the  sum  of  the  quantities  of  tvork  of  the  weights  which 
descend. 


VIII. 


EQUILIBRIUM    OF  A  SYSTEM    OF    HEAVY    BODIBS. 


Equilibrium  of 
lieftTy  bodies; 


§  150. — ^If  the  system  of  heavy  bodies  be  so  connected, 
and  in  such  condition  that  the  common  centre  of  gravity 
continue  on  the  same  horizontal  line,  while  the  bodies  are 
made  to  take  different  positions,  then  wUl  Z,  —  Z==z=iO, 
and  Eq.  (44)  becomes, 


ph  +  p'h'  +p"h"  +  &o.=^0   .    .    (45); 


partial  quantitiei  hcuce,  the  partial  quantities  of  work  of  the  several  bodies 
ieTottiar^^    dcstroy  cach  other,  and,  therefore,  there  must  be  an  equi- 
librium in  the  system,  and  the  least  extraneous  efibrt 
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will  impart  motion.     Such  is  the  condition  of  equilib- 
rium of  a  system  of  bodies  acted  upon  only  by  their         # 
own  weights.     This  equilibrium  presents  itself  under  dif- 
ferent states  according  to  the  positions  of  the  system.     If  the  slightest 
the  position  be  such  that  in  a  slight  derangement  th^'^;;^*'' 
common  centre  of  gravity  descend,  it  will  tend  to  descend 
more  and  more,  and  a  certain  quantity  of  work  will  be 
requisite  to  restore  it  to  its  primitive  position.     Such  an 
equilibrium  is  said  to  be  unstable^  because  the  system  unstable 
tends  of  itself,  on  slight  derangement,  to  depart  from  it.  •<i"^»"*"»* 
On  the  contrary,  if  on  slightly  displacing  the  system,  the 
common  centre  of  gravity  ascend,  this  displacement  will 
require  the  expenditure  of  a  certain  quantity  of  work 
^which  the  weight  of  the  system  tends  to  restore;   the 
equilibrium  is  then  said  to  be  stxjbk^  because  the  system  is  stawe 
urged  by  its  own  weight  to  return  to  its  primitive  state  ^       °"' 
-when   abandoned  or  left  to  itself.     Finally,  if  during  a 
slight  derangement,  the  centre  of  gravity  neither  ascend 
nor  descend,  the  quantity  of  work  expended  by  the  sys- 
tem is  always  nothing,  the  system  will  have  no  tendency 
of  itself  to  return  to,  or  depart  from  its  first  position,  and  equiubrinm  or  - 
the  equilibrium  is  sAid  to  be  tnaiffererU, 


Fig.  88. 


§  151. — Take  a  rod  sus- 
pended at  one  end  so  as  to 
turn  freely  about  a  hori- 
zontal axis  A,  and  support- 
ing at  the  other  a  body 
-which  is  symmetrical  in 
reference  to  a  line  drawn 
from  the  axis  A  to  the  com- 
mon centre  of  gravity  G. 
It  is  obvious  that  there  will 
be  an  equilibrium  when  the 
rod  is  vertical.  It  is  more- 
over stable]  for  in  deflect- 
ing the  system,  the  centre  of  gravity  will  ascend  while 


lUafltralion  of 
stable 
equilibriiuB ; 
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fflintntioiL  of 

Qutabto 

aqaUibiinm; 


bolhkiiMb 
UliHtrated  by 
oTtlio 


Pig.  84. 


describing  the  arc  G0\  about  -4.  as  a  centre,  and  a 
certain  amount  of  work  will  be  expended  which  the 
weight  will  restore  as  soon  as  the  deflecting  cause  is  re- 
moved. Indeed,  the  system  will,  when  abandoned,  per- 
form a  series  of  oscillations,  whose  amplitude  about  the 
yertical  A  G,  will  diminish  continually  till  it  comes  to  rest. 

Now  suppose  the  system  inverted ;  if  the  rod  be  per- 
fectly vertical,  the  line  of  direc- 
tion of  the  weight  will  pass 
through  the  point  of  support  J., 
and  there  is  no  reason  why  the 
system  should  move  one  way 
rather  than  another.  It  will  there- 
fore be  in  equilibrio,  but  the  equi- 
librium will  be  unstable;  for, 
however  slight  the  derangement, 
the  centre  of  gravity  Q  will  de- 
scend along  the  circular  path 
G  G\  described  about  J.  as  a  cen- 
tre, and  a  certain  amount  of  work 
will  be  requisite  to  bring  it  back  to  its  primitive  position. 

When  a  cone  ABG^  resting  upon  its  base  BG^  is 
inclined  to  the  position  A* B*  G^  its  centre  of  gravity  Q 
will  ascend  and  describe  an  arc 
GG\  and  if,  in  this  inclined  po- 
sition, it  be  abandoned  by  the 
disturbing  force,  it  wiU  return. 
When  the  cone  is  placed  up- 
on its  vertex,  with  its  centre  of 
gravity  directiy  above  that  point, 
it  will  also  be  in  equilibrio  as  it 
was  when  resting  on  its  base,  but 
the  sUghtest  motion  will  cause  the 
centre  of  gravity  to  descend.  The 
first  position  is  one  of  stdhh^  the 
second  of  u7V8t(jhl&  equilibrium. 

An  elliptical  cylinder  placed  upon  a  horizontal  plane 


Fig.  86. 
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Fig.  81 


Fig.  88. 


Fig.  89. 


is  in  stable  or  unstable  equilibrium,   according  as  the 
smaller  or  longer  axis  of  its  elliptical  base, 
is  perp^idicular  to  tlie  plane. 

A  spberical  ball  upon  a  horizontal 
plane,  is  an  example  of  equilibrium  of 
indifferen/CA.  The  centre  of  gravity  re- 
maining at  the  same  level  however  the 
ball  may  be  displaced,  provided  it  pre- 
serve its  contact  with  the  plane,  the  quan- 
tity of  work  necessary  to  displaxse  it  wiU 
always  be  inappreciable,  and  the  ball  will, 
in  consequence,  have  no  tendency  either 
to  recede  fix>m  or  return  to  its  primitive 
position.  A  perfectly  circular  cylinder 
on  a  horizontal  plane  is  an  example  of 
the  same  kind. 

Some  varieties  of  draw-hridges  are  but  collections  of 
pieces  in  a  state  of  equilibrium  of  indiflference.  And  to 
insure  this  state,  it  is  only  necessary  that  the  common 
centre  of  gravity  of  the  bridge  and  appendages,  shall  pre- 
serve the  same  level  during  the  motion,  in  which  case, 
the  system  will  be  in  equUibrio  m  all  possible  positions. 

Wagons  and  carriages  should,  in  strictness,  require  no 
work  to  move  them  on  a  horizontal  plane,  except  to  over- 
come their  inertia,  and  should,  therefore,  be  so  constructed 
as  to  preserve  their  centres  of  gravity  always  on  the  same 
leveL 

I^  during  the  motion  of  a 
wheel,  it  is  seen  sometimes  to 
quicken  and  sometimes  to  slack- 
en its  motion,  it  is  because  the 
centre  of  gravity  O  is  out  of 
the  axis  of  motion  J.,  and,  there- 
fore, alternately  rises  and  falls 
during  the  rotation.  A  wheel 
whose  centre  of  gravity  is  out 
of  the  axis  of  motion,   passes 


ellipsoid  of 
rerolutton; 


eqailibrium  cf 
IndlfrerenM 
exemplified  by 
the  sphere ; 


by  some  rarietlet 
ofdnw-bridget; 


Fig.  90. 


effect  of  throwing 
the  centre  of 
gravity  out  of  the 
axis  (tf  a  wheeL 


^    I 


166 


NATURAL    PHILOSOPHY. 


The  oommoa 
balance; 


in  the  course  of  a  single  revolution  through  the  conditions 
of  stable  and  unstable  equilibrium,  the  former  occurring 
when  the  centre  of  gravity  G  crosses  the  vertical  line  B  CJ 
through  the  axis  A^  at  the  lowest  point  0,  and  the  latter 
when  it  crosses  the  same  line  at  the  highest  point  0\  of  its 
path. 

The  common  balance  consists  of  a  horizontal  arm 
A  Bj  mounted  upon  a  knife-edge  Z),  resting  upon  the  sur- 
face of  a  circular  opening  made  in  the  end  of  a  vertical 
frame  0,  which  is  supported  by  a  hook  attached  to  a 
fixed  point  K  The  ends  of  the  balance  carry  basins  of 
equal  weights,  one  of 


which  receives  a  sub- 
stance to  be  weighed, 
and  the  other  the  stand- 
ard weights  previously 
determined.  The  bal- 
ance may  be  stabk, 
unstable,  or  indifferent, 
the  podtton  of  ite  according   as  it  tends 

centre  of  gravUy;  ^  ^^^^^^  ^  ^  horizon- 
tal position  when  de- 
flected from  it,  to  over- 
turn, or  to  retain  any 
position  in  which  it 
may  be  placed.  Refer- 
ring the  entire  system 


Fig.  91. 


jp 


^' 


£' 


when  etable ; 

naitable; 

tadilfeient; 


to  any  horizontal  plane  A'B\  and  taking  the  sum  of  the 
products  which  result  from  multiplying  the  weight  of  each 
piece  by  the  distance  of  its  centre  of  gravity  from  this 
plane,  and  dividing  this  simi  by  the  weight  of  the  entire 
balance ;  the  quotient  will  give  the  distance  of  the  com* 
mon  centre  of  gravity  of  the  moveable  part  of  the  appa- 
ratus from  the  plane  A'  B\  If  this  distance  be  less  than 
FD,  the  distance  of  the  knife-edge  above  the  plane  of 
reference,  the  balance  will  be  stable ;  if  greater,  the  bal- 
ance will  be  unstable ;  and  if  equal  to  this  distance,  the 
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balance  will  be  indifferent     All  of  wbich  supposes  theeentraorgnTitf 
common  centre  of  gravity  to  fall  somewhere  on  the  vertical  ^^^JlJ^i*^^ 
line  FD^  passing  through  the  knife-edge.  of  nipport. 


IX. 


£QUILIBBinM    OF     SEVERAL     FOBGES,      VIBTUAL 
VELOCITIES,   AND  MOTION   OF  A   SOLID  BODY. 

§  152. — To  find  the  conditions  of  equilibrium  of  several 
forces,  P,  QjR^  Sy  &c,  applied  to  different  points  of  a  solid  Equiubrtmnof 
body,  take  in  the  interior  of  the  body  three  points  a,  6,  c,  ^!^J^^^gdy. 
and  regard  these  points  as  the  vertices  of  an  invariable 
triangle  abc;  resolve  each  force  into  three  components 
nv'hose  directions  shall  pass  through  the  given  point  of 
^plication  and  the  vertices  a,  b,  and  c.  In  this  way  we 
shall  be  able  to  replace  the  given  forces  by  three  groups 
of  components,  the  directions  of  each  group  having  a  com- 
mon point  at  a,  b,  or  c.  Each  of  these  groups,  having  a 
oommon  point,  may  be 


Fig.  08. 


replaced  by  a  single 
resultant,  and  thus,  the 
equilibrium  of  the  giy- 
en  forces  is  reduced 
to  that  of  three  forcea 
Gall  the  resultant  of 
the  group  having  the 
conunon  point  a,  JT; 
that  of  the  group  hav- 
ing the  common  point 
bj  Y;  and  that  of  the 
group  having  the  com- 
mon point  c,  Z.  These  three  forces  being  in  equilibrio,  thraeiiiigto 
the  equilibrium  will  not  be  affected  by  supposing  the  three        ' 


the  glTon  Ibroai 
nuij  be  replaced 
bj  three  gioupe 
ofeomponente; 


■BdtheMbr 
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an  equilibrium 
reqnirea  these 
three  to  act  in  the 
aame  plane; 


the  refoltant 


lines  abj  be,  and  ca,  to  become  fixed  in  succession.    The 
line  a  6  being  fixed,  the  forces  Xand  Tj  whose  directions 
intersect  it,  will  be  destroyed  by  its  resistance,  and  if  the 
third  force  Z,  does  not 
act  in  the  plane  a  be,  it  Rg.  92. 

will  cause  the  system 
to  turn  about  ab;  the 
same  may  be  shown  of 
the  forces  X  and  Y, 
The  forces,  X,  Y,  Z, 
must,  therefore,  act  in 
the  same  plane;  and 
in  order  that  they  may 
be  in  equilibrio,  the  re- 
sultant of  either  two 
of  them  must  be  equal 
and  directly  opposed  to  the  third;  that  is  to  say,  the 
resultant  of  the  three  must  be  zero.  If  the  resultant  be 
zero,  the  quantity  of  work  is  zero.  The  quantity  of  work 
of  X,  Y,  or  Zjia  equal  to  the  algebraic  sum  of  the  quan- 
tities of  work  of  the  group  of  which  it  is  the  resultant,  and 
thus  the  sum  of  the  quantities  of  work  of  X,  Y,  and  Z^ 
may  be  replaced  by  that  of  the  quantities  of  work  of  the 
forces  grouped  about  a,  b,  and  c.  But  these  last,  taken 
three  by  three,  give  the  quantities  of  work  of  the  proposed 
forces  P,  Qj  R,  S,  &c. ;  so  that  the  fsoim  of  the  quantities 
of  work  of  the  forces  X,  Y,  and  Z,  is  the  same  as  the 
algebraic  sum  of  the  quantities  of  work  of  the  forces  P,  Qj 
the  forma  win  be  i2,  S,  &c.  Whence  we  conclude,  t?icU  several  forces,  ncting 
^i!^^^  tfpon  ike  different  poirUs  of  a  free  body,  wiU  be  in  equilibrio, 
algebraic  som  of  wKcn  the  cdgAraic  sum  of  the  quantities  of  mark  of  the  forces 
is  equal  to  zero. 

Now  suppose  the  body  to 
be  slightly  deranged  from  its 
state  of  rest,  and  let  J.  Jl'  be 
the  path  described  by  the 
point    of  application  A^   of 


the  quantities  d 
WOTk  ia  aero. 


Fig.  93. 


r 
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the  force  P,  in  an  indefinitely  short  time  t  Draw 
A'n  perpendicular  to  A  P;  An  will  be  the  space  de- 
scribed by  the  point  of  application  in  the  direction  of  the 
%rce,  and  the  quantity  of  work  performed  by  P  during 
the  derangement  will  be  Px  An^  or  Pp,  denoting  A n 
by  p. 

The  path  AA'i&  called  the  virtual  velocity  of  the  force  P;  virtui  Toiocitj, 
1«=^,  the  projection  of  the  virtual  velocity;   and  ^1^® ^J^J^^i^it 
product  Pp,  the  virtual  moment  of  the  force  P.  and  niiiMi 

Denoting  by  y,  r,  «,  &c.,  the  projections  of  the  virtual  "**"    * 
Yelocities  of  the  forces  Q^  R^  S^  &o.,  the  quantities  of 
work,  or  the  virtual  moments  of  these  forces,  will  be, 
respectively,  Qq^  Rr^  Ss^  &c;  and  if  the  system  be  in 
equiUbrio,  we  have,  from  the  rule  just  demonstrated, 

Pp+  Qq  +  Rt+  S8  +  kQ.^0  .   .  (46). 

This  equation  is  but  the  mathematical  expression  of  the  principle  or 
principU,  known  under  the  nf^^^-^rtuxd  velocities,  which  ^"^  ^^^"^ 
consists  in  this,  viz. :  when  several  forces  are  in  equiUbrio, 
the  algd/raic  sum  of  their  virtual  moments  is  equal  to  zero. 

§  158. — ^Any   mechanical    device    that   receives   the 
action  of  a  force  or  power  at  one  point,  and  transmits  a  mMhinej 
it  to  another,  is  called  a  machine. 

Conceive  a  machine,  composed  of  wheels  whose  axes 
are  sustained  by  supports,  and  which  communicate  motion 
to  each  other,  either  by 
teeth,  chains,  or  straps, 
on  their  circumferen- 
ces. Suppose  a  force 
or  power  to  be  applied 
80  as  to  turn  the  first 
wheel ;  this  wheel  will 
experience  a  resistance 
from  the  second;  this 
resistance,  in  its  turn, 
beoomes,  for  the  second 


Fig.  94. 


composed  of 
wheels; 
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thti  proceBs  by 
which  the  action 
of  a  motar  ia 
tranamitted; 


wheel,  a  power  which  causes  it  to  rotate  also ;  the  second 
will  experience  a  resistance  f!rom  the  third  wheel,  which 
resistance    becomes    a 


Fi^.  94. 


polnta  of  anpport 
replaced  by 
active  forces ; 


Bum  of  the  virtual 
momenta  for  flrat 
piece; 


power  to  give  it  mo- 
tion, and  so  on  to  the 
end.  But  each  wheel 
experiences  a  reaction 
at  the  points  of  sup- 
port which  keep  it  in 
position,  and  it  is  this 
reaction  that  becomes 
the  means  of  transmit- 
ting the  power  to  the 
following  wheel ;  for 
if  these   points    were 

unsupported,  the  wheels  would  cease  to  act  upon  each 
other  and  the  power  first  applied  could  not  be  trans- 
mitted. 

Now,  replace  the  supports,  by  the  efforts  of  reaction 
which  they  exert :  each  piece  or  wheel  will  become  a  free 
body  subjected  to  the  action  of  the  preceding  piece,  the 
resistance  of  the  following,  and  the  force  of  reaction  by 
which  we  have  replaced  its  point  of  support ;  and  if  the 
piece  be  in  equilibrio,  the  algebraic  sum  of  the  virtual 
moments  of  this  action,  resistance,  and  reaction,  must  be 
equal  to  zero. 

Eepresent  the  power  applied  to  give  motion  to  the 
first  wheel  A  by  Tf^,  the  resistance  of  the  second  wheel 
^  by  ^  and  the  reaction  at  the  point  of  support  of  the 
first  wheel,  by  Gy ;  the  projection  of  the  virtual  velocity 
of  Wi  by  t^i,  that  of  i^  by  r^  and  that  of  Q  by  Ci ;  then 
wiU 

WiWi  +  CiCi  +  Barsi  =  0; 

denoting  the  resistance  of  the  third  wheel  D  hj  B^  the 
reaction  at  the  centre  of  the  second  wheel  by  C^;  and  the 
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projections  of  their  virtual  velocities  by  rj  and  %,  respec- 
tively, 

j^^2    +    Cic2    +    JR^r3    =    0j  iaine  for  second ; 

and  thus  we  may  continue  throughout  the  entire  com- 
bination till  we  finally  arrive  at  the  last  wheel,  to  which 
is  opposed,  ks  a  final  resistance,  the  work  to  be  done.  De- 
noting this  resistance  by  W^,  the  resistance  of  the  last 
wheel  to  the  action  of  the  preceding  by  Bgj  the  reaction 
of  the  support  of  the  last  wheel  by  Ci  ;  and  the  projections 
of  the  corresponding  virtual  velocities  by  We^  r^  and  c^y 
respectively,  we  shall  finally  have, 

-B«^«    +    CeCe    •¥    TFi  t(7«    =    0.  atao  for  the  last; 

But  from  the  nature  of  the  connection,  the  points  of  sup- 
port must  not  move;  their  virtual  velocities,  and  there- 
fore the  projections,  must  be  zero.  Hence,  (^  q  =  0, 
C^  (^  =  0,  .  .  .  Ci  Ca  =  0,  and  the  preceding  equations 
become 

W^w^  +  R^r^  =  0, 
iJi^a     +  i2ir,   =  0, 

=0, 

R.  r,     +W.w,=  0, 


▼irtual  momeato 
(47).        of  points  of 
support,  zero ; 


Subtracting  the  second  from  the  first,  and  adding  the 
third,  subtracting  from  this  result  the  fourth  and  adding 
the  fifth,  and  so  on  to  the  last,  we  finally  obtain 

WilDi    +     WgWe   =    0     .      .      .      (48);        MlntionofmotiTe 

which  shows  us  that  the  quantity  of  work  of  the  final  * 

resistance  is  equal  to  the  quantity  of  work  of  the  power, 

or  that  no  work  is  lost.    In   other  words,  the  qtuintity  nowoAUM, 

of  work  of  the  forces  which  tend  to  turn  the  system  in 

one  direction  is  exactly  equal  to  ih^  quantity  of  vxrrk  of 

those  which   tend  to  turn  it  in  the  opposite  direction. 
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An  examination  of  Eqs.  (47),  will  show  that  the  same 
remark  is  applicable  to  each  piece  of  the  combina- 
tion taken  separately,  and  thus  starting  &om  the  piece 
which  first  receives  the  action  of  th^  force,  and  pro- 
Tool;  woikor  ceeding  to  that  which  does  the  work,  and  which,  on  this 
Surtoftodh***  account^  is  called  the  tooly  we  see  that  the  quantity  of 
work  of  the  power  is  equal  to  that  of  the  tool.  In  a 
word,  where  forces  work  upon  bodies  through  the  medium 
of  machinery,  we  must  distinguish  the  powers  firom  re- 
sistances, and  we  shall  always  find  the  work  of  the  first 
to  be  equal  to  that  of  the  second. 

If  the  bodies  press  against  each  other  in  a  way  to 

produce  a  change  of  figure  and  firiction,  new  resistances 

fheworkof        arise  which  must  be  taken  into  account,  and  the  work 

el^'lrJd  u)"^  of  these  must  be  subtracted  from  that  of*  the  forces  to 

chaiige  flgnre;     obtain  the  work  of  the  tool,  and  hence  such  resistances 

are,  in  general,  a  hinderance  to  the  final  work  to  be 

accomplished. 

If  the  equilibrium  is  to  be  maintained  while  the 
workMtimated  machine  is  at  rest,  then  must  the  quantity  of  work  be 
dfspiaceme^to  estimated  by  the  aid  of  a  supposed  displacement,  as  in  that 
avoid  inerti*;      case,  the  influence  of  inertia  will  be  avoided. 

If  the  equilibrium  is  to  exist  during  a  uniform  motion 
the  ume  In        of  the  machine,  the  quantity  of  work  must  be  computed 
rmmo   n,  ^^jj^  ^^  actual  motiou  of  the  points  of  application,  for 
then  the  inertia  will  again  be  excluded. 

But  if  the  equilibrium  is  to  take  place  during  an 
when  the  motion  acceleration  or  retardation  of  the  motion,  the  inertia  of 
workoftoertu     ^^  picccs  will  uo  longer  be  zero,  and  must  be  compre- 
comea  Into  the     hcudcd   amoug  the  powers  and   resistances.     The    con- 
ditions of  the  motion  must,  however,  always  be  the  same ; 
that  is  to  say,  the  work  of  the  powers  must  be  equal  to 
that  of  the  resistances,  augmented  by  the  work  of  inertia 
when  the  motion  is  accelerated,  and  diminished  by  the 
same  work  when  the  motion  is  retarded. 

§  154. — ^Whenever  the  forces  applied  to  a  body  accd- 
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erate  or  retard  its  motion,  the  inertia  of  the  body  is 
developed;  and  by  virtue  of  the  principle  that  action  is 
equal  and  contrary  to  reaction,  this  inertia  must  be  in  Relation  of  the 
equilibrio  with  the  forces;  that  is,  the  quantity  of  work  J^l^'^^kofau 
of  inertia  will  be  equal  to  the  sum  of  the  simultaneous  other  towei; 
quantities  of  worK  of  the  forces  which  urge  the  body  in 
one  direction,  diminished  by  the  quantity  of  work  of 
those  which  urge  it  in  the  opposite  direction.    But  we 
have  seen,  §  85,  that  when  the  body  takes,  at  different 
instants  of  time,  two  velocities  which  differ  from  each 
other,  the  work  of  inertia  is  measured  by  half  the  differ- 
ence of  the  living  forces  possessed  by  the  body  at  these 
instants,  or  by  half  the  living  force  gained  or  lost  in  the 
interval,  according  as  the  motion  has  been  accelerated  or 
retarded.     Hence,  ^  totai  work  of  several  forces  acting  upon  the  toua  wofk  of 
a  body  J  during  any  time^  is  always  equal   to  half  of  ^^^to'^the 
Umng  force  gained  or  lost  by  the  body  during  the  same  !*▼*««  force  lort 
(tme. 

Suppose,  for  example,  a  projectile  whose  weight  is  P,  to 
leave  the  point  A  with  an  initial  velocity  V.     K  its  weight 
did  not  act,  the  body  would  pursue  its  primitive  recti- 
lineal path  A  T. 
But  by  virtue  of 


or  gained; 


Fig.  96. 


the  weight,  which 
would  act  alone 
in  vacuo,  the 
projectile  is  con- 
tinually deflected 
fiom  this  path, 
and  will,  in  conse- 
quence, describe  a 
curve  line  A  BD; 
and    we    know, 

§  112,  that  when  a  body  describes  any  curve  under  the 
action  of  its  weight  alone,  the  work  is  equal  to  the 
weight  of  the  body  into  the  difference  of  level  of  its  two 
positions.    Thus,  in  the  case  before  us,  while  the  projectile 


fflnatratlon-^e 
case  of  a 
projectile; 
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is  passing  from  AtoB,  the  work  expended  by  its  weight 
wHlhe  Px  BO,  otPxH,  by  Siaking  J?(7=  K 
Denoting  by   F', 


the  velocity  of  the 
the  living  force  at  projectile  at  B,  its 

two  point.;  j.^^g    f^^    ^^    ^j^ 

point  will  be 

9 
and  at  A,  it  was 


K 


Fig.  96. 


and  its  loss  of  living  force,  in  passing  from  ^i  to  jS, 


loMorg^nof 
liTiBg  force ; 


-(7"-  r^, 


the  half  of  which  is  the  quantity  of  work  of  the  extraneous 
forces,  (in  this  case  the  body's  weight,)  in  the  same  time, 
and  hence 


equal  to  double 
the  work  of  the 
force; 


relation  of 
Telocity  to 
dlflbrence  of 
level; 


^^^r-r^^ps, 


or 


V^^  V'^  ^  2gH    .    .    .    (49). 

Thus  the  difference  of  the  squares  of  the  velocities  in  any 
two  positions  of  the  projectile,  moving  in  vacuo,  is  equal 
to  the  difference  of  level  of  the  two  positions,  multiplied 
by  twice  the  force  of  gravity.  When  the  projectile 
arrives  at  27,  then  will 


J5r=  0;    and     V^  --  V^  -  0; 
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that  is  to  say,  the  velocitj  will  be  equal  to  what  it  TeioeityMmeon 

•»■««  A  4-    A  the  ••me  level ; 

was  at  A. 

From  Eq.  (49),  it  is  obvious  that  while  the  projectile  Telocity  on 
is  on  the  ascending  branch  of  the  curve,  its  velocity  di-  J^^^"*^ 
minishes,  and  while  on  the  descending  branch  its  velocity,  branch  of  curre; 
on  the  contrary,  increases. 

The  description  of  the  trajectory  or  curve  ABD  in 
yacao,  is  obtained  by  very  simple  considerations,  founded 
upon  the  independence  of  the  motions  of  the  same  body,  the  cure  in 
and  of  the  action  of  forces  which  solicit  it  in  the  directions  ^^^^  '*"^' 
of  these  motions,  (§  105  and  108.)  The  body  may  be  re- 
garded as  animated  by  two  motions,  one  horizontal  in  the 
direction  A  x,  the  other  vertical  in  the  direction  A  y.  The 
initial  velocities  in  the  directions  of  these  motions  are  the 
components  of  the 


Fig.  96. 


initial  velocity  V^ 
computed  by  the 
principle  of  the 
parallelogram  of 
velocities.  After 
the  body  leaves  the 
point  -4,  it  will  be 
subjected    to    the 

action  of  no  motive  force  in  the  horizontal  direction;  the 
horizontal  component  of  its  velocity  will  be  constant,  and 
the  spaces  described  in  this  direction  in  equal  times  will 
be  equal.  Denote  the  angle  xAThj  a;  the  space  de- 
scribed in  the  horizontal  direction  Axhj  x^  and  the  time 
required  for  its  description  by  ^  then  will 

T7-               .  /rrf\\         Bpnce  described 

X    =      K  COS  at (50).        horizontmiy  in 

the  time  ( ; 

But  in  the  vertical  direction,  the  weight  will,  during 
equal  times,  diminish  the  component  of  the  initial  ve- 
locity, in  that  direction,  by  equal  degrees;  the  motion 
will  be  uniformly  varied,  and  the  spaces  described  in  the 
direction  of  the  vertical  A  y,  in  the  time  t,  will  be  given 
by  Eq.  (12),  after  substituting  Fsin  a  for  a,  ^  for  T,  and 
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ipaoeinMune 
time  in  veittctl 
direction; 


the  true  position 
of  the  projectile 
at  anj  iosUuit ; 


y  for  Vy.    Hence,  denoting  the  vertical  space  by  y,  we  get 


y  =   Fsin  at  —  \gfi    . 


(51). 


the  equation  of 
the  curTe 
deeoribed— a 
parabola; 


»«ige; 

angle  of 
protjecUon; 


The  true  positions  of  the  projectile,  which  are  but  points 
of  the  curve  A  B  D^  are  given  by  the  intersections  of  a 
vertical  and  horizontal  line  drawn  at  distances  from  A^ 
equal  to  the  spaces  y  —  Ayi,  and  x  =  Axi^  simultaneously 
described  in  these  two  directions.  To  find  these  distances, 
it  will  be  sufficient  to  substitute  a  given  value  of  ^  in 
equations  (50)  and  (51). 

Eliminating  t   &om    these  same  equations,   and  re- 
ducing, we  find 

9 


y  =  tan  a.x  — 


2  F*.cos»a 


a?. 


(52); 


which  is  an  equation  of  a  parabola.  Hence,  the  curve 
described  by  a  body  when  thrown  in  a  direction  oblique 
to  the  hori2son,  and  acted  upon  alone  by  its  own  weight,  is 
a  parabola. 

The  horizontal  distance  intercepted  between  the  point 
of  projection  A,  and  the  point  D  where  the  projectile 
attains  the  same  level,  is  called  the  range.  The  angle 
xAT=  a^\B  called  the  angle  of  projection. 

To  find  the  range,  make  y  =  0,  in  Eq.  (52),  and  find 
the  corresponding  value  of  x.    Making  y  =  0,  we  have 


0  =  tan  ax  — 


2F*cos"a 


A 


whence 


oj  =  0, 

2  F*  sin  a  .  cos  a         ,  ^ 
X  =  =  AJD  =  range; 

and  representing  by  h,  the  height,  due  to  the  velocity  V, 
we  have 


F«  =  2gk 


(58); 
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ifid  denotizig  the  range  hy  B,  and  leooHeoting  that 


2ama.cofla  ^  am2a, 


we  have,  finally, 


This  value  for 
the  range  will  be 
ft  TnaximnTn  when 
a  =  45<»^  in  other 
words,  the  great- 
est range  coires- 
ponds  to  an  angle 
of  projection  equal 
to46^ 


JR  »  2A.sin2a  ....    (64). 

Fig.  97. 


thiBnioBOtfttb 


Since 


sm  2  a  =  Edn  2  (90^*  -  a), 


eomplemaDtiiy 
anglM  glTe  tho 


it  follows  that  the  same  range  may  be  attained  by  two 
azigles  DAT  and  DAT\  which  are  complements  of 
each  oth^r. 

If  in  Eq.  (54),  we  make  «  =  46",  ihen  will 


whence 


22  =  2A, 


h  =  iiJ; 


gTMtefft  raagv 
gi-ren  by  an  aii^ 
of  prcdectioB 
equal  to  45^; 


and  this  in  Eq.  (58),  will  give 


(55). 


That  is  to  say,  if  the  range  corresponding  to  an  angle  of 
45°  be  measured,  the  initial  velocity  may  be  readily 
found,  being  equal  to  the  square  root  of  the  product  of 
this  range  into  the  force  of  gravity.  Squaring  the  above 
equation,  we  obtain 


TBhw  of  Initial 
relocl^  in  terms 
of  greatett  range; 


U 


F«  -^  Bg; 
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and  denoting  by  W,  the  weight  of  the  projectile,  its  living 
force  on  leaving  the  mouth  of  the  piece  fix>ni  which  it  is 
thrown  becomes 


9 


.V*  =^  BW; 


eflbcttre  quantity 
of  ■etion 
imprewed  upon 
tbe  prajectllQ ; 


eprouTOtte ; 


ozampleiorita 


fhete  rMoltt  but 
approiimations 
In  air; 


and  the  effective  quantity  of  action  impressed,  denoted 


Q  =  \RW 


(56). 


It  is  from  this  relation  that  are  obtained  the  results 
of  the  eprouvette^  a  small  mortar  constructed  to  test  the 
relative  strength  of  different  samples  of  gunpowder.  For 
this  purpose,  a  heavy  solid  ball  is  projected  from  it  under 
an  angle  of  45°,  with  small  but  equal  charges  of  different 
kinds  of  powder,  and  the  relative  strength  is  inferred 
from  the  effective  quantity  of  action  impressed. 

For  example,  suppose  equal  charges  of  two  different 
samples  of  powder,  give  R  =  1050  feet,  and  R  =  1086 
feet ;  these  values  substituted  successively  in  Eq.  (56) 
give 

g  =   TF.  525 
Q  =   W.UZ] 

so  that,  the  weights  of  the  projectiles  being  the  same, 
the  strengths  of  the  two  samples  of  powder  will  be  to 
each  other  as  525  to  543. 

This  supposes  the  motion  to  take  place  in  vacuo.  If 
the  trajectory  be  described  in  the  air,  the  resistance  of  this 
fluid  will  diminish  the  velocity  of  the  projectile,  the  curve 
will  cease  to  be  a  parabola,  and  the  results  above  will  be 
but  approximations  to  the  truth.  But  as  the  resistance  to 
the  motion  of  the  same  body  in  air  varies  as  the  square 
of  the  velocity,  these  approximations  may  be  made  as 
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close  as  we  please  by  using  small  charges  and  veiy  dense  thew 

Fojectilea  STTT 

Taking  the  general  case,  without  limitation  as  regards  gtringBmau 
the  velocity  of  a  body  in  air,  the  curve  may  still  be  " 
described,  provided  we  have  a  table  giving,  in  pounds  or  genani  cms  in 
•  any  other  unit  of  weight,  the  resistances  corresponding  to  ^^^^^ 
different  velocities  of  different  calibres.  thromi  into  the 

Thus,  knowing  the  initial  velocity  and  its  two  com-     ' 
ponents,  find  from  this  table,  in  pounds,  the  value  of  the 
initial  resistance,   and  its  horizontal  and  vertical  com- 
ponents at  the  commencement  of  the  motion.    Of  these 
(x>mponent8,  one  is  the  motive  force  in  the  horizontal,  and 
the  other,   added  to  the  weight  of  the  projectile,   thet«bie»of 
motive  force  in  the  vertical  direction.    With  these  forces,  JJ^^Jj^.^ 
supposed  constant  during  a  very  short  time,  compute  by 
the  laws  of  uniformly  varied  motion,  the  loss  of  velocity 
in  these  two  directions  during  this  short  interval;  subtract 
£rom  the  primitive  components  of  the  initial  velocity,  the 
loss  in  their  respective  directions ;  the  remainders  will  be 
new  component  velocities,  of  which,  find  the  resultant, 
and  take  from  the  tables  the  corresponding  resistance. 
This  new  resistance  treated  in  the  same  manner  as  that  ncoeMiTe  Btepi 
due  to  the  initial  velocity,  wiU  give  a  third  resistance,  and  ^bt^tte'^^iace 
this  a  fourth,  and  so  on  indefinitely.     We  thus  obtain  aoftheprojectue 
series  of  components,  forces  acting  for  a  short  time  with  toe^wu^eT****^ 
constant  intensity  in  the  horizontal  and  vertical  direc- 
tions;  with  these  compute,   by  the  laws  of  uniformly 
varied  motion,  the  corresponding  spaces  described  in  their 
respective  directions  by  the  projectile.    The  total  spaces 
simultaneously  described,   obtained  by  adding  together 
the  spaces  corresponding  to  the  same  number  of  con- 
secutive  intervals  from  the  beginning  of  the  motion,  will 
give  the  distances,  Axi  and  Ay^j  which  determine  the 
points  of  the  curve.    The  actual  space  described  by  the 
trajectory  will  be  the  development  of  this  curve. 
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X. 


MOTION  AND    EQUILIBRIUM    OF    A    BODY    ABOUT 

AN    Alia 

The  woit  of  §  155. — ^The  principle  demonstrated  in  §  113,  of  the 

l*'b^'!^ttr"  ^^^^  ^^  *^^^^  ^acting  upon  a  body,  may  be  extended  to 
flzedazii  any  case  whatever.    Let  us  now  apply  it  to  that  of  a 

body  which  is  free  to  turn  about  a  fixed  axis  with  which 

it  is  invariably  connected. 

Conceive  a  force  B,  acting  upon  the  point  -4  of  a  body 

free  to  turn  about  a  fixed  axis  LM;  resolve  this  force 

into  two  others,  the  one  Q, 

parallel  to  Z  ifj  the  other  P 

in  a  plane  perpendicular  to 

this  line,  and  passing  through 

the  point  of  apphcation  A. 
^  Doing  the  same  with  regard 

to  all  the  other  forces  acting 

upon  the  body,  the  system 

will  be  reduced  to  two  groups 

of  forces,  of  which  one  will 

be  parallel  to  the  axis,  and 

the  other  in  planes  at  right 

angles  to  it.    The  algebraic 

sum  of  the  quantities  of  work  of  the  components  is  equal 

to  that  of  the  resultants.    But  the  work  of  the  first  group, 

is  equal  to  the  product  of  their  resultant,  multiplied  by 

the  path  described  by  the  body  in  the  direction  of  this 

resultant,  that  is  to  say,  in  the  direction  of  the  axis ;  but  as 
torediioedtothat  the  body  is  invariably  connected  with  the  axis,  it  cannot 
of  their  movc  in  that  direction,  and  the  path  described  by  the 

cotnpouento  In  . 

piBMfl  point  of  application  of  the  resultant  of  the  parallel  group 

pwpendieiiiarto  ^  nothing,  and  therefore  the  quantity  of  work  is  nothing. 

Thus,  the  total  quantity  of  work  of  the  given  forces  is 
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ledaced  to  that  of  their  oomponents,  in  planes  perpen- 
dicular to  the  axis,  and  passing  through  the  points  of 
application. 

§  156. — ^The  quantity  of  work  of  forces  applied  to  a  The  work  of  the 
.  body  which  can  only  have  a  motion  of  rotation  is  always,  !^^!JJ^[^^  ^ 
as  we  have  jnst  seen,  reduced  to  that  of  their  components  theaxtaj 
in  planes  perpendicular  to  the  axis,  or,  which  is  the  same 
thing,  to  that  of  the  projections  of  the  forces  on  these 
planes.    It  remains  to  determine  this  work. 

Let  P  be  one  of  these  components,  A  its  point  of 
application  upon  the  body,  0  the  point  of  the  axis  in 
which  it  is  cut  by  the  perpendicu- 
lar plane  containing  the  component 
P.  Let  fall  upon  P  A^  the  per- 
pendicular GD^  and  recall  what 
has  been  demonstrated  in  §  116, 
viz, :  that  the  quantity  of  work  of 
a  force  is  always  the  same  wherever 
its  point  of  application  be  taken 
upon  ita  line  of  direction.  The 
quantity  of  work  of  P,  estimated 
by  the  path  described  by  the  point 
Z>,  is  the  same  as  that  estimated  by 
the  path  of  A.  But  the  point  D  describes,  in  the  short 
interval  of  time  t^  an  arc  a^  of  which  CD  is  the  radius, 
and,  hence,  the  quantity  of  work  of  P  will  be  P.  /S 

As  all  the  points  of  the  body  are  invariably  connected 
with  the  axis  and  with  each  other,  they  will  describe 
simidtaneously  equal  angles,  and  consequently  arcs  pro- 
portional to  their  distances  firom  the  axis;  hence  if  S^ 
denote  the  length  of  arc  described  at  the  unit's  distance, 
and  r  the  distance  of  the  point  D  from  the  axis,  then  will 

and  the  quantity  of  work  of  P  becomes  the  qmatitj  of 

workofftilngto 
jP  7*/3|,  oomponent; 
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the  aam«  for 
other 
componente ; 


the  effisctiTe  work 
of  all  the 
components; 


eondulon; 


■ignsof  the 
momenta. 


and  for  forces  of  which  P',  P",  &c., 
are  the  projections,  at  distances  from 
the  axis  equal  to  r',  r",  &c.,  respec- 
tively, we  have  the  quantities  of  work 
measured  by, 

P'r'/Si,     P'V'a^,  &c.  &c. 

Knowing  that  the  total  quantity 
of  effective  work  of  the  given  forces,  -**- 

which  we  will  denote  by  Q,  is  equal  to 
the  sum  of  the  work  of  those  which  tend  to  turn  the  body 
in  one  direction,  diminished  by  the  sum  of  the  work  of 
those  which  tend  to  turn  it  in  an  opposite  direction,  we 
shall  have 

Q  =  S,{Pr  +  P'r"  +  P^'r^'  +  &c.)  .   .   (57). 

But  we  recognize  Pr,  aa  the  moment  of  the  component 
P  in  reference  to  the  axis,  and  the  same  d  PW, 
P"  r",  &c. ;  whence^  the  effective  work  oj[  the  component^  and 
consequently  of  the  force  itself  is  equal  to  the  product  arising 
froffn  TnuUiplying  the  arc  described  at  the  unites  distance  from 
the  aocisj  into  the  moment,  in  reference  to  the  same  line^  of  the 
projection  of  the  force  on  the  perpendicular  plane;  and 
Eq.  (57)  shows  that  the  effective  quantity  of  work  of 
several  forces,  applied  to  turn  a  body  about  an  axis,  is  equal 
to  the  arc  described  cU  the  unites  distance  multiplied  by  the 
algebraic  sum  of  the  mom^ents  of  the  projections  of  the  forces 
on  planes  perpendicular  to  the  axis. 

The  sign  of  the  moments  of  those  forces  which  tend  to 
turn  the  body  in  one  direction,  must  be  different  from 
the  sign  of  those  which  tend  to  turn  it  in  an  opposite 
direction;  in  other  words,  if  the  sign  of  the  first  be 
positive,  that  of  the  latter  must  be  negative. 


§  157. — ^If  the  given  forces  be  in  equilibrio  about  the 
axis,  their  total  work  will  be  zero,  whether  the  body  be 
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at  rest  or  in  motion ;  a  condition  that  can  only  be  fulfilled 
by  making,  in  Eq.  (57), 

Pt  +  P'r'  +,  P"r"  +  &c.  =  0    .     .     (58); 

that  is  to  say,  several  forces  will  be  in  equilibrio  about  a  PowMta 
fixed   axis,   when  the  algebraic  sum  of  the  momentSj   ^^referonoeto* 
rrference  to  this  curis,  of  the  projections  of  the  forces  on  per-  «»«i  •»«•. 
pendicidar  planes^  is  zero. 

§  158. — When  forces  are  applied  to  a  body  to  turn  EztMirionoftte 
it  about  an  axis,  the  motion  of  its  particles  can  only  take  Jjj^^*^^^ 
place  in  planes  perpendicular  to  the  axis ;  if  the  forces  be  of  rotation; 
not  in  equilibrio,  the  motion  will  be  either  accelerated  or 
retarded,  and  will  give  rise  to  forces  of  inertia  which  act 
in  the  direction  of  the  motion,  and  of  which  the  quantity 
of  work  will  be  equal  to  that  developed  in  the  same  time 
by  the  motive  forces.    When  all  the  points  of  the  body 
have  simultaneously  the  same  velocity,  the  total  quantity 
of  work  of  inertia  is  equal  to  the  product  arising  from 
multiplying   half  the   mass   into  the  difference  of  the  • 

squares  of  the  common  velocity  at  the  beginning  and 
end  of  the  interval  for  which  the  estimate  is  made.    But 
when  the  dijfferent  points  have  different  velocities  during 
the  same  time,  which  is  always  the  case  in  a  motion 
of  rotation,  it  is  necessary  to  estimate  at  the  beginning 
and  the  end  of  the  interval,  the  living  force  of  each 
element  of  the  body,  to  take  the  sum  of  those  at  the 
beginning,  and  the  sum  of  those  at  the  end;  the  difference 
of  these  sums  will  be  the  total  increment  or  decrement 
of  living  force  during  the  interval.     The  half  of  this 
living  force  being  the  work  of  inertia,  and  this  latter 
being  equal  to  that  developed  by  the  motive  forces,  or  inrotettoii,tti6 
rather  by  their  projections  on  planes  perpendicular  to  the  ^^'^!^^|?!^ 
axis,  it  is  easy  to  perceive  that  in  the  motion  of  rotation  oomponeBtayto 
of  a  body,  the  work  of  the  perpendicular  components  of  J]J^^^ 
the  forces  is  half  of  the  increment  of  the  living  force  ttTingftwoe^ 
of  the  body.    The  process  of  estimating  the  living  force 
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of  a  body  hayiBg  a  jnotion  of  rotation  will   now  bo 
given. 


theaagQlar 


§  159. — Consider  an  element  m  of  a  body,  situated  at  a 

Denote  by  Fthe 
velocity  whicb  it  has  at  any  in- 


Etttmaieofthd 

b»!iy*turaing '  *   distance  r  from  an  axis  of  rotation  L  M. 

about  a  fixed 

•  stant,  and  by  p  its  weight,  m  its 


Fig.  100. 


mass  =  — .     Then  will  its  living 
9 

force  be  ^ .  F*  or  m  F*. 
9 

K  S  denote  the  space  described 
by  m  during  a  very  short  interval 
of  time  ^  and  Sy  the  space  de- 
scribed  in  the  same  time  by  a  point 
at  the  unit's  distance  from  the  axis, 
we  shall  have 

and  dividing  both  members  by  t. 


S 


=  r 


t 


(59); 


but  we  have  seen  that,  in  any  motion  whatever,  the 
velocity  is  equal  to  the  space  described,  during  a  very 
short  interval  of  time,  divided  by  this  interval,  hence 


t 


=  r, 


Si  ^ 


t 


=  F,; 


rdalioiiof 
•agolarto 
■lw6liiteTeioottyS 


in  which  Vi  is  the  velocity  of  the  point  at  the  unit's  dis- 
tance from  the  axis — in  other  words,  the  angular  velocity; 
and  Eq.  (69)  becomes 
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and  the  living  force  of  m  becomes  m  r*  T^  .  The  simul- 
taneous living  force  of  m\  is  m'  r  TJ*,  and  so  on  of 
others;  and  the  total  living  force  of  the  entire  body, 
denoted  by  L,  becomes 

X  =   "Pi  {mr^  +  m'r'  +  m"  r'^  +  &a)  .  .  (60).  uvingforeeof* 

roUtttng  body ; 

In  which  it  is  to  be  remarked,  that  if  the  hving  force 
changes,  the  factor  Fi  will  alone  vary,  while  the  factor 

{(tth'^ '\'  m* r  ■\'  m"r  +  &c.)  will  remain  constant,  and 
of  course,  appear  in  the  estimate  of  the  new  Hving  force. 
This  quantity,  which  has  been  called  ik&  moment  of  inertia, 
let  us  designate  by  /,  and  we  have 

I  =  mr^  +  m'T^  +  m"  r'^  +  &a  .    .  (60)' 

i=   YIi (60)"; 

whence  we  see,  that  the  living  force  of  a  body  which  tarns  equal  to  the 
dbaui  an  axis,  is  equal  to  the  product  of  the  square  of  its  ^^^^^^^^ 
angtdar  velocity ,  multiplied  by  its  moment  of  inertia,  into  the  moment 

Let  us  suppose  that  at  the  end  of  a  certain  interval,  ^'*"*^'^' 
the  angular  velocity  becomes   Vi,  the  living  force  L\ 
wiU  be 

L'  =   F//; 

and  subtracting  the  preceding  equation  from  this  one, 
we  get 

L    —  x/=jr.  (Tj     —    Y\)       •      •      •      (^1)»  in<»»n»«>t  of 

living  force 
during  any 

for  the  increment  of  the  living  force  during  this  interval,  interrai; 
which  is  double  the  quantity  of  work  produced  by  the 
motive  forces,  or  their  perpendicular  components,  during 
the  same  interval    Denote  by  F,  the  resultant  of  these 
components,  and  by  E,  the  path  described  by  its  point 
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of  application,  estimated  in  its  own  direction  during  the 
interval  in  question;  tiien  will 


•qiial  to  twice  the 
quanttty  of  work 
of  the  motlTe 
forces  In  Mine 
time. 


/.(F/-  F,*)  =  2Jf.^. 


(62> 


From  this  expression  it  is  easy  to  deduce  the  nature 
of  tiie  quantity /.  For  if  we  suppose  the  change  in  the 
angular  velocity  to  be  unity, 


F/-  F,'  =  l, 


and 


/=  2F.E; 


Fig.  101. 


Whatiemeuitby  whcuce  we  couclude,  ihot  the  moment  of  inertia  of  any  hody^ 

ij^J^^        is  twice  the  quantity  of  work  exerted  by  its  inertia,  during  a 

itemeasnro?       change  in  its  angular  velocity  equal  to  unity.     It  is  measured 

by  the  sum  of  the  products  which  arise  from  multiplying 

each  elementary  mass  into  the  square  of  its  distance  from 

the  axis,  Eq.  (60)'. 


§  160. — ^By  the  aid  of  what  has  just  been  explained,  we 
may  find  the  intensity  of  a  motive  force  which  causes  a 
body  to  rotate  about  an  axis,  when 
we  know  the  angular  velocity  at 
any  two  given  instants  of  time,  and 
the  path  described  by  the  point  of 
application  in  the  interval  between 
them.  And  reciprocally,  if  the 
force  and  the  path  described  by 
the  point  of  application  be  given, 
we  may  deduce  the  angular  accel- 
eration. Suppose  a  wheel,  for  ex- 
ample, mounted  upon  a  horizontal 
arbor  and  turned  around  its  axis  by 
a  weight  P,  suspended  from  a  cord 
wound  around  the  arbor ;  required 


Enmple 
UlutnUlTe  of 
the  preceding 
principle ; 


MKGHANIGS    OF   SOLIDS.  18T 


the  angular  velocity  Vi  of  the  wheel  when,  moving  fix)m  wheel  tuned  by 

theeetlo 
weight; 


a  State  of  repose,  the  weight  shall  have  descended  through  ****  ■****"  ^^ 


a  vertical  height  H.    Let  /  denote  the  moment  of  inertia 


a 


of  the  wheel,  then  will  the  living  force  acquired  be  /  Fi , 
and  we  shall  have, 

I.Vi   =  2P.H; 
whence 


and  consequently 


r    _        /2  P .  jy  TtliaeorUke 

1   —     v  r  aogultrTeloetty; 


§  161. — The  fly-wheel  is  a  large  ring,  usually  of  metal,  appueationtoih* 
of  which  the  circumference  is  thrown  to  a  considerable  "^'^  ' 
distance  from  the  arbor  upon  which  it  is  mounted  by 
means  of  radial  arms,  and  is  used  to  collect  the  work  of 
a  moter  when  the  effort  of  the  latter  is  greater  than 
that  required  to  overcome  a  given  resistance,  to  be  given 
out  again  when  the  resistance  becomes  greater  than  the 
effort  of  the  moter.  It  is  a  kind  of  store-house  in  which  to 
husband  work  for  future  use. 

Conceive  one  or  more  forces  to  act  upon  such  a  wheel 
during  an  interval  separating  two  given  instants  at  which 
the  angular  velocities  are  Vi  and  T^'.  The  increment 
of  the  living  force  of  the  fly-wheel  will  be  equal  to 
double  the  effective  quantity  of  work  of  the  moter,  and 
we  shall  have,  retaining  the  notation  of  §  169, 

inorement  of 
0|i  llTing  force  in 


ftnjr  Intenral; 


f/  -  v*  = 


2F.E 
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theTBlueoftlie 
diflnrenoe  of  tha 
■qoareiof  tlM 
yelodtiei ; 


whicli  gives  the  difference  of  the  squares  of  the  aiigukr 
velocities.  If  the  quantity  of  work  developed  by  the 
moter  remain  the  same  during  the  interval,  and,  by 
changing  the  wheel,  the  moment  of  inertia  increase,  the 
fraction 

f     » 


and  consequently  the  difference  of  the  angular  velocities 

at  the  beginning  and  end  of  the  interval,  will  be  less. 

And,  as  the  moment  of  inertia  is  in  the  direct  ratio  of  the 

mass  into  the  square  of  its  distance  &om  the  axis,  it  is 

themouonmaj    plain  that  it  is  always  possible  so  to  construct  a  wheel  as 

ttpproMh^         to  make  its   motion   approximate  to  uniformity,   even 

uniformity;        though  the  motivc  forcc  be  very  great. 

While  the  motion  is  accelerated,  it  is  obvious  that 

the  work  of  the  moter  will  exceed  that  of  the  resistance ; 

'^       the  fly-wheel  will  acquire  an  increase  of  living  force 

which  it  will  retain  till,  on  the  contrary,  the  motion  is 

nieofflj-wiietti;  retarded,  when  it  will  be  again  given  out  in  aid  of  the 

moter,  which  now  becomes  less  than  the  resistance. 

There  are  certain  machines  whose  tool  cannot  perform 
its  work  without  the  fly-wheel.  This  is  strikingly  ex- 
emplified in  the  instance  of  the  common  saw-mill,  in  which 
it  is  obvious  that  the  work  during  the  ascent  and  descent 
of  the  saw  is  very  different;  the  work  of  the  moter 
exceeds  that  of  the  tool  or  saw  during  one  semi-oscillation, 
exempuiied in  whilc  tlie  revcrse  takes  place  during  the  other;  in  the 
■awHuiir^  first  case,  the  saw  is  merely  elevated  and  the  fly-wheel 
absorbs  living  force;  in  the  second,  this  living  force  is 
given  out  to  aid  the  moter  in  overcoming  thfe  resistance 
opposed  to  the  saw,  which,  in  its  descent,  sinks  into  the 
wood  and  is  thus  made  to  perform  its  work. 

§  162. — ^If  the  elementary  mass  m,  receive  in  the  short 
interval  %  the  velocity  F,  and  we  denote  by  /  its  inertia, 
we  shall  have,  Eq.  (28), 
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J    ^        I      i  the  axis  at  which 

therMoltaat 
i&Artiaora 

and  for  any  other  masses  m',  m",  &c.,  whose  acqmredrotatiiigbodyto 
velocities  in  the  same  time  are  F',  F",  ewrted; 

m"  V" 
f"  =  ^V-.  ^ 

Iff  moreover,  the  masses  m,  m',  m",  &c.,  form  parts  of 
a  body  which  has  a  motion  of  rotation,  their  velocities 
will  be  proportional  to  their  respective  distances  from  the 
aria.  Denoting  these  distances  by  r,  r',  r",  &c.,  and  by 
Vi  the  small  degree  of  velocity  impressed  upon  the  point 
at  the  unit's  distance  fix)m  the  axis,  we  shall  have 

r^zrV,]     r  =  r'  Fi;     V"  =  r"  Fi; 
which  in  the  above  equations  give, 

TT  y  "p"  TBlueofthe 

/=  mr.^;    /'  =  m'/.— ^;    /"  =  m"r"--^;  &c.  partial foroM of 

t  t  t  inertia; 

Bat^  if  this  mcrement  of  angular  velocity  T^,  has  been 
impreBcsed  upon  the  body  by  a  force  F^  whose  direction 
is  perpendicular  to  the  axis,  and  applied  at  a  distance 
£roni  it  equal  to  if,  this  force  is  the  measure  of  the  inertia 
(rf  the  body,  and  will  be  in  equilibrio  with  all  the  partial 
ibrces  of  inertia  /  /',  /",  &c.  But  these  latter  act  in 
directions  tangent  to  the  circles  described  by  the  masses 
m,  m\  fn'\  &c.,  about  the  axis,  and  hence,  §  157, 

FB  -  (Jr  +  fr'  +  /"  r"  +  &c.)  =  0 ;  equiubrium  of 

ttieae  witt&  the 


oar 


FB  -  ^(mr^  +  m' r^  +  m'' r"^  +  &c.)  =  0; 


motiTe  force 
equal  to  tiMr 
reaoUant; 
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the  moment  of 

the  Inertia 


but  the  expression  within  the  brackets  is  the  moment  of 
inertia  /,  and  therefore 

F.R  ^^.I  .    .    .    .    (63); 

actually  exerted ;  t  ^ 

whence  we  see,  that  the  moment  of  the  inertia  exerted  by  a 

body  while  receiving  a  motion  of  rotation  about  an  axis,  is 

equal  to  its  moment  of  inertia  in  reference  to  the  same  axis, 

multiplied  into  the  quotient  arising  from  dividing  the  small 

degree  of  angular  velocity  communicated,  by  the  element 

dietincUon  of  the  time  during  which  it  is  impressed.     Notwithstand- 

and^what  is        ^^8  *^®  clqse  analogy  which  exists  between  the  moment  of 

usually  called  the  the  inertia  of  a  body,  and  what  has  been  called  the  moment 

inerua;  ^f  ^Vi^rftii,  they  must  not  be  confounded  with  each  other. 

Y 
The  former  is  converted  into  the  latter  by  making  -j 

equal  to  unity. 

From  Eq.  (63)  we  find 


Tilaefiirtha 
■ngolarTelodty) 


Vi   —  f  ....      (64), 


from  which,  having  given  the  motive  force  that  im- 
presses a  motion  of  rotation  upon  a  body  about  an  axis 
perpendicular  to  its  direction,  we  may  find,  at  each  instant 
of  time,  the  angular  velocity  communicated,  provided  we 
can  calculate  the  moment  of  inertia  of  the  body  in 
reference  to  the  same  axis.  And  from  this,  it  is  possible, 
bow  oaed.  by  means  of  a  curve  which  has  for  its  abscisses  the  series 

of  times  t,  and  for  its  ordinates  the  velocities  Vi  acquired, 
to  determine  all  the  circumstances  of  the  motion  of  rota- 
tion. 

§  163. — The  moment  of  inertia  of  a  body  with  refer- 
Meeanreaorthe    eucc  to  any  axis,  wc  havc  seen,  is  measured  by  the  sum  of 
^^^!*^       the  products  which  arise  from  multiplying  each  elemen- 
tary mass  into  the  square  of  its  distance  from  the  axis. 
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Of  all  the  moments  of  inertia  of  the  same  body,  those  are 
easiest  obtained  which  refer  to  axes  through  the  centre  of 
gravity.  It  is,  therefore,  important  to  be  able  to  find  the 
moment  of  inertia  with 


ihoM  In  refBrenoe 
to  ftxes  through 
centra  of  grarity 
Mwiaat  obtained ; 


fig.  102. 


reference  to  any  axis, 
by  means  of  that  taken 
with  reference  to  a  par- 
allel  axis  through  the 
centre  of  gravity. 

Let  QH  be  this 
latter  axis,  LM  B,nj 
parallel  axis,  m  an  ele- 
mentary  mass  of  the 
body  GKR,  through 
which  element  conceive 
a  plane  to  be  passed  per- 
pendicular to  the  axes, 
and  cutting  them  at  the 
points  a  and  b.     Join 

m  with  a  and  5,  and  let  fSall  firom  m,  the  perpendicular 
fne  upon  a 6.  Designate  mJ  by  r,  ma  by  r^,  a 5  by 
Dj  and  aehy  d;  we  shall  have 

and  multiplying  by  the  mass  m^ 

mr^  =  mr,*  +  mD^  +  2mDd; 
and  for  the  masses  m',  m",  m"\  &c., 


that  in  referenee 
to  any  axis,  In 
tannsof  the 
moment  in 
raferenoe  to  a 
parallel  axis 
through  centre  of 
gravity; 


m 


r^   =  w'  r/   +  m'  D^  +  2m'  Dd', 


Ac.,  &c.,  &c. 

2>,  which  is  the  distance  between  the  two  axes,  remaining 
obviously  the  same  in  all. 
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Adding  these  equations  together,  and  denoting  the 
moment  of  inertia  in  reference  to  the  axis  QHhj  I^  and 
that  in  reference  to  £if  by  ij  we  find 

the  imn  of  an 

theptttild  /==  /i  +  D^{m  +  m'  +  m"  +  &c.)  +  2D{rnd  +  m'cf 

momenta ; 


but  m  +  m'  +  m"  +  &C. 
is  the  entire  mass  of 
the  body,  and  md  + 
m'd'  +  m"d"+&c.  is 
the  sum  of  the  prod- 
ucts which  result  fix)m 
multiplying  each  mass 
into  its  distance  &om  a 
plane  through  the  centre 
of  gravity,  which  sum 
is  equal  to  zero.  Hence, 
designating  the  mass  by 
My  we  have 


Fig.  \QX 


naoltlBgTtfaie; 


J  =  /,  +  MD* 


(65); 


oondnaioii. 


whence  we  conclude  that,  the  moment  of  inertia  of  a  body^ 
taken  vrith  reference  to  any  axis,  is  equal  to  the  moment  of 
inertia  taken  with  reference  to  a  parallel  axis  passing  through 
the  centre  of  gravity,  increased  hy  the  product  of  the  entire 
mass  of  the  body  into  the  square  of  the  distance  from  the  centre 
of  gravity  to  the  first  axis. 

It  follows  firom  this  theorem,  that  if  the  distances 
viiiMrhenme  of  the  particles  of  the  body  from  ite  centre  of  gravity 
be  small  in  comparison  with  the  distance  of  this  point 
from  the  axis  of  rotation,  we  may  take,  for  the  moment 
of  inertia,  simply  the  product  of  the  mass  into  the  square 
of  the  distance  of  the  axis  from  the  centre  of  gravity. 
Finally,  if  Eq.  (65)  be  multiplied  by  the  square  of 


linear  dtmensiona 
of  the  bodiea  are 
amalliin 
oompariaon  with 
tlieir  diataaoea 
fh>m  the  axia ; 
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the  angalar  velooitj,  T^,  with  which  the  body  turns  about 
the  axis  LM^  we  shall  have 

Fi"./=   Fi'/i  +  M.B'yI  .    .    (66);     ^•ofme 

Uringforee; 

but  Fi  Z  is  the  living  force  of  the  body ;  Fi  ii  is  the 
living  force  it  would  have,  if  it  rotated  about  a  parallel 
axis  through  the  centre  of  gravity  with  the  same  angular 
velocity  Fi;  M.D^  V^  is  the  living  force  of  the  same 
body  supposed  concentrated  at  its  centre  of  gravity. 
Whence,  the  living  force  of  a  body  which  rotates  about  any 
axis^  is  eqvxd  to  the  living  force  of  the  same  body  concentrated  oxpnmod  jb 
at  its  centre  of  gravity,  augmented  by  that  which  it  would  ^^  ' 
jpossess  if  it  turned,  with  the  same  angular  velocity,  about  a 
parallel  ascis  through  the  same  centre. 

Finally,  when  the  body  is  so  small  that  Ii  Fi*  may  be 
neglected  in  comparison  with  M.  D*  V^y  we  have  simply 

V^I^M.D^Vi        .      .      .      (66):;        value  when  l^ 

linear  dimanalont 

that  ia  to  say,  the  living  force  of  the  body  id  equal  to  the  veiy  ■mau^aT' 
product  of  its  mass  into  the  square,  D*  V^^  o{  the  velocity  «>mp«ed  with 

.  .  •  .  Its  distance  ttom 

of  Its  centre  of  gravity.  the  axis. 

§  164. — Thus  far  the  moment  of  inertia  of  a  body  has 
been  expressed  in  terms  of  its  elementary  masses.    If  the  Moment  of  inertia 
body  be  homogeneous  and  the  specific  gravity  oi»  weight  oJ SrtrUneaT™* 
of  a  unit  of  its  volume  be  denoted  by  ^,  its  elementary  dimenaionaand 
volumes  by  a,  a',  a",  &c.,,  and  masses  by  m,  m',  m",  &c.,  ' 

we  shall  have 


jf 


Sa           ,       Sa^          „      6  a'    . 
m  = ::     m  = ;      m    =  ,  &c. :. 

9  9'  9 

and  these  in  the  general  expression  ij  of  the  moment  of 
inertia,  give 

/  =   "t(«^   +   «'*•'*   +   <»"^"*   +   *»•)'?  itsgwiwalnaiw; 


1 
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rale; 
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that  is  to  say,  to  find  the  moment  of  inertia  of  any  homo- 
geneoufl  body,  find  the  value  of  a  r*  +  a'  r'*  +  a*W^  +  &c., 
and  multiply  it  by  the  quotient  arising  firom  dividing  the 
specific  gravity,  or  weight  of  a  unit  of  its  volume,  by  the 
force  of  gravity. 


moment  of  Inertia 
of  a  straight  bur, 
in  reference  to  a 
perpondlcnlar 
axis  througb  its 
middle; 


§  165.— 1st.  The  moment 
of  inertia  of  a  straight  bar 
whose  length  is  a  and  cross 
section  i,  in  reference  to  an 
axis  passing  through  its  mid- 
dle point  -4,  and  perpendicu- 
lar to  its  length,  is  given  by 


a 


Fig.  108. 
A 


D 


that  of  a  right 
cylinder,  in 
reference  to  its 
own  axis; 


-5  =    6  .  (Aa*),  —  very  nearly. 

if 


2d.  The  moment  of  in- 
ertia of  a  right  cylinder 
having  a  circular  base,  with  - 
respect  to  an  axis  through 
its  centre  of  gravity,  and 
coinciding  with  its  axis  of 
figure,  is  given  by  the  equation 


Fig.  104. 


e 


:±) 


'K  8 

in  which  r  is  the  radius  of  the  base,  c  the  length  of 
the  cylinder,  and  *  the  ratio  of  the  circumference  to  the 
diameter  of  a  circle. 

8d.  The  moment  of  inertia  of  a  circular  ring,  whose 
ttaatofaoirauiar  sectiou  by  a  plane  through  its  centre  of  figure  is  rectanga- 
J^'  "**  lar,  taken  with  reference  to  an  axis  through  its  centre  of 

perpendicular     gravity  and  perpendicular  to  its  plane,  gives 

axis  through  ita 
centre; 


MECHANICS    OP    SOLIDS. 


196 


in  which  r  is  the  mean  radiuSy 
or  that  of  a  circle  whose  cir- 
cnmference.  is  midway  be- 
tween  the  inner  and  outer 
surface  of  the  ring,  a  the 
thickness  parallel  to  the  axis, 
and  h  the  thickness  in  the 
direction  of  the  radius. 


Fig.  106. 


Fig.  106. 


4th.  That  of  a  spherical 
segment  taken  in  reference  to 
a  diameter  passing  through 
its  centre  of  gravity,  or  mid- 
dle, gives 


f]uiiofaq>herioal 
•egmoit,  in 
reference  to  ita 
▼enedilae; 


If 

in  which  /  denotes  the  versed  sine  of  the  segment,  and  r 
the  radius  of  the  sphere ;  and  for  the  entire  sphere, 


9 


of  a  ■^ere,  In 
rallBraiioe  to  a 
diametOT; 


6th.  That  of  a  right  cone 
having  a  circular  base,  taken 
with  reference  to  the  axis  of 
figure  gives, 


Fig.  107. 


that  of  a  eone,  In 
referanbt  to  lli 
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Fig.  108. 


uittofa  and  that  of  a  truncated  right 

to^ttMrn^    cone,  having  circular  bases, 


ttuitof  an 
ttUipiold; 


*      7*  —  r*^  6 

10     r  —  r  g 

in  which  r  and  r'  are  the  Tadii  of  the  greater  and  smaller 
bases  respectively,  and  a  the  altitude. 

Fig.  109. 


6th.  The  moment  of  in- 
ertia of  an  ellipsoid  is  given 

by 


tbatofm 
rectangular 


Fig.  110. 


if 

in  which  a,  6,  and  c  denote  the  three  axes,  and  the  moment 
being  taken  with  reference  to  the  axis  a. 

7th.  That  of  a  rectangular 
parallelopipedon,  of  which  the 
three  contiguous  edges  are  a, 
b,  and  c,  taken  with  reference 
to  an  axis  passing  through  its 
i^i^pedoo;  ce'itre  of  gravity  G,  and  par- 
allel to  the  edge  a, 

Ti  =  ^abc{cfl  +  l^  X  —. 

The  same  taken  in  reference  to  aii  axis  through  the  middle 
of  the  £ace  ah  and  parallel  to  a, 


tlM  sane  for  ft 
dUbrentasds; 
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8tlu  That  of  a  right  prism  ' 
having  a  trapezoidal  base  of 
which  the  greater  and  less 
parallel  sides  are  respectively 
b  and  V  and  distance  between 
them  c,  the  altitude  of  the 

prism  being  o^  and  the  moment  taken  with  reference  to 
an  axis  through  the  middle  of  the  side  b,  and  parallel 
to  the  altitude  a, 


that  of  a  right 
print  with 
trapesoidal  baae 


I  =:  ac  ( 


b  +  b\      .V  +  h^        c     5  +  86' 


24 


6     b  +  b 


-)x 


9 


Fig.  112. 


9tli.  If  the  trapezoidal 
base  ot  the  above  prism 
be  replaced  by  a  segment 
of  a  parabola,  of  which 
c  is  tlie  length  of  the 
transverse    axis,   and  & 
that  of  the  chord  per- 
pendicular to  it^  and  which  terminates  the  parabola,  the 
moment  of  inertia,  with  reference  to  an  axis  parallel  to 
ihe  altitude  and  passing  through  the  middle  of  6,  is 
given  by 


the 

the  base  beoomat 

aaegmeiitofa 

panbcda. 


/=  faic( 
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)  X  — . 

/  a 


§  166. — ^We  shall  close  this  subject  with  an  example  Appitoauonto 
for  the  sake  of  illustration,  and  we  shall  first  take  that  «™»p'"» 
of  a  trip-hammer,  whose 
weight  is  P,  mounted  up-  j-ig.  n^ 

on  a  handle  in  the  shape 
of  a  rectangular  paral- 
Idopipedon  which  turns 
fi^y  about  an  axis  0,  at 
right  angles  to  its  length. 
Denote  by  R^  the  distance 
of  the  centre  of  gravity  of  the  head  B  from  the  axis  0. 


that  of  a  oommoA 
trip-hammer; 
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Iha  momeiit  of 
InertU  of  the 


K  the  linear  dimensions 
of  the  head  be  small  com- 
pared with  this  distance, 
its  moment  of  inertia  will 
not  difier  much  fix>m 


X  iP, 


Fig.  iia. 


and  that  of  its  handle  is  given  in  reference  to  an  axis 
through  its  centre  of  gravity  by  the  7th  case,  or 


that  of  the  handle 
with  reference  to 
its  centre  of 


^abc{d^  +  V).j; 


and  denoting  by  JSTJ  the  distance  of  the  centre  of  gravity 
of  the  handle  &om  the  axis,  its  moment  of  inertia,  with 
reference  to  the  axis  0,  becomes,  Eq.  (65), 


or 


with  reference  to 
the  Aiie; 


g         12    ^  '       g 


P' 


J«  +  a« 


(^  +  ^)i 


the  moment  of 
the  entire 
hammer; 


since  ahc  6  =  P',  the  weight  of  the  handle.    The  total 
moment  of  inertia  is,  therefore,  given  by 


a  a     \  12     y 


The  process  for  finding  the  moment  of  inertia  of  the 

fly-wheel  is  much  simplified  by  the  fact  that  all  its  parts 

moment  of  inertu  Bxe  nearly  at  the  same  distance  fi*om  the  axis.    Thus,  by 

or  the  fly-wheel;  ^jijUj^  j^  ^q  mean  radius  of  the  wheel,  we  may  take 


—  5  ■  for  wr"  +  m'  r  +  m"  r    +  &c. ;  and  hence. 
g  ^ 
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P 

Ii  =  —  -B*;  UiTiaiM; 

and  denotang  the  angular  velocity  of  the  wheel  by   "FJ, 
its  living  force  wiU  be,  §  159, 

g     ^  ^    '    ^l'  Uieflrirliert; 

To  j6nd  the  angular  velocity  of  the  wheel,  count  the  num- 
ber of  its  revolutions  in  a  given  time,  multiply  this 
number  by  2  *,  and  divide  the  product  by  the  number 
of  seconds  in  the  given  time;  the  quotient  will  be  the  ai«iiivTaioei^ 
angular  velocity.  Let  Fj  equal  9  feet;  the  weight  ^^J^Ii„«rt«uy. 
of  the  wheel  2000  pounds,  and  the  mean  radius  R,  6  feet; 
omitting  the  fraction  in  the  value  of  ^,  the  expression  for 
the  moment  of  inertia  becomes 

/,  =   2g0  ^  3g  ^  2250; 

and  for  the  living  force,  enmpie. 

2250  X  81  =  182,250: 

the  half  of  which,  or  91,125  pounds,  raised  through  one 
foot,  is  the  quantity  of  work  absorbed  by  the  inertia  of 
the  wheel,  to  be  given  out  when  the  motor  ceases  to  act 


§  167- — ^Resuming  Eq.  (60)',  we  may  make 
mr^  +  mfr^  +  m"r"*  +  &c.  =  MK*, 
in  which  M  is  the  entire  mass  of  the  body,  and 


Omtnwd  radios 
ofgyntioa; 


^         .    . /mr»  +  Tn'r'*  +  m"r"*  +  &c. 

^=  ±  V ^ 

But  this  is  equivalent  to  amcentrating  the  entire  tnaaa  tnio 
a  single  jpoint  whose  distance  from  the  aacis  is  K^  iviihoui 
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definition ; 


changing  the  valns  of  the  moment  of  inertia.  This  point  is 
called  the  centre  of  gyration^  and  the  distance  K^  is  called 
the  radius  of  gyration.  As  the  moment  of  inertia  varies 
with  the  position  of  the  axis,  there  will  be  an  infinite 
number  of  centres  and  radii  of  gyration,  or  as  many 
of  each  as  there  are  possible  positions  for  the  axis.  When 
the  axis  passes  through  the  centre  of  gravity,  they  are 
principal  eentre    called  the  principal  centre  and  radius  of  gyration. 

Denoting  the  principal  radius  of  gyration  by  K\  we 
may  write  MK'^  for  /i,  in  Eq.  (65),  and  we  have 


and  radius  of 
gyration; 


moBMnt  of  inartfa 
Intennsofradina 
of  gyratton* 


/  =  MK^  +  Mif 


(66)". 


XL 


CENTRAL    FOBOES. 


Centnlftiroes; 


abodjmadoto 
reTolve  about  a 
flzod  point  by 


Fig.  114 


§  168. — Conceive  a  body,  whose  weight  is  P,  attached 
to  a  fixed  point  (7  by  a  rigid  bar  A  (7,  and  suppose  it  to 
have  any  velocity  whatever  in  the  direction  AT^  perpen- 
dicular to  the  bar.    K 
the  body  were  free,  it 
would,  in  virtue  of  its 
inertia,  m(5ve  in  the  di- 
rection A  T  with  a  con- 
stant velocity.    But  not 
being  free,  the  bar  will         ^ 
keep  it  at  the  same  dis-        ^ 
of  a  bar;    tance  from  C  and  cause 
it  to  describe  the  circum- 
ference of  a  circle  about 

this  point  as  a  centre.  There  are,  then,  during  this  con- 
strained motion  of  the  body,  two  central  efforts  exerted  in 
the  direction  of  the  bar,  the  one  by  the  bar  to  draw  the 
body  from  the  tangential  path  A  T,  the  other  by  the  body 
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to  stretch  the  bar  out  to  that  path.    These  forces  are  equal 

and  directly  opposed,  because  action  and  reaction  are 

always  equal  and  contrary.     The  first,  or  that  which 

tends  to  draw  the  body  within   the  tangent,  is  called 

the  centripetal  Jbrce,  and  the  second,  or  that  which  tends  centripetal  fona; 

to  stretch  the  bar,  the  centr^ugal  force.      The  .cen^rt/u*  oentruug*! force; 

gci  force  is,  then,  ike  resistance  which  the  iivertia  of  a  body  in  oeDtrifugia  force 

motion  opposes   to  whatever  deflects  it  from  its  rectilinear  "*^  ^ 

path. 

We  will  first  suppose  that  the  dimensions  of  the  body 
are  so  smaJl  as  compared  with  its  distance  firom  the  fixed 
centre,  that  it  may  be  regarded  as  a  material  pointy 
ammated  with  a  velocity  V.  For  the  circle  which  it 
describes,  we  may  substitute  a  regular  polygon  ABODE,  miMtitQiioiiofa 
of  a  great  number  of  very  small  sides  and  having  its  J^^"''"'*^* 
angles  in  the  circumference.  This  being  supposed,  it  is 
first  to  be  shown  that  the  material  point  will  describe  each 
of  the. sides  of  this  polygon  with  the  same  velocity,  or 
that  there  will  be  no  loss  of  velocity  in  passing  from  one 
side  to  another. 

For  this  purpose,  we  remark,  that  if  the  body  possess 


to  prove  there  ie 
noloHorvelocitj 
ftx>m  the  reaction 
of  the  curve; 


the  velocity  V  at  the  moment  of  its  arriving  at  B,  the 
bediming  of  the  side  B  C,  it  will  be  animated,   while 
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describing  this  side,  with  two  simultaneoufl  velocities. 
One  of  these  is  the  primitive  velocity  F=  J5  W,  in 
the  prolongation  oi  AB;  the  other  BU,  m  the  direc- 
tion ji9  0,  is  a  velocity  due  to  the  action  of  the  centripetal 
thebodrhastwo  forcc  whilc  the  body  is  passing  from  the  side  ABXo  the 
^ocUtoT"*  side  5  (7  of  the  polygon.  But  we  have  seen,  §  106,  that 
when  a  body  receives  two  simultaneous  velocities  in  diflfer- 
ent  directions,  its  resultant  velocity  will  be  the  same  as  if  it 


Fig.  116. 


-o- 


the  raniltant  of 
which  has  the 
direction  of  the 
■ide  next  to  be 
deacribed; 


aoloaaof 
TekMsity; 


possessed  them  successively,  and  as  though  they  were 
communicated  one  after  the  other  in  their  respective  direc- 
tions. Thus  the  resultant  velocity  BG\  with  which  the 
side  B  G  is  described,  coincides  in  direction  with  this 
side,  otherwise  the  body  would  take  some  other  path, 
which  is  contrary  to  the  hypothesis.  B  U  and  WC  are 
equal  and  parallel,  from  the  parallelogram  of  velocities. 
The  radius  OB  divides  the  angle  ABC  into  the  two 
equal  angles  ABO  and  OBC;  the  angle  ABO  la  equal 
to  the  angle  5  TT (7',  and  the  angle  OBO  ia  equal  to 
the  angle  B  C  W;  hence  the  angles  BC'W  and  B  WC 
are  equal,  and  the  side  BG'  \a  equal  to  the  side  B  W;  in 
other  words,  the  resultant  velocity  B  G\  with  which  the 
side  BG  is  described,  is  equal  to  the  velocity  B  W  which 
the  body  had  at  the  end  of  the  side  AB.      Whence  U 
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resuUs,  that  the  velocity  communiccUed  to  a  material  point  is  veioeitjr  not 
not  altered  in  its  drctdar  motion ;  a  result  easy  to  foresee,  djoecung 
since  the  centripetal  force,  acting  in  a  direction  perpen- 
dicular to  the  direction  of  the  motion,  cannot  work  effi- 
dentlj;  it  can  neither  accelerate  nor  retard  the  motion, 
and,  therefore,  can  neither  increase  nor  diminish  the  living 
force  of  the  .material  point 

Now  observe,  that  £  J7=  WC\ia  the  velocity  genera- 
ted by  the  centripetal  force  in  its  own  direction  during 
the  time  the  material  point  is  passing  to  the  side  B  C. 
Denote  this  time  by  i,  and  the  centrifiigal,  which  is  equal 
though  opposed  to  the  centripetal  force,  by  F^  and  the 
mass  of  the  point  by  i/j  then  will  the  value  of  F^  be  given, 
Eq.  (89),  by  the  equation 

t 

Draw  the  radius  CO;  the  triangles  BOC  and  B  WC  toUndTrtneor 
ate  similar,  because  the  angle  OGB^  OBG  is  equal '•'**'""^'^' 
to  the  angle  B C  W,  and  the  angle  OBC  ia  equal  to  the 
angle  B  WG\    Hence  we  have  the  proportion, 

BO    .    BO   .\    BW   \     WO'; 

or,  denoting  the  radius  B  0  hj  Ry  and  replacing  -B  W  by 
its  equal  F, 

B    :    BO   ::     V   :     WO'; 
whence 

si 

and  this,  in  the  value  for  F,  gives 

p^M.  —  x^; 
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but  B  C,  the  element  of  the  space,  divided  by  t^  the  element 
of  the  time,  is  equal  to  the  velocity  V,  whence 


the  meware  of 
the  oentiifUgal 
force; 


F  = 


R 


(67). 


Such  ifl  the  expression  for  the  centrifvgal  force.  The 
numerator  is  the  living  force  of  the  body,  and  the  de- 
nominator is  the  radius  of  the  circular  arc  which  the  body 
is  describing  for  the  instant;  whence  we  conclude,  that  iiu 
centrifygal  force  of  a  body  of  smail  dimensions,  as  compared 
fviih  its  distance  from  the  centre  about  which  it  revolves^  is 
equai  to  the  living  force  impressed  upon  the  body^  divided  by 
the  radius  of  the  circle  described  by  its  centre  of  graviiy. 
divided  by  radiw       Supposc,  for  cxamplc,  that  the  weight  of  the  body  is 

100  pounds,  that  its  centre  describes  a  circle  whose  radius 
is  8  feet,  with  a  velocity  of  12  feet 


equal  to  the 
llTing  force 
impreiMd, 


M  = 


100 
82 


;     F=  12;     7»  =  144;     .8=8; 


lUnatntion; 


ojipiened  in 
terms  of  the 
■Dgidar  Tdooltj. 


Bxtenitonlo 
body  of  any 


^       100  X  144        _^  , 

F  =     g2  X  3      "^  pounds ; 

the  body,  therefore,  tends  to  stretch  the  bar  with  an  effort 
of  160  pounds. 

Denote  by  Vi  the  angular  velocity ;  then  will 


7*  =   ViB\ 
and  this,  in  Eq.  (67),  gives 

F  =^  MViB 

§  169. — ^Let  us  next  take  the 
case  of  a  thin  layer  of  matter 
DAB,  rotating  about  an  axis  0, 
perpendicular  to  its  plane,  with 
an  angular  velocity  T^.  Taking 
any  one  of  the  elements  of  the 
layer  whose  mass  is  m,  and  de- 


(68> 


Fig.  116. 


P  JP 
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noting  its  distance  from  the  axis  0,  by  r,  its  living  force 
will  be 


mf^Vi, 


and  its  centri&gal  force, 


'mr    Yi  ^9  eoftlriftisal  floTM 

—    Ubr   Yi  ^  nr««alamm»t: 


which  will  act  in  the  direction  0  m  of  the  radius  of  the 
circle  described  by  m  about  the  centre  0.  Through  the 
point  O,  draw  in  the  plane  of  the  layer,  any  two  rectan- 
gular axes,  BS  Ox  and  Oy,  Besolve  the  centrifugal  force 
into  two  components  acting  in  the  direction  of  these  axes ; 
these  components  and  their  resultant  will  be  proportional 
to  the  sides  and  diagonal  of  the  rectangle  jp  Oqm^  and  we 
shall  have,  denoting  Op  by  a,  Oq  by  y,  the  component 
parallel  to  the  axis  Ox  by  X^  and  that  parallel  to  Oy 

byj; 

r    :    X    i:    mr  Vi     :    J^  KwoiTadinto 

rectaagular 
components; 


r    :    y    :  :    mr  Vi     :     Y; 


whence, 


X  =  mx  Vi 
T  =  myVi] 

and  for  any  number  of  small  masses  m',  m",  &c.,  by  using 
the  same  notation  with  accents, 

X'     =   m'  x'  Vij  eomponoiito 

parallel  to  the 
2  ude  s,  Dor  other 

X      =   m"  x"  Vi ,  elemenle; 

&c.    =      &a; 
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componento 
parallel  to  the 
axis  f  ; 


lemiltaiits 
penlleltotbe 
■zee  z  and  f; 


&c.    =      &c. ; 

by  this  process  all  the  centrifugal  forces  have  been  re- 
duced to  two  groups  of  forces  acting  upon  the  point  O, 
in  the  direction  of  the  axes  Ox  and  Oy,  and  from  the 
principle  of  parallel  forces,  each  group  will  have  for  its 
resultant,  denoted  by  Xi  and  Yi  respectively, 

Xi  =   Vi  {mx  +  m'cc'  +  Wcc"  +  &c), 


Ti  =   Vi  (my  +  m'y'  +  m"y"  +  &c.); 


that  is, 


in  which  If'  denotes  the  entire  mass  of  the  layer,  and 
X,  and  y,  the  co-ordinates  OP  and  OQ  of  its  centre  of 
gravity  G. 

The  resultant  of  the  forces  Xi  and  T^  is  the  entire 
centrifugal  force  of  the  layer;  and  this  denoted  by  -Fi,^ 
is,  fix>m  the  principle  of  the  parallelogram  of  forces, 


meeeureoftlie 
leyer'e    ' 
eentrlltigal 
foree; 


Fi  =  \/V^'M^y^+  V^M^x^  =  Fi'jf'  \f^+y?\ 
and  making 

y/x?  +  y^  =  0<?  =  T, 

whence,  ih^  centrifugal  force  of  a  thin  layer  of  maUer 
revolving  about  an  axis  perpendicular  to  its  plane^  is  equal 
to  th^  square  of  its  angular  velocity ,  multiplied  by  the  product 
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Fig.  117. 


nu^  rednee  to  a 
ifiigto  forcaf  two 
fbrcetjortoMro; 


tf  its  mass  into  the  distance  of  its  centre  of  gravity  from  the 
axis  of  rotation.  This  force  is  applied  to  the  centre  of 
gravity,  since  it  acts  in  the  direction  0  O. 

Now  suppose  any  body,  as  ABC^  to  turn  around  the  oentHftigri  force 
axis  LM.  Divide  the  body  into  thin  layers  whose  planes  ^.  ^®'*°^ 
are  perpendicular  to  the 
axis.  These  layers  will 
give  rise  to  as  many  cen- 
trifugal forces  acting  at 
their  centres  of  gravity, 
(?,  G\  (?",  &c.  All 
these  forces  are  perpen- 
dicular to  the  axis  L  M^ 
without  being  parallel  to 
each  other.  Sometimes 
they  have  a  single  re- 
sultant, sometimes  they 
will  reduce  to  two  forces, 
and  sometimes  they  will 
reduce  to  nothing,  de- 
pending upon  the  form 
and  density  of  the  body, 

and  the  position  of  the  axis.  In  the  last  case,  viz.:  that  ^^eia^cawno 
in  which  the  forces  reduce  to  nothing,  there  will  be  no  '*'^""  ^^  ' 
pressure  upon  the  axis. 

If  the  centres  of  gravity  ff,  &',  0'\  &c.,  be  all  on  the 
same  straight  line  parallel  U>  LM^  the  centrifugal  forces 
will  be  parallel,  will  act  in  the  same  plane,  at  the  same 
distance  R  from  the  axis  of  rotation,  and  their  resultant, 
which  becomes  equal  to  their  sum,  will  pass  through  the 
centre  of  gravity  of  the  entire  mass,  and  we  shall  have 

F  =    Vi^BiM'  +  M"  +  M'"  -f  &C.); 
and  makini? 

^  ^  the  oentnt  of 

if'  +  if"  +  IT"  -I-  &C  =  if  gimrityofthe 

•El  rra  n      i^  UiwpMmllelto 

jT  =    Yi   M  •  M,  llMnii; 
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that  is  to  say,  the  centrifugal  force  of  a  body,  ivJum  sec- 
the  eentrifogii     tions  perpendicular    to    the    cads,    hcuoe    their    centres   of 
gravity  in  a  straight  line  parallel  to 
the   aocis,   is  the   same  as  though  the  ^fr  ^^^ 

entire  mass  were   concentrated  at   the 
comjrvon  centre  of  gravity.     This  sim- 
plification is  peculiar  to  the  sphere, 
ezamptos.  the  Cylinder,  and  surfeces  of  revolu- 

tion generally  whose  axes  of  figure 
are  parallel  to  the  axis  of  rotation. 


force  the  same 
as  though  the 
bod7  were 
reduced  to  centre 
ofgraTlty; 


the  bone 
travelling  in  a 
ciicle; 


Fig.  119. 


uioBtrationofthe  §  170. — The  Centrifugal  force  accounts  for  a  multitude 
^rtXai'foroe;  ^^  interesting  facts.  When  a  horse  is  made  to  travel  in 
the  circumference  of  a  circle, 
his  centrifugal  force  wiU 
vaiy  as  his  mass  and  the 
square  of  his  velocity ;  when 
the  latter  is  doubled,  his  cen- 
trifugal force  is  quadrupled ; 
when  trebled,  it  is  made 
nine  times  as  great,  &c.,  so 
that  it  would  soon  become 
sufficient  to  overturn  him 
or  to  cause  him  to  recede 

from  the  centre  0.  It  is  to  resist  this  effort  that  horses, 
under  these  circumstances,  are  seen  to  incline  their  bodies 
inward,  and  this  inclination  is  determined  by  that  of  the 
resultant  of  his  centrifugal  force  and  weight,  as  the  line 
of  direction  of  this  resultant  must  pierce  the  plane 
of  his  path  somewhere  within  the  polygon'  formed  by 
joining  his  feet 

Jf,  then,  we  lay  off  upon  the  vertical  and  horizontal 
drawn  through  his  centre  of  gravity  (?,  the  distances 
OP  and  GFj  to  represent  his  weight  and  centriftigal 
force  respectively,  and  construct  the  rectangle  POFRy 
the  diagonal  OR  will  give  the  inclination  sought.  Deno- 
ting the  weight  of  the  horse  by  P,  his  distance  from  the 


Uaindination; 
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centre  by  jB,  and  his  actual  velocity  by  V,  we  have 


F^^. 


and  consequently  the  pressure  or 


GB 


=  P\/l  + 


V* 


his  oblique 
preaBure  on  the 
ground; 


g'B 


r 


Fig.  120. 


a  wagonmakiBg 
a  ihort  and  rapid 
torn; 


Finally,  in  order  that  the  horse  may  not  slip,  the  surfisice  turfeceofUa 
BA  of  his  path,  must  be  perpendicular  to  OB.  ^^^' 

When  a  horseman  rapidly  turns  a  comer,  he  leans 
his  body  towards  the  centre  of  the  curve  which  he  isahorseman 
describing,   to  bring  the  resultant    of  his   weight   ^^(j*'*™*^**"™*'; 
centrifugal  force  to  pass  between  his  points  of  support 
in  the  stirrups. 

When  a  wagon  makes  a  quick  turn,  its  centrifugal  force 
tends  to  overthrow  it  towards  the  convex  side  of  the  curve 
it  describes ;  and  the  risk  of 
upsetting  is  directly  propor- 
tional to  its  weight  and  the 
square  of  its  velocity,  and 
inversely  proportional  to  the 
radius  of  the  curve.  This 
is  why  the  exterior  of  the 
roadway  is  usually  elevated 
in  short  turnings,  and  car- 
riages diminish  their  speed 
when  approaching  them. 

The  sling,  the  axe,  the 
sabre,  &c.,  exert  upon  the 
hand,  when  we  give  them 
a  circular  motion,  a  traction 
equal  to  the  centrifugal  force. 
The  common  wheel  is  usually 
composed  of  fellies  A,  J.,  &c., 
connected  with  the  nave  iV, 
by  means  of  radial  arms,  I,  I, 


inclination  of 
roadway; 


Fig.  121. 


other  ezamplee— 
the  Bllng,  axe, 
sabre,  Ate.; 


14 


oonunon 
caiTiage-wheol; 
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common  wheel. 


&c.,  and  the  centrifugal  force  is  constantly  acting  when 
action  upon  the  the  whcel  is  in  motion  to  draw  these  arms  from  their 
*  *"°  *  places,  to  enlarge  the  circumference,  and  thus  to  detach 
the  fellies  from  each  other ;  hence  the  tire  not  only  pro- 
tects the  wheel  from  the  wear  and  tear  arising  from  the 
roughness  of  the  road,  but  also  counteracts  the  effect  of 
the  centrifugal  force. 


■tearth*B 
•urlhce; 


Fig.  122. 


§  171. — ^We  know  that  the  earth  revolves  about  ita 
axis  A  A'  once  in  twenty-four  hours,  and  that  the  cir- 
Centrifugal  force  cumferenccs  of  the  parallels 
of  latitude,  that  is  to  say, 
the  circles  perpendicular  to 
iJie  axis,  have  velocities  which 
diminish  from  the  equator  to 
the  poles.  To  find  the  law 
of  this  diminution,  let  P  be 
the  weight  of  a  body  on  the 
surface  of  the  earth  in  any 
parallel  of  which  R '  is  the 
radius,  its  centrifugal  force 
will,  Eq.  (58),  be 


that  of  a  hody 
whose  weight  la 

P; 


9 


in  which  ^T^  is  the  angular  velocity  of  the  earth.    Sub- 

P 

stituting  M  for  — ,  we  have 


F  =  MV^^R. 

Denoting  the  equatorial  radius  CE  =  CP^  by  5,  and 
the  angle  CPC  ^PGE,  which  is  the  latitude  of  the 
place,  by  9,  we  have  in  the  triangle  P  C  0\ 


R'  =  S  cos  (p ; 
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which  substitated  for  R  above  gives 


jP=  Jf  Fi"5cos(p. 


(69). 


Fig.  128. 


Now,  the  oiily  vaiiable  quantity  in  this  expression,  lawofTariaUon 
when  the  same  mass  is  taken  from  one  latitude  to  another,  o'«>°''"^«^ 

'  force; 

is  9 ;  whence  toe  conditde  that  the  centr^itgal  force  varies  as 
die  cosine  of  the  latitude. 

The  centrifugal  force  is  exerted  in  the  direction  of  the 
radius  i2'*of  the  parallel  of  latitude,  and  therefore  in  a 
direction  oblique  to 
the  horizon  TT'. 
Lay  off  on  the  pro- 
longation of  this  ra- 
dius, the  distance 
PHj  to  represent 
this  force,  and  re- 
solve it  into  two 
components  P  N 
and  P  T,  the  one 
normal,  the  other 
tangent  to  the  sur- 
&ce  of  the   earth; 

the  first  will  dimin-  • 

ish  the  weight  P  by  its  entire  value,  being  directly  opposed 
to  the  force  of  gravity,  the  second  will  tend  to  urge  the 
body  towards  the  equator.  • 

The  angle  HPN  is  equal  to  the  angle  PGE^  which 
is  the  latitude,  denoted  by  9 ;  whence  the  normal  com- 
ponent 

•TV  m-r  i-w  -r-r  -r^  1 0>  i-ra    -r>  a  TllOe  Of  Vertical 

PN=z  PHX  COS9  =  i^.COSip  =  MVi*EqOQ%  eomponentj 

and 


the  centrifligal 
force  resolved 
into  a  vertical 
and  horbcontal 
component ; 


horizontal 

PT=  PEeimp  =  i^.sin^  =  Jf  Fi'-B.sm(pcos(p;      oomponent; 
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but 


therefore 


siiKp  .  cos  9  =  J  sin  2  9 ; 


its  value ; 


PT  ^  ^MV^RBm2(^ 


Fig.  128. 


whence  we  conclude,  that  the  diminution  of  the  weights  of 
bodies  arising  from  the  centrifugal  force  at  the  earth^s  surfa/»f 
varies  as  the  sqiuire  of  the  cosine  of  the  latitude  ;  and  that  aU 
bodies  are,  in  conse- 
quence   of    the    cen- 
effectupontho     trifvgal  force,  urged 

earth;  by    a    force    which 

varies  as  the  sine  of 

twice  the  latitude. 
At   the 'equator 

and  poles  this  latter 

force  is  zero,  and  at 

the  latitude  of  45° 

it   is   a  maximum,  — 

and   equal   to  half 

of  the  entire  centrifugal  force  at  the  equator. 

At  the  equator  the  diminution  of  the  force  of  gravity 

is  a  maximum,  and  equal  to  the  entire  centrifugal  force; 

at    the  poles  it    is  zero.      The  earth  is  not    perfectly 

spherical,   and  all  observations  agree  in  demonstrating 

that  it  is  protuberant  at  the  equator  and  flattened  at  the 

poles,  the  diflference  between  the  equatorial  and  polar 

diameters  being  about  twenty-six  English  miles.  If  we 
cBuwofthe  suppose  the  earth  to  have  been  at  one  time  in  a  state  of 
fh^rrth^'''  fluidity,  or  even  approaching  to  it,  its  present  figure  is 

readily  accounted  for  by  the  foregoing  considerations. 
The  force  of  gravity  which  varies,  according  to  the 

Newtonian  hypothesis,  directly  as  the  mass  and  inversely 

as  the  square  of  the  distance  from  the  centre  of  the  earth, 
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is,  therefore,  on  account  of  a  difference  of  distance  and  of  weight  of  the 
the  centriftigal  force  of  the  earth  combined,  less  at  the  !^^the 
equator  than  at  the  poles.  poies  and  least  at 

To  find  the  value  of  the  centrifugal   force  at   the    ®*"*"**®'' 
quator,  make,  in  Eq.  (69),  Jf  =  1  and  cos  (p  =  1,  which     • 
is  equivalent  to  supposing  a  unit  of  mass  on  the  equator, 
and  we  have 

P  --     Va  J2^  centriftigal  force 

at  the  equator ; 

The  angular  velocity  is  equal  to  the  absolute  velocity, 
divided  by  the  equatorial  radius  of  the  earth.  The  abso- 
lute velocity  is  equal  to  the  circumference  of  the  equator 
in  feetj  divided  by  the  number  of  soldr  seconds  in  one 
siderial  day : 

Diameter  of  earth  in  miles  7925 Log.    3.8989993 

* 3.1416 Log.     0.4971607 

Feet  in  one  mile 6280 Log.    3.7226340 

Circmnference  of  earth  in  feet Log.    8.1 187840 

Length  of  a  sid.  day  in  Sol :  seconds,  86400  X  0.997269,  Log.    4.9363259 

Absolute  velocity  in  feet Log.     3.1834581  computed; 

Radius  of  earth  in  feet Log.    7.3206032 

Angular  velocity  Yy Log.    5.8628549 

a 


Square  of  angular  velocity  F    Log.     1.7257098 

Radius  of  earth  in  feet Log.    7.3206032 

Centrifugal  force  at  equator.  .0.1112 9.0463130 


Thus  the  value  of  the  centrifugal  force  at  the  equator  is  its  value; 
0.1112  of  one  foot 

By  the  aid  of  this  value,  it  is  very  easy  to  find  the 
angular  velocity  with  which  the  earth  should  rotate,  to  toflndanguuur 
make  the  centrifagal  force  of  a  body  at  the  equator  equal  ^'^^^^y""''^" 
to  its  weight;    for  by  the  present  rate  of  motion  we  weights  at  the 
find  ^"^'' 

01112  ^   Y^R, 
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and  by  the  new  rate  of  motion 

821937  =  Vi^B; 

t 
in  which  32.1937  is  the  force  of  gravity  at  the  equator. 

Dividing  the  second  by  the  first,  and  we  find 


82.1937 
0.1112 


^1      _ 


F/ 


whence 


=  289,  nearly ; 


result ; 


Fx'  =  17  Fi ; 


that  is  to  say,  if  the  earth  were  to  revolve  seventeen  times 
as  fast  as  it  does,  bodies  would  possess  no  weight  at  the 
the  weight  of  au  equatoi ;  and  the  weights  of  bodies  at  the  various  latitudes 
from  the  equator  to  the  poles  diminishing  in  the  ratio  of 
the  squares  of  the  cosines  of  latitude,  the  weights  of  all 
bodies,  except  at  the  poles,  would  be  affected. 


bodies  affected. 


Motion  in  a 
circular  groove) 


when  plane  of 
groove  is 
horizontal ; 


Fig.  124. 


§  172. — If  we  now  sup- 
pose the  body,  instead  of 
being  connected  with  the 
point  G  by  means  of  a  rigid 
bar,  to  move  about  the  same 
point  in  a  circular  groove, 
the  effects,  as  regards  the 
centrifiigal  force,  will  ob- 
viously be  the  same,  since 
the  body  will  be  constrained, 
by    the    resistance    of    the 

groove,  to  remain  at  the  same  distance  from  the  centre. 
If  the  plane  of  the  groove  be  horizontal,  the  pressure  of 
the  body  against  the  side  wiU  be  constant  and  equal  to  the 
centrifugal  force,  that  is  to  say,  to 


r 
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72 


R 


But  if  the  plane  of  the  groove  be  vertical,  the  weight 
of  the  body  will  also  exert  its  influence ;  for  the  weight 
being  resolved  into  two  components,  one  tangent  and  the 
other  normal  to  the  curve  at  the  place  of  the  body,  the 
latter  will  sometimes  act  with,  and  sometimes  in  opposi-  whenrertieiu, 
tion  to  the  centrifugal  force,  while  the  former  wiU  some-  ^*J[*^eteM  •* 
times  increase  and  sometimes  diminish  the  velocity;  so 
that  the  pressure  becomes  greater  or  less  than  the  cen* 
tri&gal  force  depending  upon  these  two  circumstances. 
Knowing  one  of  the  velocities  which  the  body  may  have,  ftom  one  velocity 
it  is  easy,  by  the  principle  of  living  forces,  to  find  ^he***^**"*®*****^' 
others.     Take  the  body  at  its  lowest  point  m',  and  denote 
its  velocity,  supposed  known,  by   F',  and  let  it  be  re- 
quired to  find  its  velocity  at  any  other  point  m,  whose 
vertical  height  above  m'  is  H,    Denote  the  velocity  at  this 
latter  point  by  7",  then  will  the  loss  of  living  force  in 
passing  from  m'  to  m  be 

and  this  being  equal  to  double  the  quantity  of  action  of 
the  weight  denoted  by  TT,  in  the  same  interval,  which 
quantity  of  work  is  2  WH^  we  have, 


M{Y^^  V^  =  2WH; 


W 
replacing  M  by  its  equal  — ^  and  reducing 

«7 


V^  -   7^  =  2gE, 


r  =  \/V^  -  2gH. 


Talue  of  velocity 
at  any  point; 


^    I 
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Denoting  by  JET',  the  height  due  to  the  velocity  V\  we 
have 

which  in  the  above  equation  gives 


same  in  terms  of 
difference  of  level 
of  the  points ; 


F=  V2g{H'  -  H). 


Fig.  124. 


Thus,  the   velocity    of   the 

body    will    be    diminished 

by  the  action  of  its  weight 

during  its  ascent,  while,  on 

the  contrary,  it  will  be  in- 
creased during  the  descent, 

being  always   the   same   at 

points  situated  on  the  same 
velocity  greatest  horizontal  line.  The  ve-* 
at  lowest  pointi   j^^^  ^^  ^  greatest  at  the 

least  at  the         lowcst  and  Icast  at  the  high- 
^^^  est  point.     During   the  de-   • 

scent,  tte  body  will  acquire  living  force  by  absorbing  the 
gain  and  loss  of    work  of  its  Weight,  which  living  force  will  again  be 

destroyed  during  the  ascent  because  it  is  opposed  to  the 

weight. 


living  force. 


of  a  body  which 
describe  any 
curve; 


§  178. — ^When  a  body,  in  vir- 
tue of  the  motive  forces  which 
act  upon  it,  describes  a  curve  in 
centriAigai  force  spacc,  the  cficct  is  the  samc  as 
though  it  passed  over  the  arcs  of 
the  successive  osculatory  circles 
of  which  the  curve  is  composed. 
If  the  positions  of  the  centres  (7, 
C\  0'\  &c.,  of  these  successive 
circular  arcs  be  known,  as  well 
as  their  radii  A  (7,  A'  Q\  A"  C'\ 
&c.,  the  curve  will   be   given 


Fig.  126. 
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by  the  series  of  arcs  A  A\  A'  J.",  J."  A"',  &c.,  de- 
scribed about  these  centres,  and  terminated  by  these  radii. 
And  it  will  be  easy,  from  the  consideration  of  the  centrifu- 
gal and  motive  forces,  to  obtain  for  every  point  of  the 
curve,  the  position  of  the  centres  and  the  magnitudes  of  the 
radii  of  the  osculatory  circles,  and,  consequently,  to  trace 
the  path  described  by  the  body. 

Let  P  denote  the  resultant  of  the  motive  forces  which  to  trace  the  carve 
act  upon  the  body  at  any  particular  point  bb  A;  M  the  andcentrir^* 
mass  of  the  body ;   V  its  velocity,  of  which  the  direction  fowee; 
is  A  T;  and  r  the  radius  A  C;  then  will  the  centrifugal 
force  be  measured  by 


But  the  body,  in  describing  the  curve,  does  not  abandon 
the  small  arc  A  A\  and  must  therefore  be  retained  on  it 
by  a  force  equal  and  directly  opposed  to  the  centrifugal 
force;  in  other  words,  the  motive  force  AP^  being  re- 
solved into  two  components,  one  tangent  and  the  other 
normal  to  the  curve,  this  latter  must  be  equal  to  the 
centrifugal  force.  Denote  the  normal  component  by  p, 
then  will 


P  =  At--  .....   (70); 


whence 


value  of  the 
normal 

component  of  the 
motive  force ; 


T  =   -^^-^ (71). 

p 

Such  would  be  the  radius  of  the  initial  arc  A  A\  provided 
the  velocity  F  were  constant  during  its  description.  This 
condition  cannot,  however,  be  fulfilled,  since  the  tan- 
gential component  of  the  motive  force  will  either  increase 
or  diminish  the  velocity.    It  will  be  sufficient  to  make 


radius  of 
curvature ; 
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Fig.  126. 


in  which  n  and  n'  denote  the  velocities  of  the  body  at  the 
terminal  Telocity  beginning  and  ending  of  the  arc.    The  former  of  these 

ZZ!^,*"  °i^t  be  given,  being  the  im- 
tied  velocity;  the  latter  must 
be  found,  and  forv  this  pur- 
pose we  remark,  that  as  the 
arc  is  described  in  a  very  short 
time,  say  the  tenth  of  a  second, 
the  motive  force,  and  therefore 
its  tangential  component,  may 
be  regarded  as  constant  during 
this  interval.  Denoting  the 
tangential  component  by  y,  and 
the  time  by  t,  we  have,  from 
the  laws  of  uniformly  vaiied 
motion,  Eq.  (11), 


ito  rtlx  e ; 


n'  =  n  + 


M 


Talueofmean 
▼elocity; 


and 


V  =  — ^ —  =  n  + 


2M 


which,  in  Eq.  (71),  gives 


(72); 


I 

▼Blueofndiua; 


^i^  +  rw') 


r  = 


.     .     (73). 


This  distance  being  laid  oflF  from  the  point  -4,  upon  the 
perpendicular  to  the  tangent  A  7,  will  give  the  centre  CI 
The  length  of  the  arc,  denoted  by  5,  is  found  from  Eq. 
(10),  or 


value  of  arc 
described; 


«  =  «<+  J  J-<*. 


(74). 


The  law  of  the  motive  force  being  known,  the  intensity 
of /its  action  on  the  body  at  A*  becomes  known,  and  its 
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component  perpendicular  to  the  tangent  A!  T\  denoted  by 
p',  will  give 

a 

jyr  XT'  valaeofnonnal 

2>'    =:    r*~">  oomponent  of 

^  motive  force ; 


or 


MY^ 


r  = 


i>'  ' 


in  which  r'  is  the  radius  of  the  arc  A*  A'\  and  F',  the 
mean  velocity  with  which  it  is  described. 

Denoting  the  new  tangential  component  by  j',  we  find, 
in  the  same  way  as  be&re, 

n      =    71     +    -T7"  ^1  tennlnal  yeloeity 

M 


on  second  arc ; 


which  in  the  equation  above  gives 


■,_^fc+A^)'. 


T     = 


ndios  of  second 
arc; 


and  this  being  laid  off  as  before,  upon  the  perpendicular 
to  the  tangent  A'  T\  wul  give  the  centre  0', 

The  length  of  the  arc  A*  A!\  denoted  by  b\  will  be 
foxmd  from 

J   *,' /   a.        I        A  length  of  second 

^     ""    "^   ^   ^     2  Jf  arc; 

Finding  the  value  of  the  motive  force  at  A*\  its  nor- 
mal and  tangential  components  p"  and  j",  as  well  as  the 
mean  velocity  F",  we  obtain  the  value  of  the  radius 
C"  A",  and  the  position  of  the  centre  (7";  the  tangential  the  same  process 
oomponent  and  time  will  give  us  the  length  of  the  new'®'®*****'*'"' 
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Fig.  126. 


osculatory  arc,  and  thus  the  description  of  the  curve  may 

be  oontiiiued  to  the  end. 

appueationtotbe       To  apply  thifl  general  case  to  a  particular  example, 

rt«ii*thK)^into  ^^®  *^®  instance  of  a  bomb  thrown  into  the  air.     The 

the  air;  forccs  here  are,  that  arising  from  the  explosive  action 

of  the  powder  and  which  gives  the  initial  velocity,  the 

resistance  of  the  air,  and  the  weight  of  the  bomb. 

Let  A  be  the  mouth 
of  the  piece,  of  which  the 
axis   coincides    with   the 
line  A  T.    This  line  wiU 
be  tangent  to  the  path  de- 
scribed by  the  bomb  at 
the  point  A.    Denote  the 
weight  of  the  bomb  by  W, 
the  initial  velocity  by  n, 
resiftanceofBir;  and  the  resistance  of  the 
air  due  to  this  velocity  by 
/    The  value  of  /  may 
,  be  taken  from  a  table  giv- 
ing the  resistances  corre- 
sponding to  different  velocities  and  calibres.    Through  A 
draw  A  H  parallel  to  the  horizon,  and  denote  the  angle 
TA H  hj  a;  lay  off  upon  the  vertical  through  Aj  the 
•distance  A  W  to  represent  the  weight  of  the  bomb,  and 
resolve  this  weight  into  two  comjjonents :  one,  Ac  =  p, 
normal  to  the  tangent  J.  T;  and  the  other,  A  m  =  A,  in  the 
direction  of  this  line.    The  angle  WA  c  is  equal  to  the 
angle  TA  H  —  ol\  and  hence, 


components  of 
the  weight  of  the 
bomb; 


p  =  TTcos  a, 
h  =  TTsin  a; 


and  since  the  resistance  of  the  air  is  directly  opposed  to 
the  motion,  the  force  in  the  direction  of  the  tangent,  after 
the  initial  impidse,  is  retarding,  and  becomes 
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}  =  *+/=   -  (TTsina  +/); 


therefore 


,  TIT  sin  OL  -{-  f 


and 


r  =  n  - 


Wan  «  +  / 
2M 


•  t; 
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tangential 
component ; 


tennlnal  velocity; 


mean  yeloclty ; 


this  value  and  that  of  p,  in  Eq.  (71),  give 


M(n  - 


TTsina  +/    \« 


r  = 


2M 


•) 


WcOS  a 


radius  of  initial 
arc; 


and  writing,  in  Eq.  (74),  for  q  its  value,  we  find 


X-  TTsin  a-  +  / 
s  =  nt  -  ^ J[^  '  ^- 


lengfli  of  initial 


arc; 


Thjongli  the 
point  Aj  draw  an 
indefinite  perpen- 
dicular to  the  line 
A  75  and  lay  off 
fix)in  A  the  dis 
tance  A  (7,  equal 
to  r;  with  (7  as  a 
centre,  r  as  radius, 
describe  the  arc 
A  A'  equal  to  s. 
This  will  give  the 
initial  arc. 

The  linear  di- 
mension of  an  arc 
at  tlie  unit's  dis- 


Fig.  12T. 


cooatmetion ; 
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tance  fix)m  OJ  is 


length  of  arc  at 
unit's  distance 
from  the  centre ; 


and  denoting  the  ratio  of  the  circumference  of  the  circle  to 
its  diameter  by  *,  we  have 


2* 


—    ::    860° 
r 


z. 


its  value  in  arc; 


Z    = 


860°  X   s 
2*r 


angle  of  the 
tangents  at  the 
initial  points  of 
two  consecutire 


area: 


angle  of 

projection  at  the 
beginning  of  tha 
second  arc; 


in  which  z  denotes 
the  nnmber  of  de- 
grees in  this  arc, 
or  the  value  of  the 
angle  A  0A\  But 
this  angle  is  equal 
to  that  made  by  the 
tangents  A  T  and 
A' T  at  the  extrem- 
ities of  arc  A  A\ 
and  the  angle  which 
the  tangent  at  the 
beginning  of  the 
second  arc,  A'  A" 
makes  with  the  ho- 
rizon, or  the  angle 
r  A'  H\  wiU  be 


a  ^  2  =  a . 


Pursuing  the  same  operation  as  before,  we  find 

p*  =   Wcos  a', 

k'  =    TTsina'; 


and  taking  from  the  tables  the  resistance  /',  corresponding 
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to  the  new  velocity  n\  we  construct  in  the  same  way  the 
second  arc  A*  A*\  &c.,  &c. 

It  is  to  be  remarked,  that  as  the  angle  denoted  success 
siyely  by  a,  a',  &c.,  diminishes  in  passing  from  arc  to  arc,  it 
will  presently  become  equal  to  zero,  at  the  summit,  and  after- 
ward take  the  negative  sign ;  in  the  first  case,  the  tangential  variation  in  the 
component  of  the  weight  of  the  bomb  will  be  zero,  its  sign  ^^J^^o^- 
will  then  change,  and  instead  of  being  a  retarding,  it  will 
become  an  accelerating  force.    Hence,  in  this  curve,  three  three  parts  of  the 
portions  are  to  be  distinguished,  viz. :  the  ascending  branch,  ^"'"^ 
the  descending  branch,  and  that  immediately  about  the 
summit. 

The  resistance  of  the  atmosphere  to  the  motion  of 
bodies  in  it,  is  found  to  vary  as  the  square  of  the  velocity 
of  the  moving  body,  and  some  idea  of  the  intensity  of  this 
resistance  may  be  formed  fi*om  the  fact,  that  a  twenty-four  range  in 
pound  shot,  projected  under  an  angle  of  45"*,  in  vacuo,  J^^-p***"*  "* 
with  a  velocity  of  2000  feet  a  second,  would  have  a  range 
of  125000  feet,  while  the  same  ball,  projected  under  the 
same  circumstances  in  the  atmosphere,  would  only  attain 
to-  the  range  of  7800  feet ;  about  one-seventeenth  of  the 
former. 


vacuo. 


§  174.— The  laws  of  the 
centrifugal  force  may  be  il- 
lustrated experimentally  by 
»  means  of  the  whirling'tabh. 

This  consists  of  a  frame- 
work upon  which  are  mount- 
ed two  vertical  axes.  Upon 
the  top  of  each  axis  is  fast- 
ened a  circular  block  J?,  B, 
having  a  groove  cut  in  the 
circumference  for  the  recep- 
tion of  an  endless  cord  (7,  ^, 
(7,  which  also  passes  round 
a  wheel  W.    This  wheel  is 


Fig.  124. 


Whirling^table  to 
illaatrate 
centrifugal  force ; 
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arruDgement  of 
the  parts  of  the 
table; 


Bcale  and 
moveahle 
weights ; 


example  flnt; 


provided  with  a  crank  and  handle  H,  for  the  purpose 
of  communicating  motion  to  the  whole.  The  circular 
blocks  are  so  made,  that  their  circumferences,  around 
which  the  cord  passes,  may  be  varied  to  change  the  velo- 
city of  rotation.  A  piece  of  wood  d  d,  is  mounted  upon  each 
of  the  circular  blocks,  by  means  of  screws,  to  support  two 
polished  horizontal  metallic  bars  &,  5,  along  which  a  small 
stage  /Smay  slide  with  as  little  friction  as  possible.  This 
stage  is  connected  with  an- 
other S\  which  slides  freely 
on  a  pair  of  vertical  bars  6',  6', 
by  means  of  a  piece  of  flex- 
ible catgut  passing  over  the 
pulleys  ^,p',  in  such  manner 
as  to  lift  the  stage  a8^'  in  a 
vertical,  when  ^motion  is  com- 
municated to  /S  in  a  hori- 
zontal, direction. 

The  stage  /S"  is  placed 
with  its  centre  immediately 
over  the  axis  of  motion. 

On  the  piece  (Zd  is  a  grad- 
uated linear  scale,  having  its 

zero  in  the  axis,  for  the  purpose  of  measuring  the  distance 
of  the  stage  S  from  the  centre  of  motion,  A  series  of 
weights  TT',  W\  in  the  shape  of  small  circular  plates, 
complete  this  part  of  the  apparatus.  The  weights,  being 
perforated  in  the  centre,  are  kept  in  place  by  a  vertical 
pintle  rising  from  the  middle  of  each  stage. 

Eocample  \st.  Load  one  of  the  stages  *SJ  with  the  weight 
5,  and  place  it  over  the  division  8  of  the  scale ;  load  the 
other  stage  S  with  the  weight  2,  and  place  it  over  the  di- 
vision 5 ;  make  the  circumference  of  the  first  circular  block 
double  that  of  the  second.  The  angular  velocity  of  the 
first  being  T^,  that  of  the  sec(jnd  will  be  2  T^.  When 
motion  is  communicated,  the  centrifugal  forces  will, 
Eq.  (68),  be,  respectively, 
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5  X  8  Fi*   and    2  X  5  X  4  V^^ 


or 


40  Vi    and   40  F/; 


that  is  to  say,  the  centrifiigal  forces  will  always  be  equal  remii; 
to  each  other.    Hence,  if  the  stages  S'  be  loaded  equally, 
they  will  be  drawn  up  simultaneously. 

Mcample  2d  Betaining  the  same  ratio  as  before  between  ezampie  looond; 
the  angular  velocities,  viz.,  Vi  and  2  1^,  load  one  of  the 
stages  S  with  weight  6,  and  place  it  over  the  division  8  of 
the  scale ;  load  the  other  stage  JS  with  weight  8,  and  place  it 
over  the  division  7.  When  rotation  takes  place,  the  cen- 
trifhgal  forces  will  be,  respectively, 

6  X  8  Fi'  =  48  Fi*, 

8  X  7  X  4  Fi"  =  84  Fi*, 

the  ratio  of  which  is 

48  12 


84         21  ' 

and  hence,  if  the  first  stage  S'  be  loaded  with  12  weights,  j^^goji. 
and  the  second  with  21,  they  will  rise  together,  and  with  a 
little  care  may  be  kept  suspended  by  properly  regulating 
the  motion. 

If  the  particles  of  which  a  body  is  composed  may 
move  among  each  other,  that  is,  if  the  body  be  soft,  a 
change  may  be  effected  by  the  action  of  this  force  in  its 
figure. 

Such  a  body  of  a  spherical  form,  revolving  about  one  when  a  rotating 
of  iia  diameters,  acquires  a  flattened  shape  in  the  direction  i^''o?.Si«a 
of  this  diamet^  or  axis,  because  the  parts  that  lie  in  the  flsara*  u  acquires 
plane  of  the  greatest  circumference  which  can  be  drawn  ^  ^' 

perpendicular  to  the  axis,  that  is,  in  the  plane  of  the  body's 
equator,  have  the  greatest  centrifugal  force,  while  those    . 
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lUnstnttoD. 


Kg.  isa 


in  the  neighborhood  of  the  poles  have  the  least;  the 
former  will,  therefore,  recede  from  and  the  latter  approach 
the  centre.  Hence  the  inference  in  regard  to  the  causes 
of  the  flattened  figure  of  the  earth.    . 

Examph  8(2.  On  the  vertical  axis  a  i,  is  an  armillary 
ephere,  composed  of  elastic  wires,  fitting 
round  the  axis  by  means  of  a  ring, 
which  holds  them  all  together.  Bj 
iliis  oontriyanoe  it  is  possible  for  the 
elastie  wires  to  assmne  an  elliptical 
figuie,  having  a  shorter  vertical  diame- 
ter. Screw  this  apparatus  into  the 
middle  oi  the  circular  bloek  of  the 
whirling  table,  and  give  to  the  whole 
a  rotatory  motion;  the  wires,  instead 
of  their  original  form  represented  by 
the  dotted  lines,  will  assume,  in  conse- 
quence of  the  centrifiigal  force,  the  figure  shown  in  the 
dark  lines. 


Principle  of 
the 


Fig.  181. 


§175.— When  a  body 

moves  with  uniform  mo- 
tion, it  passes  over  equal 

spaces    in   equal  times. 

Thus,  suppose  the  body 

to  stact  from  A^  and  to 

move  uniformly  in  the 

direction  fromud  to^y  the 

line  A  B  being  divided 

into  equal  spaces  Afn\ 

m'  m'\  m"  m'\  &c.,  these 

spaces  wiU  be  described 
AiKMiy  in  mouon  iu  equal  times.    If  the  several  points  of  divisdon  be  joiiied 
^J^^"*  with  any  point  as  C;  off  the  line,  a  series  of  triangleB  J.  (7  w', 

fn>'Om"j  m''Cm"',  Ac.,  will  be  formed,  all  having  a  oomr 

mon  vertex  and  equal  bases  lying  in  the  same  straight  linei 

The  ivreas  of  these  triangles  will,  theiefore,  be  equal,  and 
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will  have  been  deecribed  in  equal  times  during  the  motion 
of  the  body  by  the  line  joining  it  ynih  the  point  C. 

If  when  the  body  arrives  at  m',  it  receive  an  impulse 
in  the  direction  from  m'  to  C,  which  would  cause  it»  if 
moved  from  rest,  to  describe  the  path  m'  n,  in  th^  same 
time  that  it  would  have  described  m'  m/'  if  unmolested, 
then  will  it  describe,  in  the  same  time,  the  diagonal  m!  m,^  the  forcet  em 
of  the  parallelogram  constructed  upon  m'n,  and  m'  mf'  ^™P*»^^®i 
as  aides*     The  line  m"  m^,  being  parallel  to  m'  Q  the 
triangles  Cw!  ml*  and  CirC  m^,  wiU  have  the  same  base 
Cm',  and  equal  altitudes;  their  areas  will  therefore  be 
equal;  hence  the  triangles  G Am'  and  Cm! m,,  will  be 
equal    In  like  raaoner,  if  when  the  body  arrives  at  m^^, 
it  receive  another  impulse  directed   towards   C7,  which 
would  cause  it  to  describe  w^^^n^^,  in.  tie  time  it  would 
have  described  m^,  0  =  m'  m^,  if  undisturbed  at  m^^,  it  will 
describe  the  diagonal  m^,m^^^  of  the  parallelogram  con- 
structed upon  m^gO  and  m/, n^^.  as  sides;   the  triangle 
Gm^^  m^j^^  will  be  equal  to  the  triangle  Om,^  .0  =  Cm'  w,^^ 
=  C  A  mf.    These  equal  triangles  are  described  in  equal 
interval  of  time  by  the  line  joimng  the  moving  body 
with  the  centre  C,    If  now  the  impulses  towards  C7  be 
applied  at  intervals  of  time  indefinitely  Small,  the  force 
may  be  considered  incessant,  the  sides  of  the  polygon  then  ineeMant; 
A  m',  m'  m,,j  m^^  m,^,,  &c.,  will  become  indefinitely  small, 
apid  the  ]x>lygcm  itself  wiU  not  differ  from  a  curva    The 
line  which  joins  the  body  and  the  centre  C,  is  called  the 
radivs  vector;  and  the  incessant  force  acting  in  the  direction  radius  vector; 
of  this  line  towards  the  centre,  is  called  the  centripetal  force. 

Whence  roe  ocmdude,  that  when  any  body  hamng  reoeived  venB  described 
a  motion,  is  acted  upon  by  a  centripetal  force,  cf  which  the  ^^  "^^^  ''7***'^ 

'  -^  *f  JT  J         1    J  ^     proportional  to 

directum  is  oblique  to  that  of  the  Tnotion^  its  radius  vector  wili  the  ume  of 
describe  equxd  areas  in  equuL  times.       .  descripuon; 

And  conversely,  if  the  radius  vector  of  a  body  movirhg  in 
a  curve^  be  found  to  describe  equal  meas  in  equal  times  dbout 
a  fixed  point,  ffie  body  must  be  urged  towards  this  faced  point 
by  a  centripetal  force,  for  the. equality  oi  the  triangles 
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point; 


oonveneiy,  the     0  m/  m"    and     G  m'  m^^,  Kg.  18L 

the  force  miut     &c.,   depends    upon  the 

l:^--""^  lines  m"m„  Om,„,  &c, 
being  respectiyely  paral- 
lel to  m'  C7,  m,^  OJ  &c., 
drawn  &om  the  positions 
in  which  the  body  re- 
ceives the  deflecting  im- 
pulses to  the  centre  G. 

Denote   the  area  by 
J.,    and    the     time    in 

which  it  is  described  by  t;  the  ratio  of  J.  to  ^  must, 
from,  what  has  just  been  shown,  be  constant  Denote  this 
constant  by  a,  and  we  shall  have 


nttoof 
the  times. 


to 


A 
7 


_  =  a, 


or 


A  ^  at 


(74)'; 


and  making  t  equal  to  unity,  we  find 

A  =  a; 

from  which  we  conclude,  that  a  denotes  the  area  described 
in  the  unit  of  time. 


§  176.— Let  a  body  de- 
scribe the  curve  A  B  under 
Meworeofthe  the  actiou  of  a  Centripetal 
ceniripeudforcej  ^^^  directed  to  the  Cen- 
tre 0;  and  suppose  m  and 
m'  to  be  two  positions  of 
the  body  very  near  to  each 
other.  Draw  the  tangent 
m  Q  to  the  curve  at  the  place 


Fig.  182. 
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velocity ; 


70,  and  draw  m'  Q  parallel  to  the  radius  vector  (7m,  and 
mf  n  parallel  to  the  tangent.  If  the  centripetal  force  had 
ceaaed  to  act  at  7n,  the  body  would  have  described  m  ^  in 
the  time  that  it  has  actuaU  j  described  m  m\  Again,  if  the  components  or 
body  had  been  moved  fix>m  rest  at  m  by  the  centripetal  **  **^*"^ 
force  alone,  it  would  have  described  the  path  wn  =  m'Q, 
in  the  same  time ;  the  path  m  n  is,  therefore,  the  path  due 
to  the  action  of  the  centripetal  force.  The  places  m  and  w! 
bemg  veiy  near  «(ach  other,  the  centripetal  force  may  be 
considered  as  constant  during  the  passage  of  the  body  &om 
the  one  to  the  other.  Denote  the  velocity  which  the  cen- 
tripetal force  can  generate  in  the  body  at  tt^  in  a  unit  of 
time,  by  v^^  then,  Eq.  (7),  wiU 


whence 


mn  =  i  v^  ^, 


V,  = 


2mn 


but,  Eq.  (74y, 


'=^^ 


and  substituting  this  for  ^,  we  find 


V/    = 


2a*  X  mn 
3^       ' 


valaeoffhe 
acceleration  due 
to  the  centripetal 
force; 


Multiplying  both  members  by  the  mass  of  the  moving 
body,  denoted  by  ifj  we  have 


Jf  v,  = 


7^M(f  X  mn 

1?  ' 


Draw  firom  m\  the  line  m'  A  perpendicular  to  Cm^  then, 
becaose  A  is  the  area  of  the  triangle  Omm\  will 

J.  =  J  Cm  X  m'  hj 
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whicli  in  the  above  equation  gives 


the  intensity  of 
the  oentrlpetiU 
force; 


mn 


Teraed  line ; 


altitude  of  the 
sector; 


TBlue  of  the 
intensity  of  the 
force  in  words. 


Om    X  7n'  h 


(74)", 


Fig.  182. 


The  distance  mw  is  called 
the  versed  sine  of  the  arc 
m  m\  and  m\h  the  altitude 
of  the  sector;  the  first  mem- 
ber, or  Mv^  is  the  quantity 
of  motion  which  the  centrip- 
etal force  can  generate  in 
a  unit  of  time,  and  there- 
fore measures  its  intensity ; 

whence  we  conclude  that,  the  intensity  of  the  oentripeUd 
force  by  which  a  body  is  made  to  describe  a  curve,  is  always 
equal  to  four  times  the  mass  of  the  body  into  the  square  of  the 
area  described  by  its  radius  vector  in  a  unit  of  tim^,  multiplied 
by  the  versed  sine  of  the  elementary  arc  and  divided  hy  the 
square  of  the  radius  vector  into  the  square  of  the  dUitude  of 
the  sector. 


XIL 


Phenomena  of 
the  heavenly 
bodies; 


MOTIONS  OP  THE  HEAVENLY  BODIES. 

§  177. — ^The  phenomena  of  the  heavenly  bodies  may 
be  divided  into  three  classes :  the  first,  comprehending  the 
motion  of  revolution  round  the  sun ;  the  second,  the  mo- 
tion of  rotation  about  their  respective  centres  of  inertia; 
and  third,  their  figure  and  the  oscillations  of  the  fluids  on 
their  sur&oes.  It  is  only  proposed  to  consider  the  force 
which  prodtioes  the  motion  of  revolution,  and  the  orbits 
which  the  bodies  would,  if  undisturbed,  describe. 

Observation  has  established  three  laws  respecting  the 
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motion  of  the  planets,  which,  from  their  discoyezeae,  are  uwiofKeptor: 
called  Kepleb's  laws,  viz.: 

1st.  The  planets  move  in  plane  curves,  and  their  tKjkjm  minr; 
veetore  describe  rtmnd  the  centre  of  the  sturiy  areas  propori 
Oonai  to  the  times  of  their  description. 

2d.  The  orbits  of  the  planets  cure  dUpses  with  the  centre  of  mimti 
the  sun  in  one  of  thefod. 

8d.  The  squares  of  the  times  of  revolution  of  the  different  dAitm; 
planets  are  to  one  another  as  the  cubes  of  their  mecm  distancei 
from  the  sun  or  semi-major  aaxs  of  their  orbits. 

These  laws  relate  only  to  a  motion  of  translation,  and  o&iyraiate  to 
must,  therefore,  be  limited  to  the  motion  of  the  centres  of  ^^^J^L 
gravity  of  the  planets. 


§  178. — Prom  the  first  of  these  laws,  and  the  prin- 
ciple of  areas  proportional  to  the  times,  explained  in  §  176, 
it  follows  that)  the  centripetal  force  ^hich  keeps  the  planets  in  oonMqoeiioMor 
their  orbits  is  directed  to  the  centre  of  the  sun,  and  thai  this        ^' 
body  is,  therefore,  the  centre  of  the  system. 

The  consequence  of  the  second  law  relates  to  the  varia- 
tion which  takes  place  in  the  intensity  of  the  centripetal 
force  arising  from  a  change  in  the  body's  place,  and  may  be 
determined  thus.    Let 

m  and  m',  be  two  con-  ^-  ^^^• 

secntive  places  of  the  b 

planet  moving  in  an 
ellipse  of  which  OA 
and  GB  are  the  semi* 
and 


transverse 


semi* 


tbatoffheaeooiid 
dednoed; 


conjugate  axes,  and 
having  the  sun,  towards 
which  the  centrijpetal 
force  is  directed,  iu  the 

focus  jSL  Draw  m'  n  parallel  to  the  tangent  m  Q,  and  pro- 
duce it  till  it  meets  m  C,  drawn  to  the  centre  of  the  ellipse, 
in  the  point  v ;  let  fall  the  perpendicular  m'  h  upon  the 
radius  vector  Sm  ;  joia  the  body  at  m  with  the  other  focus 
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S';  di«w  S' N  md  CD 
parallel  to  the  tangent 
m  Q,  and  produce  m  G 
to  the  curve  at  G, 
The  tangent  Q  Q' 
oonrtracttonor    makcs    equal    angles, 

QmS  and  Q' m  S', 
with  the  line  drawn 
from  the  place  m  to 
the  foci,  and  because 
S'N  is  parallel  to  this 
tangent,   the    triangle 


theflgore; 


Hg.  188. 


mS'  Nia  isosceles,  making  S*m  =  Nm;  and  because  CD 
is  parallel  to  JS'N,  and  GJS  is  equal  to  CS\  the  distance 

NL  is  equal  to  LS;  hence  mL= 5- is  equal 

to  the  semi-transverse  axis  OA  =  A.    Denote  the  semi- 
conjugate  axis  by  B. 

In  the  similar  triangles  mnv  and  mLO^  we  have, 


m 


n    :    mv    : :    mL    :    m  (7; 


whence,  writing  A  for  mi,  we  have 


Ttlue  of  tho 
▼enedaine; 


7/171   = 


A.mv 
mG 


Again,  drawing  mF  perpendicular  to  DG,  we  have, 
from  the  similar  right-angled  triangles  mLF  and  m^hn, 


TT8         -7 


n     : :    ml^    :    7Mj&  ; 


whence,  writing  A  for  Tni/,  we  have 


falm  of  the 
attitude  of  Motor; 


m'  h    = 


m'  n  X  7/i-P^ 
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and,  diyiding  the  last  equation  bj  this  one,  we  have 


mn  >i8  ^^  ■'•  rrtloofthe 

jl     =   xir    X    "Tf    X  n <g*  Tened  sine  to  the 

m'A  ^^  Tin/ n     X    7a  F^  square  of  alUtade 


ofseetor; 


The  equation  of  the  ellipse,  referred  to  the  conjugate 
diameters  Cm  and  GD,  gives,  because  the  points  n  and  v 
will  sensibly  coincide  for  consecutive  places  of  the  body, 

wn   =  ^=15  X  fnv  X  vQ; 
Cm 


which,  substituted  for  m!  n  above,  we  find 


the  Mme,  in  other 


and,  because  the  rectangle  of  the  semi-axes  is  equivalent 
to  the  parallelogram  constructed  upon  the  semi-conjugate 
diameters  CD  and  (7m,  we  have 

Gl^  X  'rnF^  =  A^  X  B*; 

moreover,  the  points  m  and  m'  being  contiguous,  Ov  will 
not  diJBfer  sensibly  fix>m  2  Cm,  Making  these  substitutions, 
the  above  equation  reduces  to 

Tun  A. 


and,  multiplying  both  members  by        ^y 

Cm 


4:M<^  X  _^"^  =  M^  X       ^ 


ItsflnalTaloe; 


m'A"  X  Cm'  £»  Cm 


«• 
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value  of  tlM 
force; 

eonaeqaence  of 
the  lecond  law ; 


to  find  the 

* 

eonaeqaence  ot 
the  third  law; 


The  first  member  we  hare  seen,  Bq.  (74)'/,  is  the  intensity 
of  the  centripetal  ft)roe  at  m.  Calling  this  force  F  and 
writing  r  for  the  radius  vector  Om^  we  finally  have 

_       2Mc?A    •    1 

Eveiy  thing  being  constant  in  the  second  member  but 
r,  it  follows  that,  ihe  Jbrce  which  urges  a  planet  iovxirds  the 
sun,  varies  inversely  as  the  square  of  the  planet's  distance  from 
that  body. 

The  consequence  of  the  third  law  is  not  less  important, 
and  may  be  evolved  thus.  Multiply  both  members  of  the 
last  equation  by  «^  J.^5*,  and  we  have 

F^A^B^  =  2ifiM€?A^  X  ^; 

divide  both  members  of  this  equation  by  Fa*^  and  there 
will  result 


^A^JB» 


2^M        ,.^1 


periodic  time ; 


the  valoe  of  its 
square; 


Now,  * AB  \&  the  area  of  the  entire  ellipse;  a  is  the  area 
described  by  its  radius  vector  in  a  unit  of  time ;  hence 


^AB  . 


is  the  number  of  units  of  time  in  one  entire  revolu- 


a 


tion  of  the  planet,  called  the  periodic  time.    Denote  this 

If  AB 
by  Tf  and  substitute  it  for >  and  we  get 

F         fS     -^• 

In  like  manner  for  any  other  planet,  whose  mass  is 
Jf',  mean  distance  A\  radius  vector  r',  periodio  time  ^> 
and  centripetal  force  F\  we  have 

F'        H 
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and  dividing 

this  equation  by  the  one  above 

But^  by  the  Uiird  Jaw, 

T^       A^ 

jn  =  3r» 

whence 

or 

« 

5^  X  »-  =  j7  X  r  . 

ntio  of  the 
•quarMof 
periodic  times; 


centripetal 


Now  -7^  is  the  velocity  which  the  centripetal  force  can 

generate  in  one  nnit  q£  time,  or,  which  is  the  same  thing, 
it  is  the  measure  of  the  acoeleiation  due  to  the  force 

F' 
which  acts  upon  the  planet  if;  so,  likewise,  -rr^  is  the 

afipeleration  due  to  the  centripetal  force  which  acts  upon 
the  planet  Jf';  and  resolving  the  above  equation  into  the 
proportion 


M 


EL 

M' 


m     • 


1_ 


coneequenoe  of 
the  third  Uw; 


we  see  that  the  forces  which  urge  two  different  planets 
towards  the  stm^  are  to  each  other  in  the  inverse  ratio  of 
the  squares  of  the  distances ;  so  that  the  same  law  which 
regulates  the  intensity  of  the  force  in  a  single  orbit,  also 
extends  to  different  planets  revolving  in  different  orbits. 
If  r  be  made  equal  to  t\  then  will  the  accelerations  due 
to  the  centripetal  force  be  equal ;  that  is  to  say,  if  aU  the 


^ 
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At  same  diataneO) 
the  centripetal 
aooelerationB  are 
equal; 


Newtonian 
hypothesia  of 
onivenal 
gravitation ; 


eonaeqnences  of 
this  hypothesis ; 


the  orbits  might 
have  been 
ellipses, 
parabolas,  or 
hyperbolas. 


planets  were  brought  to  the  saxae  distance  from  the  sun, 
each  unit  of  mass  would  be  urged  towards  that  body  with 
the  same  intensity ;  and  as  the  different  planets  might  be 
inverted  in  respect  to  the  order  of  their  distances  from 
the  sun,  without  the  relation  of  the  periodic  times  as 
expressed  by  the  third  law  being  affected,  it  follows  that 
the  force  which  acts  upon  all  the  planets  is  absolutely  the 
same  in  kind,  and  is  only  qualified,  in  intensity,  by  a 
change  of  distance.  These  considerations  led  Newton  to 
adopt  the  celebrated  hypothesis  which  laid  the  foundation 
of  physical  astronomy,  viz.:  that  aU  bodies  attract  each 
other  with  an  energy  which  is  directly  proportional  to  their 
masses  and  inversely  proportioned  to  the  squares  of  their  dis- 
tances Jrom  each  other. 

Starting  from  this  hypothesis,  it  is  easy  to  solve  by  a 
process  not  suited  to  an  elementary  work  like  this,  the 
converse  problem  of  that  which  led  to  the  consequence  of 
the  second  law,  and  to  show,  that  a  heavenly  body  may 
describe  any  one  of  the  conic  sections  having  the  sun  at 
one  of  the  foci,  depending  upon  the  relation  which  subsists 
between  its  velocity  and  the  energy  with  which  the  body 
and  the  sun  attract  each  other.  The  orbit  will  be  a  para- 
bola, an  ellipse,  or  hyperbola,  according  as  the  square  of  the 
body's  velocity  is  equal  to,  less,  or  greater  than,  twice  the 
attractive  force,  multiplied  by  the  distance  fix)m  the  sun. 


Fig.  184. 


The  angular 
Telocity; 


§  179.— Let  0  mm' he 
the  sector  described  in  the 
unit  of  time :  take  the  dis- 
tance Ob  equal  to  unity, 
and  describe,  with  (7  as  a 
centre  and  Ob  as  radius, 
the  arc  Jrf  =  5,,  which  will 
measure  the  angular  velo- 
city. With  (7  as  a  centre, 
and  Om'  =  r  as  radius,  describe  the  arc  m'  A' ;  then  will 


J 


MECHANICS    OF    SOLIDS. 


237 


Sapposmg  the  imit  of  time  small,  in  wMch  case  m'  will 
be  yeiy  near  to  m,  m'h  will  be  sensibly  eqnal  to  m'h\ 
m  Gv>  m!  Q  and  we  have  for  the  area  of  the  sector  Cmm\ 


\Cm  X  m'h'  =  Jr«5,  = 


a; 


whence 


«y    = 


2a 

7^    ' 


its  Talne ; 


Fig.  186. 


from  which  we  find  that,  the  anguUir  vdodty  of  a  planet  i«wof  its 
about  the  sun,  varies  inversely  as  the  square  of  its  distance  or  "^"^^^^ 
radius  vector. 

Supposing  the  planet 
to  describe  the  ellipse 
ABPD^  having  the  sun 
at  the  focus  S^  the  ex- 
tremities A  and  P  of  the 
transverse  axis  are  call- 
edf  the  former  the  Aphe- 
Uonj  and  the  latter  the 
Perihelion.  The  angular 
velocity  of  the  planet  is 
the  least  at  aphelion  and 
greatest  at  perihelion. 

Again,  denote  the  angle 
Gm  Q  by  «,  and  suppose 
the  velocity  of  the  body  on 
the  small  arc  mm' tmiform, 
which  we  may  do  without 
sensible  error,  die  length  of 
m  m'  will  measure  the  ve- 
locity of  the  planet  at  m, 
amce  it  is  described  in  a 
unit  of  time.    Hence 


Ilg.  186. 


q>helioii; 


perihelioii; 

■ngnlir  veloetty 
greatest  at 
periheUon  aad 
least  at  apheUon; 


alNolnleTaloelfy; 


mm' sin  a  =s  m'A  =   F.  sina; 
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a.nd  the  area  of  the  triangle  or  aector  Oram!  will  be 
\  F.siiifl'  X  r;  whence 


F.  r  sin  a 


=  a. 


or 


▼•lue  of  the 
abtolute  velqcity ; 


F  = 


2a 


r .  sin  a 


thenmein 
diflbrenft  tennt; 


Draw  the  tangent  m  Q  to 
the  curve  at  the  point  m, 
and  from  0  let  fall  the  per- 
pendicular C  Qj  then  in  the 
right-angled  triangle  CQrHj 
will 


Fig.  186. 


CQ  =  r.sin«  =  p. 


which  substituted  above  gives 


P' 


Its  law  of 
rariation ; 


graaleilai 
porihelion  and 
least  st  aphelloo. 


that  is  to  say,  tJie  velocity  of  a  planet  in  its  orbit,  varies  ixk- 
versely  as  the  length  of  the  perpendicidar  let  fall  from  the 
centre  of  the  sun  upon  the  tangent  draum  to  the  orbit  at  the 
body's  place^ 

From  this  it  follows  that  the  velocity  of  the  pl&aet  wiD 
be  greatest  at  perihelion  and  least  at  aphelion. 


§  180. — ^It  will  be  found  convenient  when  we  coma 

to  discuss  the  nature  of  light,  to  know  that  when  a  body 

oentrfpetai  force  describcs  an  ellipse  under  the  action  of  a  force  directed 

^^^tl^     towards  the  centre  of  that  curve,  the  force  wiU  vary 

eiupticai  orbit;    directly  as  the  length  of  the  radius  vector,  and  that  the 

periodic  time  will  be  the  same  for  all  ellipses,  great  and 

small. 


r 
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Pig.  187. 


Let  the  bod  j,  under 
the  action  of  a  force  di- 
rected to  the  centre  G^ 
describe  the  ellipse  of 
which  GA  and  GB  are 
the  sezoi-axes,  denoted 
lespectiyelj  by  A  and 
B;  and  suppose  m  and 
w'  to  be  two  of  its  con- 
secutive places.  Draw 
the  tangent  m  Q  at  the 

point  Tdy  and  parallel  to  this  tangent  draw  the  diameter 
dU^  perpendicular  to  which,  draw  from  m  the  line  m  K, 
From  m'  draw  m'  n  parallel  to  the  tangent  till  it  meets  the 
radius  vector  Gm  in  n,  and  let  fiJl  upon  the  same  radius 
vector  the  perpendicular  w!  h. 

The  equation  of  the  ellipse,  referred  to  its  conjugate 
diameters  Gm  and  GD^  g;Lves 


to  find  lb«  law ; 


GD^ 


©i' «   =  g  X  mn  X  nG; 

Gm 


whence 


mn  = 


m' n    X  Gm 
'OD^  X  na' 


Talae  of  the 
TerMdtlne; 


Because  m'n  and  m'A  are  respectively  perpendicular  to 
the  lines  m  K  and  m  G,  the  angles  hm'n  and  Gm  K  are 
equal,  atid  the  angles  at  K  and  %  being  right  angles,  the 
triangles  m* nh  and  XJmK  are  similar,  and  give  the  pro- 
portion 


m  n 


whence 


m'  h 


: :     Gm     :    m  a   ; 

m'  n    y.  mK' 
Cm*         ' 

ralneofthe 
■qnare  of  wetor*! 
alUtttde; 

1^ 
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dividing  the  last  equation  by  this  one,  we  have 


wUoofthe  ^^ 


Cm 


verseddneto  ^^T^  ^2  j^2  ^ 

Bquaro  of  aector't 
altitude ; 

But  the  rectangle  of  the  semi-axes  is  equivalent  to  the 
parallelogram  described  upon  the  semi-conjugate  diame- 
ters, hence 

CD"  X  ^TT*  =  A«  X  B^\ 

moreover,  n  (7  is  sensibly  equal  to  2  Gm;  making  these 
substitutions  above,  there  will  result 


same  in  dUferent  771  71 


Gm 


mTii        2A^B^ 


multiplying  both  members  by  4  Mc?^  and  dividing  by 
Gm,  we  have,  Eq.  (74)", 

4:Mcf  X  -=5 s-  =  -F  =  X   Cttl 

in  which  if  is  the  mass  of  the  body.    Finally,  writing  r 
for  Cm,  we  find 

taluoofthe  p,  __   2  Jfa' 

centripetal foroe;  x'    —    ^  ^^    X    ^/ 

theiawofito       that  is  to  say,  ^  centripekd  force  which  will  cause  a  body  to 
vwiation;  describe  an  ellipse  when  directed  to  the,  centre  of  that  curve^ 

varies  directly  as  the  radius  vector. 
to  find  the  Multiply    both    members  of   the    last    equation  by 

periodic  time;       ^^a  Jja^  ^^d  WC  haVO 

F.^A^B^  =  2^Mcf  X  r. 

Dividing  both  members  of  this  equation  by  Fcfi^  and  we 
have 
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periodic  tame  =  T,  we  find 


The  gunlaeiit  -^  is  the  measore  of  the  aeoelaratiQn  doai 

to  the  centripetal  force,  which  we  have  jiist  found  to  vaiy 
directly  as  the  radiiu  vector.  This  roakes  the  radical  ex- 
preasion  constant;  hence  7^ most  also  be  constant 

Whence  we  conclude,  generally,  that  when  any  numSer 
if  bodia  are  toUdled  towardd  a  fined  poini  by  Jbrcea  which' 
vary  direcUt/  as  the  (Stances  <^the  bodies  from  Aat  point,  they 
wiO  deaeriiK  elHpaes,  or  circles,  one  of  the  varieties  of  the 
ellipse ;  asid  thai  th^  tmU  aU  perjbrm  their  revolutiona  in  the 
mmeHme. 


THE    PEKDirE01C 

§  181.— A  hoiy  MQN,  anepended 
&om  a  horizontal  axis  A,  about  which 
it  may  swing  with  freedom  nnder  the 
action  of  its  own  weight,  ia  called,  in 
geaeni,  A  compowid  pendulum.  When 
the  body  is  reduced  to  a  material 
heavy  poinl^  and  the  medium  of  con- 
nection -with  the  axis  is  without 
wdght,  it  ia  called  a  simple  pendu- 
lum. 
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baa  no  real 


sfltoct  of  Metloii 


Of  air; 


flgnrD  of 
pendnlmn  and 
mode  of 


kiiiffr«dge  and 
bob; 


The  siinple  pendulum  is  but  a 
mere  conception,  and  yet  the  ex- 
pression for  its  length,  which  may 
easily  be  found  in  a  manner  soon 
to  be  explained^  is  of  great  prac- 
tical importance. 

When  the  pendulum  is  at  rest,* 
in  such  position  that  its  centre  of 
gravity  Q  is  below  and  on  the  ver- 
tical Hne  passing  through  the  axis 
Ay  it  will  be  in  a  state  of  stable  equi- 
librium, §  151 ;  but  as  soon  as  it  is 
deflected  to  one  side,  as  indicated 
in  the  figure,  and  abandoned  to 
itself,  it  will  swing  back  and  forth 
about  the  position  of  equilibrium, 
into  which  it  will  finally  settle  in 
consequence  of  the  resistance  of 
the  air  and  friction  on  the  axis. 
If  these  causes  of  resistance  were 
removed,  the  pendulum  would  con- 
tinue its  motion  indefinitely;  but 
this  cannot  be  accomplished  in 
practice,  and  hence  such  figure  and 
mode  of  suspension  are  resorted  to 
as  to  give  these  impediments  the 
least  possible  influence. 

The  pendulum  is  usually  mount- 
ed upon  a  knife-edge  ^  as  an  axis, 
resting  upon  a  well-polished  plate 
of  metal,  or  other  hard  substance, 
B;  and  the  figure  of  the  pendulum 
is  that  of  a  flat  bar  Q  supporting 
at  its  lower  end  a  heavy  lenticular- 
shaped  mass  i>,  called  a  hob. 

One  entire  swing  of  the  pen- 
dulum, by  which   its   centre    of 


Fig.  189. 


A 
/ 


/ 


/ 


-/. 


Fig.  140. 


Fig.  141. 


J 
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Fig.  142. 


to  find  time  of  a 

Bliiffle 

oaciUatton; 


notatton; 


gravity  is  carried  firom  the  extreme  limit  0  of  ili  path, 

on  one  side  of  the  vertical  J.X,  to  ff "  on  the  other,  is  oMUiiaion; 

caUed  an  osctZZcihbn. 

To  find  the  time  of 
a  single  oscillation,  call 
the  weight  of  the  entire 
pendxdmn,  W;  its  mass, 
M;  its  angular  velocity 
at  any  instant,  T^;    its 
moment  of  inertia  with 
reference  to  the  axis  of 
suspension,  /;  the  dis- 
tance of  its  centre  of 
gravity  from  the  axis, 
D ;  the  vertical  distance 
P  0\  through  which  the 
centre  of  gravity  must 
descend  from  its  highest  point  G  to  arrive  at  any  point 

The  living  force  of  the  pendulum  when  the  centre  of 
gravity  reaches  the  point  ff'  will,  §  159,  be 

and  the  quantity  of  work  of  the  weight  will  be 


living  foree; 


Wy  =  Mgyj 


and  hence 


/F,»  =  2ifgy. 


work  of  the 
welfl^t; 


The  point  0  on  the  line  AQsA  the  unit's  distance  from 
A,  will,  during  the  motion,  describe  an  arc  simUar  to 
G0\  and  the  vertical  distance  Cf^P,,  denoted  by  y„ 
through  which  this  point  will  &11  while  G  is  passing  to 
ff ',  will  be  given  by 


y  =  Dys; 


Ml  of  tho  o0Dtm 
ofgimTilj; 


^ 
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and  thif^  jfit  ike  abpre  eqi^tion,  gives 


whence 


I.V,^^2MgDy,i 


■qursortlie 
angular  Telodty ; 


Denoting  by  «^  the  small  distance  described  bj  the 
point  O  during  the  very  short  interval  ^  succeeding  the 
instant  at  which  the  angular  velocity  is  T^,  we  shall  have 

which,  in  the  preceding  equation,  gives 


Zfl^y// 


whence 


aqnareofttie 
tlm^reqalradto 
dMeribeaTOiy 
•mall  an; 


<■   = 


«. 


to  And  the  an 
daacribed  In  the 


M.D    2gy: 


Taking  J.  if  equal  to 
unity,  let  OB  C"  be 
the  arc  described  in 
one  oscillation  by  the 
point  i/j  and  MN  the 
smaU  arc  s^  described 
in  the  time  ^  immedi-  ^ 
ately  succeeding  the 
instant  at  which  the 
angular  velocity  is  "PJ. 
Draw  ME  perpendi- 


Fig.  148. 


■vattme;        cular  to  the  vertical 
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AB^  and  NQ  perpeadicular  to  MH:  then,  in  tiie  similar 
triangles  A  ME  and  MN  Q,  we  have 

QN   :    EM   ::    MN  :    AM; 

and  because  A  Mis  unity,  and  if  iV  is  s^y 


QN 


one  Talue  for 


EM  theare; 

But  &om  tlie  property  of  the  circle 


EM=:y/  2AB.  EB  -  E^  =^  2EB  -  EB\ 

and  if  we  take  the  arc  OB  (7"  very  small,  the  versed  sine 
EB  will  be  a  very  small  fraction,  and  its  ciecond  power 
may  be  neglected  in  comparison  with  the  first    Whence 

EM=:  V  2  EB; 
which,  in  the  value  of  8^  abchr^,  gives 

QN      ^  aaother  TBlve  for 

and  this,  in  the  value  for  ^,  gives 

T  1  Q  N^  anottier  yalvo  for 

Upon  BD  9A  $k  diameter,  describe  a  semi-circumference 
DmnB,  and  through  the  points  Jfand  N^  the  extremities 
of  the  arc  «„  draw  the  horizontal  lines  Mm  and  iVn,  cut- 
ting this  seiniKnroomference  in  the  points  m  and  fi.  JhM 
the  radius  0  m,  and  the  vertical  n  j.  Prom  the  property 
of  the  earde  we  havd 


m 


E^  =  BE  X  ED  =  BE  x  PM  ^  BE  x  y,; 
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Fig.  148. 


whence 


▼ertical  dirtaiioe 
fh>m  iBtt  point ; 


BE  = 


m  JE 


y* 


which,  substituted  for 
BE  vol  the  equation 
above,  gives 


A 


ralneitftlie 
element  of  ttie 
time; 


<•  = 


and,  taking  the  square  root, 


QN 


M.D    ig     mH" 


'  ~  ^y  a.M.D  ^  mW 


The  two  triangles  m  OH  and  mqn  are  similar,  and  give 


qn  =  QK   :    mE    •.'.    nm    :     0 m; 


whence 


QN 


and  this  substituted  above  in  the  value  of  ^  gives 


*"■  ^yJTMTD  ^   Om 


proportional  to    Such  is  the  value  of  the  time  required  to  describe  the 
^'^"uiecireie   ©lenientary  arc  MN^  which  we  see  is   proportional  to 


arc  on 


whose  diameter    the  arc  77171,  or  to  the  projectiou  of  MN  on  the  semi- 
of  owjiiiation;  circumference  described  upon  i>jS  as  a  diameter,  eveiy 


are 


other  quantity  in  the  second  member  of  the  equation  being 
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constant;   and  hence,  the  time  required  to  describe  the 
whole  arc  OMB,  which  is  obviously  the  sum  of  all  the  tbaumaor 
elementary  times  of  describing  the  elementary  arcs  MN^  ^!!^^^aimim 
&a,  must  be  equal  to  found; 


/ 


X 


g.if.D        Om' 

into  the  sum  of  all  the  projections  of  MN,  &c,  on  the 
semi-circumference  DmB;  but  this  sum  is  the  semi- 
circumference  itself;  and  denoting  the  time  from  (7  to  ^ 
or  that  of  a  semi-oscillation,  by  \  T,  we  have 


ItiTiliie; 


but 


^^^  =  ^  =  8.1416, 


Om 
the  ratio  of  the  circumference  to  the  diameter;  whence, 


7?  _   ^    ^  /         ^  /7c\        timeofailagto 

V  g  .M.D       •      '      *     ^     ^"       OMiIUittoii; 

From  this  formula  we  see  that  the  duration  is  inde- 
pendent of  the  amplitude  of  the  oscillation,  when  this 
amplitude  is  small;  and  a  pendulum  slightly  deflected 
from  its  Tcrtical  position  and  abandoned  to  itself  will 
oscillate  in  equal  times  whatever  be  the  magnitude  of  the 
arc,  provided  it  be  inconsiderable.  Such  oscillations  are  taoehranai 
said  to  be  laochronoL  oMiitatfoM; 

If  the  nxmiber  of  oscillations  performed  in  a  given  in- 
terval, say  ten  or  twenty  minutes^  be  counted,  the  duration 
of  a  single  oscillation  will  be  found  by  dividing  the  whole  time  oraiiiigto 

.....  .  otdllattoii  found 

mierval  by  this  number.  ^om 

Thus,  let  tf  denote  the  time  of  observation,  and  N  the  obaarraiioii; 

number  of  oscillations,  then  wOl 


^ 
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and  if  the  same  pendulum  be  made  to  oscnllate  at  some 
other  location  during  the  same  interval  4,  the  force  of 
gravity  being  diflferent,  the  number  JV^'  of  oscillationfl  will 
be  different;  but  we  ahall  have,  as  before,  ^  being  the 
new  force  of  gravity, 


tteMmefbrft 
■eoond  place; 


«  _       /     / 

N'  ~*  y  a'  .M.D' 


Squaring  and  dividing  tiie  first  by  the  second,  we  find 


(76); 


fwemotgrvfity  that  is  to  Say,  the  intensities  of  the  force  of  gravity,  at 
m^aAmroT*     different  places,  are  to  each  other  as  the  squares  of  the 

oMditauonsia     numbcT  of  oscUlations  performed  in  the  same  time,  by  the 
—  M"*^i 

same  pendulum.    Hence,  if  the  intensity  of  gravity  at  one 

station  be  known,  it  will  be  easy  to  find  it  at  others. 


Simple 
pendoliim; 


§  182. — ^Resuming  the  general  value  for  I,  Eq.  (65),  we 
have 


/  «  /i  +  D^M; 
which  value  of  i^  in  Eq.  (76),  gives 


"■^'V^^-  ■  ■  <"> 


I^  now,  we  suppose  the  entire  mass  of  the  pendulum  to 
■iiiffie  point;    *  ^  Concentrated  into  a  single  point,  and  this  point  ocm- 
neoted  with  the  axis  by  a  medium  without  wei^t,  we 
have 
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0mm 


Jj   as   Xvflf^  ^*   Os  moment  of  inertia 

in  reference  to 
the  centre  of 

anoe  the  centre  of  gravity  nrast  alao  go  to  that  point,  and  gravity; 
rsif^ssr"  sszisc^O]  irhence,  writing  I  for  the  new  value 
assumed  bj  J9,  which  now  becomes  the  distance  from  the 
axis  to  the  single  heavy  pointy  we  have 


/~z  Ua 

r=  *  y—     ....    (78);     of 

which  is  the  expression  for  the  time  of  oscillalaon  of  a 
rimpU  penduhim  of  which  I  is  the  length. 

If  the  time  of  oscillation  of  the  simple,  be  the  same  as 
that  of  the  compound  pendulum,  we  shall  have,  from  Eqs. 
(75)  and  (78^ 

^ •  ■■>    *■■■  I  M  JMiW 


ilmeofoidUation 

theilmple 
pendnlom; 


or 


'  "^  M7D  "^  •     MB  "     •    '    ^^^^^ 


in  which  case  I  is  called  the  equivcblmt  eimple  pendulum;  eqainaentumpie 
that  is  to  say,  the  length  of  a  simple  pendulum  which  will  p®^^""' 
oscillate  in  the  same  time  as  a  compound  pendulum  whose 
moment  of  inertia  in  reference  to  the  asis  of  suspension  is 
I,  whose  mass  is  i/j  and  of  which  the  axis  of  suspension  is 
at  a  distance  from  the  centre  of  gravity  equal  to  D. 

The  point  situated  on  a  line  drawn  through  the  centre  centre  of 
of  gravity  of  the  pendulmn,  peipendictOar  to  the  axis  of  ««'^» 
suspension,  and  at  a  distance  from  that  axis  equal  to  ^  is  . 
called  the  eenire  of  oscillation;  and  is  that  point  of  which 
the  circumstances  of  oscillation  would  in  nowise  be  altered 
were  the  entire  pendulum  concentrated  into  it,  or  were  it 
disconnected  from  the  other  points  of  the  pendulous  mas% 
its  connection  with  the  axis  being  retained* 


1 
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§  183. — A  Une  drawn  thnmgh  the  centre  ofoscilbtion^  and 
Axes  of  paraUd  to  the  aocis  of  suspension,  is  called  the  aocis  ofosdOa" 

cTwUk^on^itfe  ^**'^*     ^^  ^^'^^'^  of  suspeosion  and  of  osciUabion  are  reciproooL 
reciprocal;  Let  i>'  denote  the  distance  of  the  axis  of  oficillatioiL 

from  the  centre  of  gravity ;  then  will 

I  =:  D  +  jy. 

Invert  the  pendulum  and  make  the  axis  of  oscillation  the 
axis  of  suspension,  take  l'  for  the  new  equivalent  simple 
pendulum,  then  wiU 

new  equiraleDt  1%    +   M  D^ 

simple  •  I    =    Tjp — jy ; 

pendulum;  -^  •  ^ 

but  we  have,  from  the  foregoing  equation, 
and  this,  in  the  preceding  value  for  r,  gives 


^  /,  +  M{1  ^  Df 
M.{1  "  £>)    ' 


Again,  from  Eq.  (79),  we  have 


I   -   D   =:        ^^      ' 


substituting  this  in  the  above  value  for  l\  we  finally  get 


ih^^P^  J,  _  It  +  MD^         J 

pendulum  tlie  t     —    j^j-  j^  —    fr/ 


that  is  to  say,  when  the  axis  of  oscillation  is  taken  as  the 
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axis  of  suspension,  the  old  axis  of  suspension  becomes  the 
new  axis  of  oscillation.    In  other  words,  these  axes  are  eonciuaion; 
redprocdL.    This  fiimishes  an  experimental  method  for 
finding  the  length  of  any  equivalent  simple  pendulum,  equiTftient 
which  is  the  more  valuable  in  view  of  the  great  difficulty  fo^*i^  ^°" 
of  computing  the  moment  of  inertia  of  a  compound  pendu-  experiment; 
lum  by  the  ordinary  calculus,  owing  to  the  peculiar  forms 
of  that  instrument  rendered  necessary  by  the  circumstan- 
ces under  which  it  is  employed.    But  before  proceeding 
to  the  explanation  of  this  method,  it  wiU  be  proper  to 
premise,  that  the  time  of  osdllation  of  a  compound  pendu- 
lum will  be  a  Tninimnm,  when^  in  Eqs.  (78)  and  (79), 


/,  +  Z>«Jf       M 


-1    M     T)' 
^r   "T    -^  TAlneof 


^    I  eqalTslent  limpla 

Jui  JJ  JJ  pendulum ; 

is  the  least  possible;  or  replacing  -^  by  its  value  K'^ 
deduced  firom  Eq.  (66)'  by  making  -0  =  0,  the  expression 


K^  +  D 


% 


D       ' 

must  be  the  least  possible. 

But  it  may  easily  be  shown,  either  by  trial,  or  by  a 
simple  process  of  the  calculus,  that  this  expression  is  a 
minimum  when 


K'  =  2), 


and  consequently 


{  =    %K'f  lengfhortlie 

Bhorteet 
eqnlTalent  simple 

that  is  to  say,  the  time  of  oscillation  of  a  pendulum  will  pendoium; 
be  the  least  possible  when  the  axis  of  suspension  passes 
ihrougli  the  principal  c^itre  of  gyration,  and  the  length 


m 
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nnul  form  of  the 
eomponnd 
penduliim ; 


Fy.  144. 


deTlee  to  change 
th«  potltton  of 
the  centre  of 

gMYitf; 


podtloaof 
centre  of  gmritj; 


pendnlimi  made 
to  oedllete  during 
nmetime; 


of  the  eqmvalent  ample  p^idolTun  is  twiee  ihe  principal 
rlMlitu  of  gyration. 

Let  A  and  A'  be  two  aeute 
parallel  prismatic  axes  &rmly  con- 
nected with  the  pendulum,  the 
acute  edges  being  turned  towards 
•ach  other.  The  osdllation  may 
be  made  to  take  place  about  either 
ttxis  by  simply  inverting  the  pen-* 
dulum.  Also,  let  if  be  a  sliding 
mass  capable  of  being  retained  in 
any  position  by  the  clamp-screw 
ff.  For  any  assumed  position  of 
if,  let  the  principal  radius  of  gyra- 
tion be  G  0;  with  (7  as  a  centre, 
G  Cas  radius,  describe  the  circum- 
ference OSS'.  From  what  has  been  explained,  the  time 
of  oscillation  about  either  axis  will  be  shortened  as  il 
approaches,  and  lengthened  as  it  recedes  from  this  circum- 
ference, being  a  minimum,  or  least  possible,  when  on  it 
By  moving  the  mass  Jf,  the  centre  of  gravity,  and  there- 
fore the  gyratory  circle  of  which  it  is  the  centre,  may  be 
thrown  towards  either  axis.  The  pendulum  bob  being 
made  heavy,  the  centre  of  gravity  may  be  brought  so  near 
one  of  the  axes,  say  A\  as  to  place  the  latter  within  the 
gyratory  circumference,  keeping  the  centre  of  this  circum- 
ference between  the  axes,  as  indicated  in  the  figure.  In 
this  position,  it  is  obvious  that  any  motion  in  the  mass  M 
would  at  the  same  time  either  shorten  or  lengthen  the 
duration  of  the  oscillation  about  both  axes,  but  unequallyi 
in  consequence  of  their  unequal  distances  from  the  gyra- 
tory circumference. 

The  pendulum  thus  arranged,  is  made  to  vibrate  about 
each  axis  in  succession  during  equal  intervals,  say  an  hour 
tft  a  day,  and  the  number  of  oscillations  carefully  noted; 
if  these  numbers  be  the  same,  the  distance  between  the 
axes  is  the  length  I  of  the  equivalent  simple  pendulum) 
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if  nol^  then  the  weight  M  mxist  b^  moved  tow^rda  thai 
pis  whoBO  nTimber  is  the  leaiir^  and  the  trial  lepeated,  till 
tibe  aombeis  are  xnade  eqiiaL    The  dist^ooe  he^een  the  diatanoe 
^mmaj  be  Ineaa^}fed  by  a  acale  of  equ4  parts.  ^I^L- 

fiom  this  value  of  ^  we  mskj  easily  find  that  of  the 
flmj^  second's  pmiidvm;  that  ip  to  say,  the  simple  pc^ndu-  >impie  wcxmmi^ 
Ima  which  will  perform  its  vibration  in.  o^e  sewud  i^^  p*"***"^"*? 
JT  be  the  number  of  vibrations  perlbrxE^ed  in,  one  hour 
\ij  d^e  compound  pendnliw^  whose  eqwalei^t  fdmple 
peadulum  is  I;  tjihe  number  performed  ^  the  samQ  tim^ 
bj  the  sepond's  pe^4^Tu%  whose  length  WQ  will  denote  by* 
f,  ^  of  course  3600,  being  the  number  qf  9i^n,dp  m  IhQur^ 
and  hence,  frpx^  Ec^.  (78), 


ir  =  ^  =  Wp 
1*        ,  _      nr 


8600* 

and  beoause  the  ft>roe  of  gravity  at  the  same  station  is 
constant^  we  find,  after  squaring  and  dividing  the  second 
Q(|iiation  by  the  fixst^ 

•  I    IP 

^'  ^  (3^ ^®^^-     **"*"**"' 

Such  is,  in  outline,  the  beautiM  process  by  which  Kateb 
determined  the  length  of  the  simple  second's  pendulum 
at  the  Tower  of  London  to  be  89.18908  inches,  or  8.26159  Taine  at  honA^i 
feet  ' 

As  the  force  of  gravity  at  the  same  place  is  not  sup- 
posed to.  change  its  intensity,  this  length  of  the  simple 
second's  pendulum  must  remain  for  ever  invariable;  and,  tMrisorthe 
9n  this  account}  the  English  have  adopted  it  as  the  basis  ©r  weightotaT 
Qf  their  system  of  tveigJUs  and  Tneasures.  For  this  purpose, 
to  was  simply  necessary  to  say  that  the  t.tJt5t''*  P^  ^^f 
t)ie  simple  second^s  joendvivm  at  the  Tower  o^  L(mdon  shall. 
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Gngjiah  linear 
foot; 

the  gallMi ; 


tTOirdnpolfl 
ounce: 


apparent  force 
of  gravity  at 
London; 


be  (me  English  foo%  and  all  linear  dimensions  at  once  re- 
sult &om  the  relation  they  bear  to  the  foot ;  that  the  goOxm 
shall  contain  ^f^i^  ^^  ^  cubic  foot^  and  all  measures  of 
volume  are  fixed  by  the  relations  which  other  volumes 
bear  to  the  gallon;  and  finally,  that  a  cubic  foot  of  distilled 
water  at  the  temperature  of  sixty  degrees  Fahr.  shall  weigh 
one  ihotisand  ounces,  and  all  weights  are  fixed  by  the  rela- 
tion they  bear  to  the  ounce. 

I.  /now  ^  u,  And  ^e  fp^.  force  of  ^^  .» 
London ;  that  is  to  say,  the  force  of  gravity  as  affected  by 
the  centrifugal  force  and  the  oblateness  of  the  earth.  The 
time  of  oscillation  being  one  second,  and  the  length  of  the 
simple  pendulum  8.26159  feet,  Eq.  (78)  gives 


i  =  .V^ 


26159 


whence 


<7  =  *•  (3.26169)  =  (8.1416)* .  (8.26159)  =  82.1908  feet 
From  Eq.  (78),  we  also  find,  by  making  T  one  second, 


g^^'i, 


and  assuming 


length  of  tbe 

rimple  Becond^s 

pendulum,  a 

function  of  the      WC  ha Ve 

laUtude; 


Z  =  a5  +  ycos2+, 


-^=a;  +  yoos2>I/.    .    .     .    (81). 


Now  starting  with  the  value  for  g  at  London,  and 
causing  the  same  pendulum  to  vibrate  at  places  whose 
latitudes  are  known,  we  obtain,  fix)m  the  relation  given  in 
Eq.  (76),  the  corresponding  values  of  y,  or  the  force  of 


MECHANICS    OF    SOLIDS.  255 


gravity  at  these  places;  and  these  values  and  the  cor- force  or  gravity 

found  fl 
places; 


responding  latitudes    being   substituted  successively   in  *^"°  "*      '^^ 


Eq.  (81),  give  a  series  of  equations  involving  but  two  un- 
known quantities,  which  may  easily  be  found  by  the  method 
of  least  squares. 

In  this  way  it  has  been  ascertained  that 

«*.»  =  82.1803    and    ir^.y  =  -  0.0821; 

vhence,  generally, 

/ 

g   =    32.1803    -    0.0821  cos  2  >].     .      .      (81)' ;  Foroe  of  gravity 

in  any  latitude ; 

and  substituting   this  value  in  Eq.   (78),   and   making 
7=1,  we  find 

I  =   3.26058    -    0.008318  cos  2  4.  .      .      (82).     length  of  simple 

second's 
pendohun  in  any 

Such  is  the  length  of  the  simple  second's  pendulum  at  latitude; 
any  place  of  which  the  latitude  is  4^. 

K  we  make  +  =  40°  42'  40",  the  latitude  of  the  City- 
Hall  of  New  York,  we  shall  find 

ft.  t».  length  at  City 

•     I  =  8.25938  =  39.11256.  HaUofNew 

York; 

The  principles  which  have  just  been  explained,  enable 
us  to  find  the  moment  of  inertia  of  any  body  turning 
about  a  fij[:ed  axis,  with  great  accuracy,  no  matter  what  its  moment  of  inertia 
figure,  density,  or  the  distribution  of  its  matter.    If  the  ^f^^io™*'*™ 
axis  do  not  pass  through  its  centre  of  gravity,  the  body  pendulum; 
will,   wlien  deflected  fi*om  its  position  of  equilibrium, 
oscillate,  and  become,  in  fact,  a  compound  pendulum ;  and 
denoting  the  length  of  its  equivalent  simple  pendulum  by 
I,  we  have,  Eq.  (79), 

M.D.l  =  // 


^  I 


1 
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or,  smoe 


9 


Ito  value ; 


9. 


.D.l  =^  I    .    .    .    .    (88); 


in  which  W  denotes  the  weight  of  the  body, 
•impie  Mcond*8         Knowing  the  latitude  of  the  place,  the  length  V  of  the 
ft^m  liutadte  ^^"^  simple  second's  pendulum  is  known  jfrom  Eq.  (82) ;  and 

counting  the  number  N  of  oscillations  performed  by  the 

body  in  one  hour,  Eq.  (80),  gives 


the  body's 
equiyalent 
simple 
pendulom ; 


distanoe  from 
centre  of  gravity 
to  axis  found ; 


Talneof  the 
moment  of 
Inertia; 


_    V  .  (8600)« 

^  -  —W~' 

To  find  the  value  otD,  which  is  the  distance  of  the 
centre  of  gravity  from  the  axis,  attach  a  spring  or  other 
balance  to  any  point  of  the  body,  say  its  lower  end,  and 
bring  the  centre  of  gravity  to  a  horizontal  plane  through 
the   axis,   which  position 


ng.  I4<r. 


will  be  indicated  by  the 
TTYfiyiTniiTn  reading  of  thct 
balance.  Denoting  by  a  the^ 
distance  from  the  axis  C 
to  the  point  of  support  J^, 
and  by  b  the  maxiTnum  in- 
dication of  the  balance,  we 
have,,  from,  the  giinciplea 
of  mownte. 


ba  =   WD. 

The  difitajQoe  a  may  be  measured  by  a  scale  of  equal  parts.. 
Substituting  the  values  of  WD  and  I  in  tbei  expx^siaa 
fox  the  moment  of  inertia,  Eq.  (83),  we  get 


&.a.r.(3600)«  _ 


(84). 
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If  the  axis  pass  througli  the  centre  of  gravity,  as,  for  thamooMiitor 
example,  in  iha  fiy-wlud,  take  Eq.  (79),  ^tlT^ 

T   J.    una  I— -throogh 

-ti   +  MJJ'  the  centra  of 

*  • 

'  gnvlty ; 


z  = 


MD 


whence 


/i  =  M.D.I  --MJD^ 


.    (85). 


Fig.  146. 


Mount  the  body  upon  a 
parallel  axis  A^  not  pass- 
ing througli  the  centre  of 
gravity,  and  cause  it  to  vi- 
brate for  an  hour  as  before ; 
from  the  number  of  these 
vibrations  and  the  length 
of  the  simple  second's  pen- 
ddum,  the  value  of  I  may 
be  found  as  before ;  M  is 
known,  being  the  weight 

TT  divided  by  g;  and  D  may  be  found  by  direct  measure- 
ment, or  by  the  aid  of  the  spring  balance,  as  already 
indicated ;  whence  Ii  becomes  knovm. 


example  of  the 
fly-wheel; 


§  184.— When  a  body, 
BQN  O  receives  a  motion 
of  rotation  about  an  axis 
ii,  which  is  here  supposed 
perpendicular  to  the  plane 
of  the  paper^^  each  elemen- 
taiy  mass  wi,  will  develop 
a  force  of  inertia  whose  di- 
rection is  perpendicular  to 
the  shortest  line  connecting 
it  with  the  axis,  and  whose 
intensity  will  be  measured  by 


Fig.  147. 


centre  of 
penoMlOB; 


Vr 


17 


by 

aa  elementary 
maas  during  an 
etanflntary  ttmas 
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Botttton; 


oo-ordioate 
phuMi; 


in  which  r  is  the  distance  J%-  !*''• 

of  m  firom  the  axis,  and  Vi 

the  elementary  amount  of 

angular  yelocitj  generated 

in  the  very  small  portion 

of  time  denoted  by  t 

Through  the  axis  A^ 
draw  two  planes  at  right 
angles  to  each  other,  and 
let  their  traces  on  the  paper 
be  J.  X  and  A  Y,  Deno- 
ting the  co-ordinates  Ap  and  Aqoi  m^  referred  to  these 
planes,  by  x  and  y,  respectively,  we  shall  have 

co&mAp  =  — •, 


oomponent  of  the 
Inertia  parallel  to 
thepUnedf  y; 


cos  m  J.  g  =  — . 

T 

Resolve  the  force  of  inertia,  above  given,  into  two  compo- 
nents in  the  direction  of  these  planes.  The  component 
parallel  to.  the  plane  of  which  the  trace  is  J.  y,  will  be 

Fi     X  Fi 

7J/1  r  •  — --  •  —    =    7»  .  35  —m 

t      r  t 

and  that  parallel  to  the  plane  whose  trace  is  J.  a:,  will  be 


that  parallel  to 
the  plane  Ax; 


Fi     y 


F,. 


mr  •  —  •  —  =  i7iy  '  — 


t 


t  ' 


the  same  for 


and  for  other  elementary  masses  m\  w!\  &c.,  of  which  the 
co-ordinates  are  x'y',  a;"y",  &c.,  we  shall  have  the  com- 
ponents 

m'x' .  ^,        m"x"^,  &c., 
«»V-p        m"y"^,  40.; 
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tbe  resultant  of  the  components  parallel  to  the  plane  A  y, 
will  be 

V  V 


refoltant  of  the 


resultant  of  thoM 
panUelto  jf  s; 


—  (WX    +    m'x'    +    m"x"    +    &C.)    =    —  Mx^j  components 

^  ^  paraUeltOwfy, 

and  of  the  components  parallel  to  the  plane  A  x, 
^(my  +  m'y'  +  m'Y'  +  &c)  =  ^My/, 

in  which  Jf  denotes  the  entire  mass  of  the  rotating  body, 
and  x^  and  y^  the  co-ordinates  of  its  centre  of  gravity. 
And  the  intensity  of  the  general  resultant  will,  from  the 
parallelograin  of  forces,  be 

in  wWch  J)  represents  the  distance  of  the  centre  of  gravity 

Gf  of  the  whole  mass,  from  the  axis.     The  direction  of  itedireeuon; 

this   resultant    will    be    perpendicular    to   A  G,    drawn 

through  the  centre  of  gravity  perpendicular  to  the  axis, 

as  will  readily  appear  by  reference  to  its  components 

parallel  to  the  planes  A  y  and  A  x  found  above. 

The  moment  of  this  force,  with  reference  to  the  axis, 
will  therefore  be  its  intensity  multiplied  into  some  dis- 
tance  aa  A  0  =  L,  on  this  line, 

Y 

—  M  ,  JJ  ,  Jj,  Its  moment; 

But,  Eq.  (68),  the  simi  of  the  moments  of  all  the  forces  of 
inertia  actually  exerted^  in  reference  to  the  axis  Aj  is  equal 

to  the  product  of  the  eiitire  moment  of  inertia  /,  multiplied 

y 
by  the  ratio  -~,  therefore 


n 
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or 


L  = 


M.D 


(86); 


point  At  which 
the  resoltant 
inertia  of  a 
rotating 
ezMted; 


shock 
experienced 


whence  we  conclude  that,  the  point  at  which  the  restMrU 
inertia  of  a  rotating  mass  is  exerted,  is  on  a  line  drawn 
through  its  centre  of  gravity  perpendicular  to  the  axis,  and  at 
a  distance  from  the  axis  equal  to  the  moment  of  inertia  divided 
by  the  product  of  the  mass  into  the  distance  of  the  cerUre  of 
gravity  from  the  axis. 

This  being  understood,  suppose  a 
force  F  applied  at  the  point  67  in  a  di- 
rection perpendicular  to  the  line  A  0, 
and  immediately  opposed  to  the  direc- 
tion of  the  motion ;  this  force  would 
obviously  tend  to  bend  the  line  A  0, 
the  point  A  being  retained  by  the 
axis,  and  the  point  0  being  urged 
onward  by  the  inertia  concentrated 


Fig.  148. 


by  the  axu  when  ^t  it.    K  the  force  be  suddenly  ap- 


the  body  is 
itruck ; 


plied,  the  axis  must  receive  a  shock, 
and  to  estimate  its  intensity  S,  de- 
note by  X  the  distance  A  C;  then,  from  the  principles  of 
parallel  forces  already  explained,  we  have 


L    :    L-  X    ::    F    :    S; 


whence 


S=  F.^L^  =  jp^i  ^ 


-) 


(87); 


• 

or,  substituting  the  value  of  i,  Eq*(86), 


f  te  intensity ; 


s  = 


MD 


=  F(l-^-.X) 


.    (88). 


If  we  suppose  the  body  at  rest,  and  deaire  to  apply  the 
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force  /so  as  to  commimicate  no  shock,  we  make 
a  condition  that  can  only  be  satisfied  by  making 


the  blow  applied 

■OMtO 

oommunloate  no 
•hoGktotheaxlfl; 


whence 


1 r~  X  X=  0; 


X=: 


MB 


=^  L  =  AO. 


dlttanee  ftt>m  the 
uk  at  which  U 
moat  ho  applied ; 


Fig.  149. 


There  being  no  shock  to  the  axis,  it  can  oppose  no  resist- 
ance to  the  motion  of  rotation,  and  hence  we  infer  that 
this  latter  will  be  the  same  as  though  the  body  were  per- 
fectly free.  The  point  0  is,  on  this  account,  called  the 
centre  of  percussion,  which  may  be  defined,  that  point  of  eentre  of 
a  body  retained  by  a  fixed  axis,  at  which  it  rnay  be  struck  in  a  J^J^^.°" 
Unction  perpendicular  to  the  plane  of  the  centre  of  gravity 
and  axis  toithout  oommunicaiing  any  shock  to  the  axis. 

The  centre  of  per- 
cussion may  be  found 
experimentally  thus : — 
lay  the  axis  G  upon  a 
support  A  A,  and  per- 
mit the  body  to  fall  up- 
on a  moveable  edge  Bj 
Testing  on  a  horizontal 
plane;  when  this  edge 

is  placed  in  such  position  that  the  axis  0  will  not  more 
when  the  body  fells  upon  it,  the  centre  of  percussion  will 
be  inunediately  above  the  point  struck.  Since  the  dis- 
tance of  the  centre  of  percussion  from  the  axis  is  equal  to 


oentreof 
porcnaslon  food 
ozpertBMBtaUy  i 


MJ) 


i      M 
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to  pots 
pendulum  in 
motion,  the 
force  should  be 
applied  to  eentra 
of  oecillatlon. 


Hie  shock  may 
bepositlTe, 
nothing,  or 
negatlre ; 


centre  of 

spontsBeom 

rotation; 


it  must  be  at  the  centre  of  oscillation.  To  move  a  pen- 
dulum without  communicating  action  to  its  axis,  the  force 
must  be  applied  at  the  centre  of  oscillation. 


Fig.  150. 


§  185.— Resuming  Bq.  (87), 
we  see  that  the  shock  upon  the 
axis  A  will  be  positive,  that  is  to 
say,  will  act  in  the  direction  of 
the  impressed  force  Fj  as  long  as 
JT  is  less  than  L :  when  X  is  equal 
to  Lj  there  will  be  no  shock; 
when  X  is  greater  than  Z-,  there 
will  again  be  a  shock,  but  with  a 
negative  sign,  which  indicates 
that  it  will  be  exerted  in  a  direc- 
tion opposite  to  that  of  the  im- 
pressed force.    Now  these  shocks 

in  opposite  directions,  with  a  neutral  point  Aj  can  only 
arise  from  an  effort  of  the  particles,  which  are  situated  on 
opposite  sides  of  the  axis,  to  move  in  contrary  directions 
when  the  body  is  struck  at  the  centre  of  oscillation ;  and 
as  the  effect  upon  the  neutral  point  A  is  the  same  in  this 
latter  case,  whether  the  body  be  retained  by  an  axis  or  a 
force,  it  follows  that  every  free  body,  when  struck,  in  gen- 
eral, begins  to  move  for  the  instant,  but  only  an  instant^ 
about  a  single  point.  This  point  is  called  the  centre  of 
spontaneous  rotation.  If  the  blow  be  impressed  at  any 
point,  as  0,  the  centre  of  spontaneous  rotation  will  be  upon 
the  axis  corresponding  to  the  point  0  as  a  centre  of  oscil- 
lation, and  hence  its  distance  from  the  latter  will  be  given 

by 


distance  of  centre 
of  BpontaneouB 
rotation  from 

axis; 


L  = 


MD 


(89); 


and  since  the  centre  of  oscillation  and  axis  of  suspension 
are  reciprocal,  /  will  denote  the  moment  of  inertia  taken 
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with  reference  to  an  axis  througli  the  point  0,  and  D  the  reiaticmor 
distance  of  the  latter  fjx)m  the  centre  of  gravity.  **"*7  ^ 

Be&rring  to  Eq.  (88),  if  the  axis  be  supposed  to  pass  rotauon  to  oentn 
through  the  centre  of  gravity,  D  will  be  equal  to  zero,  and  **'****"***<»**  J 

S=  F; 

that  is  to  say,  no  matter  where  the  force  F  be  applied,  its  theantiTOdioek 
entire  eflfect  will  be  communicated  to  the  centre  of  firavity,  **^^ 

C3  •/ '  commimicBted  to 

which  is  a  confirmation  of  the  result  given  in  §  146.  centre  orgnvity ; 

K  the  line  of  direction  of  the  force  pass  through  the 
centre  of  gravity,  D,  in  Eq.  (89),  will  be  zero,  and  the  dis-  if  dineiion  of 
tance  of  the  centre  of  spontaneous  rotation  will  be  at  an  J^i««* J*" 

-*-  tarongli  contra 

infinite  distance  firom  the  point  of  impact ;  in  other  words  of  gimTit7,the 
the  body  wiU  not  rotate,  which  is  another  result  of  §  146,  ^J^T^""' 


Fig.  161. 
\ 


§  186.— Let  g  be  a  body 
SQspended  from  an  axis  A 
peipendicular  to  the  plane 
of  the  figure.  ^This  body  be- 
ing at  rest^  suppose  it  to  be 
struck  at  the  point  Tby  an- 
other  body  P,  moving  in  the 
direction  TL  at  right  angles 
to  the  surfEice  of  contact, 
and  in  a  plane  perpendicu- 
lar to  the  axis  A.  Denote 
by  m  and  w  the  mass  and 
weight  of  the  impinging 
body,  and  by  V  its  velocity 
be&re  the  impact  At  the 
instant  of  meeting  there  will 
be  developed  a  force  of  com- 
pression F,  which  will  act 

equally  upon  each  body  along  the  Une  TL^  but  in  oppo- 
site directions.  The  pressure  upon  both  bodies,  which  is 
nothing  when  they  begin  to  touch  each  other,  will  aug- 


OolUBlonofa 
body  baving  a 
motion  of 
tnuislation 
againit  anotbar 
retained  by  a 
fixed  aada; 
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fhe  ftctioB  and     meut  bj  degrees  as  they  ap- 

fBM^  variable;  ^^^^^  ^  ^^  ^^  ^f  ^^^^ 

est  compressioii ;  so  that  F^ 
although  always  represent- 
ing a  number  of  pounds 
weight,  is,  nevertheless,  not 
a  fixed,  but  a  variable  quan- 
tity. We  may  disregard  for 
a  moment  the  body  Q,  and 
suppose  the  force  F  applied 
to  the  body  P,  considered  as 
firee;  the  force  will  deprive 
this  body  of  a  series  of  small 
degrees  of  velocity  denoted 
by  Vj  each  in  the  small  time 
tj  so  that  its  measure  at  any 
instant  will,  Eq.  (89),  be  given  by 


Fig,  161. 


BUMaare  of  the 
foroeofreectijon; 


F  = 


mv 


But  the  force  F  also  acts  upon  the  body  Q,  and  turns  it 
about  the  axis  A,  generating  in  it,  during  the  same  in- 
terval of  time  tf  an  angular  velocity  v,;  and  the  forces  of 
inertia  thence  arising,  must  be  in  equilibrio  with  the  force 
F;  in  other  words,  the  sum  of  the  moments  of  the  first  in 
reference  to  the  axis  -4.,  must  be  equal  to  the  product  of 
the  force  F  into  the  perpendicular  A  CJ  drawn  frora  the 
axis  to  the  line  of  direction  TL.    Hence,  Eq.  (68), 


momeiit  of  aetlon 
equal  to  moment 
ofraaetton; 


V. 


F.AC  =  /.^; 


and  substituting  the  value  of  F  above,  and  dividing  by 
A  Oy  which  we  will  represent  by  the  single  letter  p, 


m .  V 
t 
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or,  finally, 


p.m.V   =    /.  V,.  i«mltlbr»ilii«l0 

-^  '  iBstanloftime; 


Denote  by  v\  v",  v'",  Ac.,  the  small  degrees  of  velocity 
lost  by  the  body  P,  during  the  second,  tJii^  fourth,  &c., 
intervals  of  time  %  supposed  to  be  always  of  the  same 
length;  and  by  v/,  v/',  v/",  &c.,  the  angular  velocities  ac- 
quired by  the  body  Q  during  the  same  intervals;  we 
shall  have 

other  Instanto  of 

&c.      3=    &c. ; 

by  taking  the  sum  of  the  whole, 

p{v  +  v'  +  v"  +  v'"  +  &c.)  m  =  /(v,  +  v/  +  v/'  +  &c.) ; 

and  denoting  by  U  the  whole  velocity  lost  by  the  body 
P,  and  by  "Pi  the  whole  angular  velocity  gained  by  the 
body  Q  during  the  entire  action,  we  shall  have 

J7    =    V    +   v'    +    v"    +    v'"    +    &C.,  Telocity  lott; 


the  ram  of  the 
whole; 


Vi  =  v,  +  «/  +  v/'  +  v/"  +  &c. ; 


angular  relodty 
gained; 


whence,  by  substituting  above. 


leaolt  for  the 
p  .  m  .  CT  =   IVi      ....      (90).       entire  duration 

of  the  impact; 

If  the  bodies  be  not  elastic,  it  will  only  be  necessary  to 
consider  the  impact  from  the  instant  in  which  they  first 
come  in  contact,  to  that  in  which  the  body  P  has  lost  its 
excess  of  velocity  over  that  part  of  Q  into  which  it  be- 
comes imbedded ;  for,  as  soon  as  the  body  P  has  taken  the 
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ifthebodiMbe  angular  velocity  of  the  other  about  the  axis,  there  will  be 
wui  uuiMtSj^  no  eflfort  to  regain  lost  figure,  and  the  two  bodies  will 
oonatitutea        tum  about  A  as  though  the  J  constituted  but  a  single 

sin^  one ; 

one, 

But  the  angular  velocity  of  Q  about  A  being  T^  that 
of  P  will  be  ^  FJ^  and  we  shall  have 

substituting  this  value  of  CT  in  Eq.  (90),  we  find 


pm{V  -  pVi)  =  IVi; 


whence 


angular  relodtj 
generated  by  the 
Impact. 


F,  =   .^-T/-  ....    (91); 

which  gives  the  angular  velocity  of  the  body  struck,  ^after 
4he  impact,  in  terms  of  its  moment  of  inertia,  the  mass 
and  velocity  of  the  impinging  body,  and  the  distance  firom 
the  axis  to  the  path  described  by  its  centre  of  gravity. 


Application  to  §  187. — ^Li  artillery, 

the  ballBtic  .1         *    ■>  *   1  1      * j  j* 

pendolum;  ^^^    ^^^    VCloClty    of 

projectiles  is  ascertained 
by  means  of  the  holistic 
pendulum,  which  consists 
of  a  mass  of  matter  sus- 
pended fix)m  a  horizon- 
tal axis  in  the  shape  of 
a  knife-edge,  after  the 
manner  of  the  compound 
its  construction;  pcndulum.  The  bob  is 
either  made  of  some 
unelastic  substance,  as 
wood,  or  of  metal  pro- 
vided with  a  large  cavity 


Fig.  ]62. 
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filled  with  some  soft  matter,  as  dirt^  which  receives  the 
projectile  and  retains  the  shape  impressed  upon  it  b j  the 
blow. 

Denote  by  F"  and  m,  the  initial  velocity  and  mass  of  the 
ball ;  Vi  the  angular  velocity  of  the  balistio  pendnlimi  after  notation; 
the  blow,  /  and  M  its  moment  of  inertia  and  mass.    Also 
let  r  represent  the  distance  of  the  centre  of  oscillation  of 
the  pendnlum  from  the  axis  A.    That  no  motion  may  be 
lost  by  the  resistance  of  the  axis  arising  from  a  shock,  the  uiependniam 
ball  must  be  received  in  the  direction  of  a  line  passing  ^^^j"*™**  ■* 
through  this  centre'  and  perpendicular  to  the  line  A  0.  oMsiuniion; 
This  condition  being  satisfied,  we  have 

i>  =  n 
and  Eq.  (91)  becomes 

rm  V 


Fi  = 


m?^  +  I' 


from  which  we  find 


F=   ("^^  +  -0^-     .    .    .    (92); 
mr 


Tslue  for  the 
▼oloelty  of 
prqjectUe; 


the  velocity  V  becomes  known,  therefore,  when  Vi  is 
known,  since  all  the  other  quantities  may  be  easily  found 
by  the  methods  already  explained.  To  find  T^,  denote 
by  jET  the  greatest  height  to  which  the  centre  of  gravity 
of  the  pendulum  is  elevated  by  virtue  of  this  angular 
velocity ;  then,  since  the  moment  of  inertia  of  the  ball  is 
m  r^,  we  have,  from  the  principle  of  the  living  force, 


(/  +    mr^Vi^   =    2(M  +   m)g  II;  equation  of  llTlnj 

force; 


whence 


{M  +  m)g     -  ^^' 
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Denoting  by  T  the  time  of  a  single  oscillation  of  the 
pendulum  after  it  leceiyes  the  ball,  we  have,  Eq.  (75), 


ttmeofailiigto 


OflclllnUon of  I        I  •\-    TYhl^ 

D  being  the  distance  from  the  axis  to  the  centre  of  grav- 
ity; whence, 

(if  +  m)5f    "      AT*    ' 

and  this  valuei  substituted  in  the  equation  of  the  living 
force,  gives 


whence 


angfolar  Telocity 
of  the  pendQlmii ; 


F  -  Jl    ^/M■. 


also 


moment  of  inertU 
of  the  whole ; 


and  because,  Eq.  (78), 


time  of  oiclllation 
of  the  eqoiTalent 
■Imple 
peadoliim; 


'=-Vl^ 


we  find 


length  of  this  _     T^  g 

pendulom;  ^        Jjj 


Substituting  these  values  of  T^,  /+  mr"  and  r  in  Eq.  (92), 
we  find 


1  m 


\ 

\ 
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or,  replacing  the  masses  by  the  weight  divided  by  the 
force  of  gravity, 

W  +  w 


F=  ^  V2w:dx 


w 


■Inpler  ralue  Par 
velocity  of 
proJ«ctUe; 


Fig.  168. 


m  which  W  and  w  denote  the  weights  of  the  pendulum 
and  ball  respectively. 

Observe  that  H  is  the  height  to 
which  the  centre  of  gravity  rises  in 
describing  the  arc  of  a  circle  of 
which  D  is  the  radius.  Let  G  G'  K 
be  half  of  the  circumference  of 
which  this  arc  is  a  part,  G  and  G' 
the  initial  and  terminal  positions  of 
the  centre  of  gravity  during  the 
ascent;  draw  G' R  perpendicular  to 
KG,  Then,  because  AG=^D,  and 
GS  =  Hj  we  have,  firom  the  proper- 
tyofthedide, 


to  flnd  the  radical 
put  of  this 
Ttloe; 


EG'  =  VH{2D  --  H); 

and  if  the  pendulum  be  made  large,  so  that  the  arc  G  G^ 
shall  be  very  small,  which  is  usually  the  case,  H  may  be 
neglected  in  comparison  with  2  Dj  and  therefore 

BG'  =  V2H.J); 


TiliM  or  radical 
part  found; 


V2HD  is  half  the  chord  of  the  arc  described  by  the 
centre  of  gravity  in  one  entire  oscillation.  Denoting  this 
chord  by  C,  and  substituting  above,  we  have 


F=  J. 


T 


C. 


TT  -h  ti; 


w 


Telocity  of 
projectile  In 
tenns  of  the 
chord  of  the  ara 
of  Tibratlon ; 


From  this  equation,  we  may  find  the  initial  velocity  V; 
and  for  this  purpose,  it  will  only  be  necessary  to  have  the 
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vibratioa ; 


dtLration  of  a  single  oscillation,  and  the  amplitude  of  the 
arc  described  by  the  centre  of  gravity  of  the  pendulum. 
The  process  for  finding  the  time  has  been  explained.  To 
to  And  tiM  ftre  of  find  the  arc^  it  will  be  sufficient  to  attach  to  the  lower  ex- 
tremity of  the  pendulum  a  pointer,  and  to  fix  on  a  perma- 
nent stand  below,  a  circular  graduated  groove,  whose 
centre  of  curvature  is  at  A;  the  groove  being  fiUed  with 
some  soft  substance,  as  tallow,  the  pointer  will  mark  on 
it  the  extent  of  the  oscillation.  Knowing  thus  the  arc, 
denoted  by  tf,  and  the  value  of  i),  found  as  already 
described,  §  184,  we  have 


Iti  TiliMiflyQiid; 


BG'  =  ^0  =  D.smid] 


whence 


(7  =  2  2?.  sin  J  d; 


and  finally 


final  yaliM  of 
Telocity. 


F  = 


-yff-  JJ  ' sm  *  d  . 

T  w  * 


(93). 


SIMPLE   MACHINES. 


A 

daflned. 


§  188. — A  Tnachine  is  any  device  by  which  the  action 
of  a  force  is  received*  at  one  set  of  points  and  transmitted 
to  another  set,  where  it  may  either  balance  or  overcome 
the  action  of  one  or  more  opposing  forces  and  perform  its 
effective  work.  The  force  impressed  is  usually  called  the 
power  J  and  tht^t  overcome,  the  resistance.  We  proceed  to 
discuss  the  simple  machines,  so  named  because  some  one 
or  more  of  them  enter  as  elements  into  the  composition  of 
aU  machinery. 
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XIV. 


FUNICULAR    MACHINE. 


§  189. — ^This  consists^of  an  assemblage  of  cards  or  bars;  Fuaieaiar 
ihe  former  united  by  knots,  and  the  latter  by  joints  or  "■^^^^J 
hinges.    The  cords  are  supposed,  for  simplification,  per- 
fectly flexible,  the  bars  perfectly  rigid,  and  both  inerten- 
sible,  without  weight,  and  devoid  of  inertia.    The  weight 
and  inertia  of  the^  several  parts  of  every  machine,  are 
usually  small  when  compared  with  the  intensity  of  the  weight  ud 
power  and  resistance ;  and  when  this  is  not  the  case,  they  *n«rt**«™""" 

^  ,  f  J   compared  with 

may  be  estimated  and  taken  into  the  account  by  the  the  power  and 
methods  already  explained.    The  hypothesis  of  inextensi-  **^« '*■'■*■»»•  5 
bility  is  also  admissible,  because  when  a  cord  or  bar  is  ex-  inextenstbuity 
tended  or  the  latter  compressed  under  the  action  of  one  or  •dmiaaiwe; 
of  several  forces,  the  maximum  change  of  dimensions  is 
soon  attained,  after  which  the  figure  remains  unaltered 
during  the  subsequent  action. 

Let  the  extremities 
of  the  straight  cord 

AB  be  solicited  by  ^'^^ 

several  forces.    Each  \  /  y^ 

force  may  be  resolved         ^^  b\--      "^f^"^^ 

into  two  components, 
one  in  the  direction 
of  the  cord,  the  other 

at  right  angles  to  it    Since  the  cord  is  perfectly  flexible, 
if  it  be  in  equilibrio,  the  perpendicular  components  at  each  oonditiom  of 
end  must  destroy  each  other,  otherwise  they  would  pro-  ®*'^**'*~"'  J 
dnce  flexure.    The  components  in  the  direction  of  the 
cord  must  reduce  to  two  forces,  which  are  equal  in  in-  fcH«ean»iatact 
tensity  and  immediately  opposed.    They  must  also  act  to  ^^^^^  *** 
stretch  the  cord,  for  compression  would  only  bend  it,  and 
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In  the  case  of  a 
bar,  the  forces 
may  also  act  to 
compreaa  it ; 


action  of  the 
molecular 
apringa ; 


the  tenaion  the 
aame  throughout, 
except  when 
rertical; 


cords  never 
equally  atrong 
throughout ; 


in  praoUee,  oorda 
and  bare  are 
weaker  as  thej 
are  longer. 


the  ax^tioa  of  one  force  could  not  be  transmitted  to  the 
point  of  application  of  the  other. 

If  instead  of  a  cord  we  suppose  a  bar,  the  conditioiis 
of  equilibrium  will  be  the  same,  only  that  the  bar  being 
inflexible,  the  forces  in  the  direction  of  its  length  may  act 
either  to  stretch  or  to  compress  it  By  recalling  what  was 
said  of  the  physical  constitution  of  bodies,  we  may  regard 
the  molecular  forces  as  so  many  springs  which,  as  doon  as 
an  effort  is  made  to  disturb  the  particles  from  their  posi- 
tions of  restj  are  extended  or  compressed  everywhere 
equally  by  the  equal  and  contrary  forces  which  act  at  the 
ends  of  the  cord  or  bar.  Hence  the  tension,  that  is,  the 
effort  by  which  any  two  consecutive  elements  are  urged  to 
approach  each  other  or  to  separate,  in  the  direction  of  the 
cord  or  bar,  must  be  equal  throughout,  and  equal  to  one 
of  the  equal  forces  in  question,  except  when  the  cord  or 
bar  is  vertical;  in  which  case,  the  tension  at  any  pouit 
is  increased  by  the  weight  of  all  the  particles  below  it 

When  a  cord  or  bar  is  subjected  to  a  force  of  traction, 
it  stretches,  and  may  even  break.  If  it  be  equally  strong 
throughout,  the  rupture  ought  to  take  place  simulta- 
neously at  all  its  points,  and  yet  this  is  never  found  to  be 
the  case  in  practice,  and  it  is  because  bars  and  cords 
are  not  homogeneous,  and  break  at  the  weakest  point 
When  two  pieces  of  cord  of  the  same  kind,  are  of  the 
same  length,  no  reason  can  be  assigned  why  one  should 
break  rather  than  the  other  under  the^same  resistance; 
but  when  of  unequal  length,  the  chance  of  rupture  is 
greater  for  the  longer ;  and  this  is  the  reason  why  cords 
and  ropes,  which  to  all  external  appearances  are  the 
same  in  kind,  are  generally  found  to  be  weaker  as  they 
are  longer. 

§  190. — ^We  have  seen  that  when  forces  which  act 
upon  the  extremities  of  a  cord  are  in  equilibrio,  the  re- 
sultant of  those  acting  at  one  end,  must  be  equal  and 
directly  opposed  to  that  of  those  acting  at  the  other ;  and 
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Fig.  166. 
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that  their  common  line  of  direction  must  coincide  with 
that  of  the  cord.     The  work  of  these  resultants  must 
be  equal,  and  hence  we  conclude  that  the  work  of  the 
forces  which  act  at  one  end  of  a  cord  is  equal  to  the 
work  of  those  which  act  at  the  other.    The  work  of  each 
resultant  must  also  be  equal  to  that  of  the  tension  of  the 
cord  at  any  one  of  its 
points,  as  G;  and  to 
find  the  value  of  this 
work,  it  is  only  neces- 
sary to  multiply  this 
tension    by  the  path 
described  by  the  point 
0  in  the  direction  of 
the  tension.     Thm  the 

guantity  of  work  of  several  forces  applied  to  o^ae  end  of  a 
eordj  is  equal  to  the  quantity  of  work  of  its  tension.  In  the 
example  of  the  common  device  for  ringing  large  bells, 
it  is  usual  to  attacK  to  one  end  J.  of  a  rope,  which  con- 
nects with  the  ma- 
chinery of  the  bell, 
several  cords  (7,  upon 
each  of  which  a  man 

may  pulL     It  would  ^J ' — TTl7l>v}Tl 

be  difficult  to  estimate 

the    work    performed 

by  each  man,  beoause 

his  effort,  as  well  in 

intensity  as  direction, 

varies  at  each  instant; 

but  there  is  a  general 

tension  exerted  upon 

the  main  rope,  and  the 

quantity  of  work  of  this  tension  is  equal  to  the  sum  of  the 

efifective  quantities  of  work  of  the  several  men.    The  effort 

of  each  man  is  resolved  into  two  components,  one  in  the 

direction  of  the  main  rope  A  B.  the  other  perpendicular  to 

18 


The  work  of  the 
foroM  which  act 
at  theeiulBora 
oordmustbe 
eqnal; 


quantity  of  woik 
of  theforcoa 
applied  to  one 
end  of  a  cordis 
equal  to  that  of 
the  tension; 


Fig.  166. 


example  of  the 
bell-ropee; 
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eflteetof 


it    The  perpendicular  components  must  be  in  equilibrio, 
while  the  parallel  components  are  alone  effective  in  pro- 
ducing useful  work.    The  perpendicular  components  only 
produce    fatigue,   and 
exhaust  uselessly  the 

strength  of  the  men.  F*&  i^*^- 

And,  although  the  to- 


components  ^   .  ^  i     . 

perpendicular  to  *»!  quantity  of  work  IS 
the  main  rope  of  transmitted  to  the  main 

rope,  yet  the  disposi- 
tion of  inclined  cords 
is  a  source  of  real  loss, 
which  is  the  greater  in 
proportion  as  the  incli- 
nation is  greater.  It 
is  for  this  reason  that 
eOBctofahoop.  a  rigid  hoop  mn  is  so 
introduced  as  to  sepa- 
rate the  cords,  and  give 

the  portions  to  which  the  efforts  are  immediately  applied 
parallel  directions. 


Eqaflibrlam  of 
aereral  cords 
meeting  in  a 
point; 


§  191. — ^When  several  forces  act  upon  cords  which  meet 
in  a  point  and  are  united  by  a  knot,  the  tension  of  any 
one  is  equal  to  the  resultant  of  the  efforts  exerted  upon 
the  others,  and  the  equihbrium  requires  that  this  same 
tension  shall  be  equal  and  directly  opposed  to  the  force 
which  solicits  the  cord  in  question.  Hence,  when  forces 
are  applied  to  cords  which  meet  in  a  knot,  the  condition 
of  their  equilibrium  requires  that  the  effort  of  any  one 
shall  be  equal  and  directly  opposed  to  the  resultant  of  all 
the  others. 

When  a  force  P  is  applied  to  a  point  i),  which  may 

sUde  along  a  cord  whose  ends  A  and  B  are  fixed,  the 

eqniiibriamofa  equilibrium  of  the  point  D  requires  that  the  direction  of 
didingknot;      ^j^^  j^^  p  ^^^^  y^^^  ^^  ^^j^  ^  j^  ^  iorm^  by  the 

portions  of  the  cord  separated  by  the  bend  at  D;  for 
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Fig.  16a 


the  force  P  must  be  equal  and  directly  opposed  to  the 
lesultant  of  the  tensions  on  DA  and  DB ;  but  the 
whole  cord  ABB  be- 
ing continuous,  these 
tensions  must  be  equal^ 
since  the  tension  is  the 
same  throughout;  i^ 
therefore,  the  distance 
BG  be  laid  off  on 
PB  produced,  pro- 
portional to  the  inten- 
sily  P,  and  from  (7,  the 
lines  Cm  and  Gn  be 
drawn  parallel  to  BB 
and  BA  respectively, 

the  figure  CmBn  will  be  a  rhombus,  because  Bm  and 
27  n,  which  represent  the  tensions,  must  be  equal. 

An  example  of  this  mode  of  action  is  frimished  by  the 
manner  of  suspending  a  common  lantern  L  from  a  small 
pulley  2>,  of  which  the 
groove    receives    the 
cord   A  B  Bj    whose 
ends  are  &stened   to 
hooks    at  A    and  B, 
The  weight  of  the  lan- 
tern will  cause  the  pul- 
ley to  move  till  the 
direction  of  the  weight 
bisects  the  angle  made 
by  the  branches  of  the      ^ 
cord;  the  pulley  will 

then  come  to  rest  and  remain  in  a  state  of  stable  equilib- 
riuuL  The  equilibrium  wiU  be  stable  because,  being  a 
heavy  system,  the  centre  of  gravity  is  the  lowest  possible; 
and  to  show  this,  it  will  be  sufficient  to  remark  that  the 
length  of  the  entire  cord  being  constant,  the  point  B  will, 
when  in  motion,  describe  an  ellipse  of  which  ^  and^  are  the 


direction  of  the 
force  applied  to 
the  knot,  must 
bisect  the  vigie 
of  the  two  parts 
of  the  cord ; 


Fig.  169. 


example  in  the 
mode  of 
suspending  the 
common  lantern; 


the  pulley  wHl 
be  in  stable 
equilibrium  when 
at  the  lowest 
point; 
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positioD  of  the 

horizoDtal 

Uiig«nt; 


when  th»  pall^y 
to  replaced  by  a 
knot; 


tension  will  not 
be  the  same 
throughout ; 


Fig.  160, 


the  conditions  of 
the  equilibrium 
will  be  the  same 
as  those  of  three 
oblique  forces ; 


fod,  and  as  the  direc- 
tion P  0,  of  the  weight 
of  the  lantern,  bisects 
the  angle  ADB^  it  will 
be  perpendicular  to  the 
tangent  to  the  curve  at 
Z>,  which  must  therefore 
be  horizontal,  and  no 
point  of  the  curve  can 
lie  below  it 

If  the  pulley  be  re- 
moved and  the  lantern 
be  attached  by  a  knot 
arbitrarily  to  some  point 
as  Z>,  the  freedom  of 
motion  will  be  destroyed, 
the  tension  will  no  lon- 
ger be  the  same  through- 
out, and  the  conditions 
of  equilibrium  will  be 
those  of  forces  applied 
to  three  cords  meeting 

at  a  single  point.  Produce  the  vertical  PD^  and  lay  off 
DC  to  represent  the  weight  of  the  lantern.  Denote  its 
weight  by  W;  the  tension  on  Z>^  by  a,  and  that  on  DB 
by  b;  the  angle  ABB  by  <p,  and  ADC  by  6;  then, 
drawing  Cn  and  Cm,  parallel  respectively  to  DA  and 
DB,  we  have,  from  the  parallelogram  of  forces, 


W    :    a    :  :    sin  9   ;    sin  (<p  —  d), 
W   :    b    : :     sin  qi    :    sin  4; 


I 


whence 


braneh; 


_   W,  sin  (9  —  6) 
sin  9 


.    .    (94), 
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b    = 


sin^ 


(95). 


tension  on  the 
otber; 


If  ^  be  less  than  9  —  d,  a  will  be  greater  than  b;  that  is 
to  say,  ^  tension  will  be  Ae  greater  upon  that  branch  ivith  branch  moit 
which  the  direction  of  the  weight  makes  the  least  angle,  m«^tomnQ- 

If  the  cord  ADB  be  drawn  into  a  straight  horizontal 
line,  9  win  become  equal  to  180°,  the  sine  of  which  is  zero, 
and  the  tensions  a  and  b  will  become  infinite;  in  other 
words,  there  is  no  force  sufficiently  great  to  bring  the  no  force  sniodent 
whole  cord  to  a  horizontal  position.  ^a^uIl*  ^"* 


Rg.  161. 


To  find 
conditions  of 
eqtiilibriam  of 
the  fhnioolar 
polygon; 


§192.— Let  US 

now  consider    a 

polygon -4  J5(7i>, 

composed  of  an 

assemblage       of 

cords  or  bars,  and 

acted  upon  at  the 
angular  points  by 
the  forces  P,  Q, 
Ry&  Moreover, 
let  -ar  and  iV'  be 
two  forces  draw- 
ing on  the  points 
A  and  Z),  in  the 

directions  A  A'  and  DU^  respectively;  these  latter  forces 
will  represent  the  ejfforts  exerted  at  the  two  extremities 
where  the  polygon  is  attached  to  fixed  supports.  The  con- 
ditions of  equilibrium  about  each  of  the  several  angles  are 
the  same  as  in  theipreceding  case,  and  the  figure  formed  by 
the  sides,  in  turning  about  the  angular  points  to  satisfy 
them,  is  called  a  junicubo'  polygon.  This  figure  must  be 
such  that  the  equilibrium  will  subsist  at  each  angle.  If,  equnibriommiiii 
therefore,  any  one  of  the  forces,  as  i2,  be  resolved  into  two  J^.  ** ***** 
components  in  the  directions  of  the  sides  DC  and  BO^ 
adjacent  to  its  point  of  application,  these  components  will 


^  I 
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length  of  sides; 
and  will  subsist 
when  the  sides 
aroiero: 


be  equal  and  directly  opposed  to  the  tensions  of  the 
is  independent  of  sides.  The  equiKbrium  is  entirely  independent  of  the 
length  of  the  sides,  and  will  subsist  when  these  are  re- 
duced to  zero,  in  which  case,  all  the  forces  and  tensioDS 
will  be  transferred  parallel  to  their  primitive  directions  to 
the  same  point ;  and  as  each  side  is  drawn  by  two  equal 

destroy  each  other,  so  that  the  conditions  of  equihbrium 
of  several  forces  applied  to  a  funicular  polygon  is,  that  these 
forces  shall  remain  in  equilibrio  wlven  transferred  parallel  to 
their  primitive  directions  and  applied  to  a  single  point 


conditions  of 
equilibrium  in 
words. 


§  198. — ^K  all  the  forces  P,  Q^  -B,  &c.,  be  weights,  and 
the  polygon  in  equilibrio,  since  the  force  E  will  be  in 
the  plane  of  the 
sides    B  0  and 

CD,  adjacent  to  Kg-  i«2. 

the  angle  C;  the 
force  Q  equally 
in  the  plane  of 
the  sides -BC  and 
When  the  forces  AB;   the    sides 

ve  parallel,  the       a    n       n  n  i 

polygon  and  ^  ^y     ^  ^\      and 

direcUon  of  forces  (JI),    will    bc    in 

the  plane  of  the 

parallel  forces  Q 

and  B.     In  the 

same  way  it  may 

be  shown  that  the 

entire     polygon 

and    the    forces 

applied  to  it  are 

in  the  same  plane.     If  the  polygon  be  a  collection  of 

heavy  bars,  each  side  will  be  solicited  by  its  own  weight 

in  addition  to  the  weights  applied  to  the  angles.    Denote 

by  w  the  weight  of  the  bar  A  B;  this  weight  must  pass 

through  the  centre  of  gravity  of  ^i  jR    Besolve  it  into  two 


are  in  same 
plane; 


Jtf 


the  polygon  a 
collection  of 
heary  bars; 
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components  acting  at  the  extremities  of  the  bar.    If  the 

bar  have  the  same  cross  section  throughout  and  be  of 

homogeneous  density,  the  components  at  A  and  B  will  be 

\w.    In  like  manner,  if  t^;'  be  the  weight  of  the  side  BC^  weiffhtofBidm 

the  components  at  B  and  C  will  be  \  w\  and  so  on  for  the  '^]^*'^ 

other  sides.    Thus  the  angles  B  and  G  wiU  be  acted  upon  componaots; 

by  the  weights  -J  («?  +  w*)  and  \  {yJ  +  v)"^  respectively, 

that  is,  by  the  half  sum  of  the  weights  of  the  adjacent 

sides.    The  extreme  ends  wiU  each  be  acted  upon  by  half 

the  weight  of  the  adjacent  side ;  and  thus  we  have  but  to 

eonaider  the  polygon  as  without  weight  and  solicited  by 

forces  applied  to  its  angular  points.    Since  all  the  weights 

P,  §,  iZ^  aSJ  and  the  weights  w^  v}\  w'\  &c.,  are  maintained 

in  equilibxio  by  the  reaction  N  and  N*  of  the  fixed  points, 

which  are  equal  to  the  tensions  of  the  sides  A'  A  and  Diy 

lespectively,  the  resultant  of  these  tensions  must  be  equal  reBuitaatof 

and  directly  opposed  to  that  of  all  the  weights.    K,  there-  g'^"^^**"** 

fore,  the  lines  A  A*  and  2?  2)'  be  produced,  their  inter- opposed  to  that 

section  O  will  give  one  point  through  which  the  resultant  ^ei^^ti* 

of  the  weights  Py  Q,RjSj  and  that  of  the  polygon,  will 

pass;  and  this  resultant  being  vertical,  if  the  distance  OM 

be  laid  ofil^  by  any  scale  of  equal  parts,  so  as  to  contain  as 

many  linear  units  as  there  are  pounds  iD.P+Q  +  B  +  S+ 

w  +  w'  +  w",  &c.,  and  two  lines  J/"  J7  and  Jf  Fbe  drawn  value  of  extronw 

through  M  parallel  respectively  to  ^^'  and  Diy,  the  dis-  **^^"»'^"»*- 

tances  O  V  and  0  U  will  give,  by  the  same  scale,  the 

tensions  at  A'  and  i?',  or  the  values  of  N  and  N\ 

If  the  polygon  be  only  subjected  to  the  action  of  its 
own  weight,  the  line  OM  may  be  drawn  vertically 
through  its  centre  of  gravity. 


§194, — ^it  is  often  of  great  practical  importance  to  Method  of  unding 
know  the  tensions  on  the  sides  of  a  ftmicular  polygon  ^^  J^^^  ° 
subjected  to  the  action  of  weights,  in  order  to  proportion 
the  dimensions  of  its  several  parts. 

Let  ABODE  be  a  polygon  in  equilibrio,  under  the 
action    of  the   weights  P^   Q,  R^  S,  T,   including   the 
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Fig.  168. 


weights  of  tlie  sides,  and 

the   extreme  forces   N 

and  N%  of  which  the  di- 

(taaiooitf  polygon  icotions    are  A  A'    and 

!:rr^o«  ^^'.  respectively.    De- 

Of  weights;  note  the  tension  of  the 
side  AB  by  ^,  that  of 
5(7by^thatof  C7i?by 
t^  &c.  Since  the  equi- 
librium   subsists    about 

each  angle,  as  A  for  example,  the  force  N  which  acts  from 
J.  to  ^',  is  equal  and  directly  opposed  to  the  resultant  of 
the  two  forces  P  and  ^ ;  and  if  A  n  be  taken  on  the  pro- 
longation olA^  A  to  represent  N,  the  parallelogram  Ap  n  o, 
constructed  on  An  as  a,  diagonal,  will  give  Ap  for  the 

determination  of  Weight  P,  and  pn  for  the  value  of  the  tension  ^.    This 

a aingie tendon;  "jj^jj^g  understood,  diuw  the  horizontal  line  a'c,  upon  which 

•  lay  oflf  the  distances  a^a,  aJ,  be,  cd,  de,  proportional  to  the 
weights  P,  Q,  R,  S,  and 
T.    From  the  point  a' 
draw  u^  S  perpendicular 
toAA\  and  proportional 
in  length  to  the  tension  N, 
and  join  S  with  the  sev- 
eral points  a,  &,  c,  d,  and 
e;  then  will  aS,  bS,  cS, 
dS,  and  eS,   represent, 
respectively,     the     ten- 
sions ^  ^  ^,  ^,  and  N\ 
For    the    two   triangles 
Apn  and  a'Sa  are  sim- 
ilar, because  a' S  and  a'  a  are  respectively  perpendicular  to 
A n  and  Ap;  hence  the  angles  Sa' a  and pAnxre  equal; 
moreover,  the  sides  about  these  equal  angles  aare  propor- 
tional by  construction  and  we,  therefore,  hav« 


Fig.  164. 


geneni 

oonstmctlon  for 
flndlngthe 
tensions; 


An  =  iV   ;    pn  =  ^ 


la'S  t    Sa; 
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and  if  a'  /S^  represent  the  tension  N,  Sa  must  represent  the 
tension  ^.    For  the  same  reason,  ab  being  proportional  to  demoutntion; 
Q,  the  third  side  i/^,  of  the  triangle  aSb,  will  be  propor- 
tional to  ^  since  the  three  forces  ^,  Qj  and  ^  are  in 
eqiiilibrio  about  the  point  B.    Finally,  since  a  a'  and  a' S 
are  perpendicular  to  the  directions  A  p  and  An  of  the 
forces  P  and  N,  aS  will  be  perpendicular  to  the  side  A  B 
of  which  it  measures  the  tension  ^.    It  will  be  the  same 
oiBC  and  bS^  and  so  on.    Therefore,  when  a  funicular  unes  which 
polygon  is  in  equilibrio  imder  the  action  of  weights,  if  a  f^T*°***** 
jseries  of  distances  be  taken  on  a  horizontal  line  proper-  perpendicular  to 
tional  to  these  weights,  the  lines  drawn  through  the  points  ^^  **'"'* 
of  diyiaion  perpendicular  to  the  corresponding  sides  of  ^^; 
the  polygon  will  meet  in  a  point,  and  the  lengths  of  these 
perpendiculars,  included  between  the  common  point  of 
intersection  and  the  horizontal  line,   will  measure  the 
tensions  of  the  sides  of  the  polygon.    The  point  ;S'  ispointofteiudona. 
called  the  point  of  tensions. 

§  195. — The  sides  of  the  polygon  may  be  very  short 
and  only  subjected  to  the  action  of  their  own  weight.  The  catenary; 
which  would  be  the  case  with  a  heavy  chain  A  CB  sus- 
Dended    from    its 
extremities.      The 
polygon    of   equi- 
Ubrium    then    be- 
oomes     a     curve, 
called  the  catenary. 

This  curve  is  em-         A!f^  \^  b'    **■  '^  ***  *^* 

ployed  to  give 
form  to  arches  and 
domes.  The  use 
of  the  catenary  for 
such  purposes  may 
be  illustrated  by 
conceiving  a  series 
of  equal  spherical  balls  held  together  by  mutual  attrac- 


arta; 
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Uliutration  by  a 
•faring  of  balls; 


•idet  of  the 
polygon,  the 
chords  of  the 
bills; 


the  string  ofballs 
rsTersed; 


points  of  contact 
extended  to 
tangent  planes ; 


arch-stones  or 
Toussoirs ; 


tions,  but  with  perfect  freedom  to  slide  the  one  over  tlie 
other.    Such  a  collection  of  balls  would  resemble  a  string 
of  beads,   and   if 
supported   at   the 
ends  would,  under 
the  action  of  their 
own    weight,    as- 
sume the  form  of 
the    catenary,    or 
rather      funicular 
polygon,  of  which 
the  sides  woiild  be 
the  chords  of  the 
spheres  joining  the 
points  of  contact. 
If  the   whole   ar- 
rangement  be   re- 
versed, and  the  balls,  instead  of  being  suspended,  be  sup- 
ported upon  the  ends  as  fixed  points,  after  the  manner  in- 
dicated in  A!  C  B\  the  figure  will  remain  unchanged  and 
the  balls  will  still  be  in  equilibrio ;  for,  the  action  of  the 
weights  will  be  the  same  as  before,  and  the  reciprocal  action 
of  the  balls  upon  each  other  will  simply  be  changed  from  a 
force  of  extension  to  one  of  compression.    If  we  now  suppose 
the  points  of  contact  to  be  extended  into  tangent  planes, 
and     the     spaces 
between  filled  up 
with  solid  matter, 
as  wood,  stone,  or 
metal,    .we     shall 
have  a  perfect  sys- 
tem   of   voussoirs 
or    arch-solids    in 
equilibrio      under 
the  action  of  their 
own    weight,    re- 
quiring no  aid  from  friction  or  any  other  principle  of  sup- 


Fig.  166. 


^^ 
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port    The  tangent  planes  or  joints  of  the  vonssoirs  will  be  position  of  the 
normal  to  the  curve.     The  catenary  is  also  employed  in****^*"' 
suspension-bridges  supported  upon  two  or  more  parallel  aim  used  id 
chains  stretched  across  a  river.    In  the  construction  of  ^^^^^ 
such  catenaries  it  is  important  to  determine  the  tension  at 
the  ends,  in  order  to  secure  an  adequate  resistance  at 
those  points. 


§  196. — ^The  catenary  A  OB,  suspended  from  two  General 
points  A  and  B,  is  nothing  more,  as  we  have  seen,  than  ^'J^?** 
a  heavy  polygon  in  equilibrio,  and  whose  sides  are  indefi- 
nitely smaU ;  so  that,  if  upon  a  horizontal  line,  a  length 
A'B^  be  taken  proportion- 
al to  its  weight,  and  this 
length  be  divided  into  a 
number  of  equal  parts, 
there  will  exist  a  certain 
point  S  such,  that  all  the 
right  lines  drawn  from  it 
to  the  points  of  division, 
will  be  perpendicular  to 
the  small  successive  sides 
or  elements  of  the  cate- 
nary, and  that  the  lengths 
SA\  SF\  SC\  &c.,  of 
these  lines,  are  propor- 
tional to  the  tensions  of 
the  same  elements.  Of  all 
the  tensions,  the  least  is 
given  by  the  line  S  0\ 
drawn  perpendicular  to 
the  horizontal  line  A*  B\ 
But  the  element  of  the  cat- 
enary to  which  this  tension 
corresponds  being  itself 
horizontal,  it  will  occupy 
the  lowest  point  of  the  curve.   This  length  becoming  greater 


conatmctiOB  to 
find  the  tension 
of  the  different 
points  of  the 
catenaiy; 


least  tension  at 
lowest  point; 
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tension  greater 
as  the  element  is 
at  a  gretLtOT 
distance  from  the 
lowest  point; 


Fig.  let. 


elements  of  equal 
tensions  form 
equal  angles  with 
the  vertical 
through  lowest 
point; 


catenary 
symmetrical  in 
referenoe  to  this 
lino; 


on  same  level  the 
extreme  tensions 
are  equal ; 
position  of  the 
point  of  tanalona. 


and  greater  in  proportion  as  the  oblique  lines  SF',  &c, 
recede  from  the  perpendicular  SO',  the  tensions  of  the 
elements  of  the  catenary  wiU  increase  in  proportion  as 
they  are  at  a  greater  distance  from  the  lowest  point 
Whence  it  follows,  that 
the  tension  is  the  greatest 
possible  at  the  extremi- 
ties A  and  B.  Two  equal 
tensions  SF'  and  S  G', 
appertain  to  two  elements 
equally  distant  from  the 
lowest  point  C:  moreover, 
these  elements  form  equal 
angles  with  the  vertical 
L  C  passing  through  this 
point;  hence,  these  ele- 
ments, M  and  N,  are  situ- 
ated on  the  same  horizon- 
tal  line  MN,  and  the  chord 
Jf  ^  as  well  as  all  similar 
chords,  will  be  divided 
equally  by  this  vertical 
line.  The  catenary  is, 
therefore,  a  synmietrical 
curve  iif  reference  to 
a  vertical  line  passing 
through  its  lowest  point. 
It  follows,  also,  that  when 

the  extremities  or  attached  points  A  and  B  are  on  the 
same  horizontal  line,  the  extreme  tensions  are  equal,  and 
that  the  point  of  meeting  which  determines  the  tensions 
is  upon  the  perpendicular  drawn  through  the  middle 
of  the  horizontal  line  A'  B\  which  is  proportional  to 
the  weight  of  the  catenary.  A  and  D  being,  for  exam- 
ple, the  two  points  of  suspension,  and  A'  D '  being  the 
length  proportional  to  the  weight  of  the  catenary  A  GD, 
S0\  perpendicular  to  J.'jD'  and  passing  through  the 


:ff"jD''  & 


MECHANICS    OF    SOLIDS.  285 


point  S,  will  divide  A'  D '  into  two  equal  parts  A'  C 

§  197. — ^Two  catenaries,  (last  figure),  A  CB  and  ach  simuar 
are  similar  when  the  points  of  suspension  A  and  B  of  the  **'®"*^*"J 
one,  and  a  and  h  of  the  other,  are  situated  upon  parallel 
right  lines,  and  when  their  lengths  A  GB  and  aci  are 
proportional  to  the  distances  AB  and  a  5,  between  their 
points  of  suspension.    If  the  equilibrium  subsists  in  the 
catenary^  OB^  this  equilibrium  will  not  be  disturbed  if  the 
length  of  its  elements  and  its  other  dimensions  be  propor- 
tionally diminished  indefinitely,  §  192.    Therefore,  when  equiubrinm 
A  GB  is  reduced  to  the  size  ach^  the  equihbrium  will  not  j|J^®p«»»**«^o' 
only  exist,  but  there  will  be  no  one  of  its  parts  which  wiU 
not  be  parallel  and  proportional  to  the  corresponding  part 
of  the  original    But  since  the  elements  of  the  smaller 
catenary  acb  are  parallel  to  those  of  the  larger  A  GB, 
all  the  tensions  of  the  former  are  comprised  within  the 
angle  A' SB',  which  contains  the  different  tensions  of  the 
latter.     We  have,  then,  but  to  find  in  this  angle,  the  posi-  tenstonBofone 
tion  of  a  line  a'  V  parallel  to  A'  B',  which  represents  the  ^I'^J^'^*, 
weight  of  the  smaller  catenary,  as  A'  B'  represents  theumunrone; 
weight  of  the  larger,  and  the  slightest  consideration  will 
show  that  the  two  tensions  Sf  and  SF'  situated  upon  the  , 

same  line  converging  to  8  will  appertain  to  parallel  ele- 
ments of  the  two  curves.    These  are  called  Ao7no^eneot<«  homogeneoni 
tensions.      But  because  A' B'  and  a' 6'  are  parallel,  we*®"^**"** 
have  the  proportion 


Sf    :    SF'    ::    a'V    :    A' B' ; 


whence  we  conclude  that,  in  two  simih/r  catenaries^  the  tefn-  tensions  or 
sums  <f  elements  similarly  situated  are  to  each  other  as  the  ^^^J*  jim^^d 
weights  of  the  coitenaries,  an  as  the  weights 

of  the  entire 
cnnres. 
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§  198.— Let  A'B' 

To  oonstruct  the    be  a  horizontal  line  pro- 
catenary  tromlta'         _^         1   .      x-i  •    -Lx 

weigh  Mengtb,     portional  to  the  weight 
and  the  point  of   of  the  Catenary,  S  the 

tensions;  '    a.     r  j.  t\' 

point  of  tensions.  Di- 
vide the  line  A'  B\  and 
the  length  of  the  cate- 
nary  into  the  same  and 
a  great  number  of  equal 
parts ;  those  of  the  cate- 
nary may  be  regarded 
as  its  elements,  and 
those  of  A'  B'  their 
corresponding  weights. 


Fig.  168. 


to  draw  a  tangent 
to  anj  point  of  ' 
the  catenary. 


Draw  the  Unes  SA,  SV,  S2\ 
SS' . .  .  SB\'  these  will  be  perpendicular  to  the  diflferent 
elements  of  the  catenary.  From  any  point  A,  on  SA^ 
draw  A  1  perpendicular  to  SA  and  equal  to  an  element 
of  the  catenary ;  from  the  point  1  draw  1-2  perpendicular 
to  aS'I'  and  equal  to  an  element;  again  2-3  perpendicular 
to  ;S^2',  and  equal  to  an  element,  and  so  on  to  the  end. 
The  polygon  -4-1-2-8  . .  .  jB,  will  approximate  to  the  re- 
quired catenary  the  nearer  in  proportion  as  the  number  of 
divisions  is  greater. 

The  point  of  ten- 
sions S  gives  the  means 
of  drawing  a  tangent 
to  the  catenary  at  any 
point.  Let  H  be  the 
given  point,  and  let  A'  e 
represent  the  weight  of 
the  portion  AEof  the 
catenary;  through  e 
and  S  draw  the  indefi- 
nite line  e  G,  and  from 
E  draw  EG  perpen- 
dicular to  e  a^  .E^  ff  will 
be  the  tangent  line. 


Fig.  169. 
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Fig.  ITO. 


§  199.— The  point 
of  tensions  in  the  cate- 
nary depends  upon  the 
intensity  and  directions 
of  the  extreme  ten- 
aions.   For  A'B'  being 

the  horizontal  line  proportional  to  the  weight  of  the  entire 
catenary,  if  firom  the  extremities  A'  and  B'  arcs  be  de- 
scribed with  radii  proportional  to  the  extreme  tensions, 
their  intersection  S  will  give  the  point  of  meeting. 

The  process  for  find- 
ing the  extreme  ten-  ^' 
fiions  must  of  course 
depend  upon  the  data 
given.  Let  us  first  sup- 
pose the  catenary  J.  GB 
to  be  given  and  traced 
out.  It  is  evident  firom 
the  conditions  of  equi- 
librium, that  the  verti- 

qxHl  0  L  drawn  through  the  intersection  0  of  the  extreme 
tangents  A  0  and  jBO,  will  pass  through  the  centre  of 
gravity  of  the  catenary.  I^  therefore,  a  distance  0  &  be 
taken  on  this  line  to  represent  the  entire  weight  of  the 
catenary,  and  the  parallelogram  OB'  0  A'  he  constructed 
upon  the  tangents,  the  sides  0  A'  and  0  B'  will  represent 
the  tensions  at  A  and  B  respectively. 
But  if  only  the  two 


Determinstion  of 
the  point  of 
tensions; 


to  And  the 
extreme  tensions 
from  the  curve 
traced; 


points  A  and  B  of 
sospension,  the  weight, 
and  entire  length  of  the 
catenary  be  given,  the 
process  for  finding  the 
extreme  tensions  is  as 
follows,  viz.:  Take  a 
small  chain  and  sus- 
pend it  against  a  ver- 


Fig.  172. 


to  And  the 
extreme  tensions 
from  the  points 
of  support,  the 
weight,  and 
length  of  the 
curve; 
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flgore  found  by 
meanaof  EBinall 
chain; 


the  tensionB 
found  by 
construction ; 


tical  plane  from  two 
points  a  and  b,  situated 
upon  a  right  line  paral- 
lei  to  AB,  and  whose 
distance  apart  shall  be 
to  the  distance  from  A 
to  Bf  aa  the  length  of 
the  smaller  chain  is 
to  the  length  of  the 
longer.  The  smaller 
chain  being  thus  sus- 
pended,   measure    by 

means  of  a  spring  balance  the  tension  exerted  at  the  points 
a  and  b.  The  tensions  on  the  points  A  and  B  produced  by 
the  larger  chain,  will  be  equal  to  the  tensions  at  a  and  i, 
multiplied  by  the  number  of  times  which  the  weight  of  the 
larger  chain  contains  that  of  the  smaller.     §  197. 

Instead  of  measuring  with  a  spring  balance  the  tensions 
at  the  ends  of  the  catenary,  we  may  proceed  as  foUows: 
Draw  through  the  low- 
est point  of  suspen- 
sion a,  a  horizontal 
line  cutting  the  oppo- 
site branch  of  the  small 
chain  in  the  point  d. 
Upon  a  horizontal  line 
take  the  distance  a'b' 
to  represent  the  weight 
of  the  entire  chain,  and 
lay  off  the  distance  a'  d' 
proportional  to  the 
length  acd.  The  por- 
tion acd  oi  the  cat- 
enary   would    be    in 

equilibrio  if  the  point  d  were  fixed  and  the  remainder  dh 
removed ;  the  point  of  tensions  for  acd^  and  therefore  for 
a  c  6,  will,  from  what  has  already  been  explained,  be  found 


Kg.  178. 
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flomewhere  on  the  perpendicular  G'  K*  drawn  to  the  mid* 
die  of  o!  d!  \  assume  it  at  0,  and  by  means  of  this  poiat 
and  the  line  a*  h\  construct  a  catenary  after  the  manner  ooDstnietioiior 
of  §  198,  and  let  a  e  be  the  resulting  distance  between  its  "J^**^"^ 
points  of  support    Through  0  draw  a  perpendicular  to 
0*  K\  and  lay  off  upon  it  from  the  point  0,  the  distance 
0^  =  ae  —  a  5,  to  the  right  when  ae  is  greater  than  ai, 
and  to  the  left  when  the  reverse  is  the  case.     Assume 
anotherpoint  as  0' below  0,  and  do  the  same  as  before;  we 
sball  find  a  new  point  g\  say  to  the  left  of  0%K' ;  repeat 
the  process  with  points  between  0  and  0'  seyeral  times, 
and  pass  through  the  points  g^  g\  g'\  &c.,  thus  determined| 
a  curve;  its  intersection  8  with  0'  K'  will  be  the  true 
point  of  tensions.    The  distances  Sa'  and  SV  will  repre- 
sent the  extreme  tensions. 


§  200. — ^We  have  seen  that  in  the 
catenary  the  tensions  at  the  different 
points  are  different,  and  that  the  small- 
est tension  is  at  the  lowest  point.  This 
is  still  true  when  the  catenary  becomes 
a  vertical  chain  loaded  with  a  weight 
For  the  lowest  link  supports  only  the 
attached  weight  Q ;  the  link  C  only 
supports  the  weight  Q  and  link  (7, 
and  so  on  to  the  topmost  link,  which 
supports  all  below  it ;  so  that  if  the 
chain  were  proportioned  to  the  tension 
of  its  different  parts,  it  would  be  made 
stronger  above  than  below. 


Fig.  174. 


ThenDallflttaad 
gmteit  temloii 
ofATerUcal 
chaiii. 


§  201.— The  point  S  being 
the  point  oi^  meeting  of  the 
tensions,  and  A'  B'  a  hori- 
zontal line  representing  the 
weight  of  the  catenary,  we 
have  seen  that  the  tension  at 


Fig.  176. 


Direct  meuore  of 
the  tension  OB 
■ay  point  of  tiM 
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ooostniotlon; 


the  tenaion  at  any 
point  U  the 
hypothoiuae  of  • 
rlght^ig^ed 
triangle;  . 


tenalonin 
horizontal 
direction; 


InTertlcal 
direction; 


^.  176. 


eflbctoftheee 
twiil<Nia  on  picn. 


D  is  represented  by  the  length  U  S^  and  that  at  (7, 
the  lowest  point,  by  80\  perpendicular  to  A'  B'^  the 
lengths  A'  D '  and  D '  C  representing,  respectively,  the 
weights  of  the  portions 
AD  and  i)  (7  of  the 
curve ;  that  is  to  say, 
the  tension  at  any 
point  -D,  is  represent- 
ed by  the  hypothe- 
nuse  of  a  right-angled 
triangle,  of  which  one 
side  represents  the  ten- 
sion  at  the  lowest  point 
of  the  curve,  and  the 
other  the  weight  of 
that  portion  of  the  cate- 
nary included  between 
the  lowest  point  and  the 
point  whose  tension  is 
to  be  found.  Hence,  £Aa 
tension  at  any  point  of 
the  curve^  estimated  in  a 
horizontal    direction^   is 

constant  and  eqwd  to  the  entire  tension  at  the  lowest  point; 
and  estimated  in  the  vertical  direction,  is  equal  to  the  weight  cf 
that  portion  of  the  ca/tenary  included  between  this  point  and  Ae 
lowest  point. 

The  horizontal  tensions  at  A  and  B  are  therefore  the 
same,  although  they  may  be  situated  on  very  different 
levels.  If  the  catenary  be  suspended  fix)m  the  tops  of 
piers,  the  vertical  components  will  promote  their  stability 
by  pressing  them  down,  while  the  hoii2x>ntal  components 
will  tend  to  overturn  them.  % 


%  202. — ^It  is  comparatively  easy  to  compute  the  ex- 
treme tensions  of  the  catenary  when  the  versed  sine  of  its 
ate  is  small    Let  A  CB  be  a  catenary,  of  which  OB,  the 
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dktance  of  the  lowest  point  below  the  horizontal  line  BAj  ibniKieztrama 
is  very  smalL    The  curve  being  in  equilibrio,  the  eqxd-  S^J^J^^^^f 

thecarreif 


librium  of  the  part  J3  £7  will  not  be  disturbed  by  taking  the 
pdnt  0  as  fixed,  and  regarding  it  and  the  point  B  as  the 
points  of  suspension.  But  because  of  the  smallness  of 
DCj  the  curvature  must  be  very  small,  and  the  centre  of 
grayit7  of  BO  may,  without  sensible  error,  be  regarded  as 
at  the  middle  point  O.  The  tangents  OHaxni  B&\  at  the  notetton; 
pointi  of  suspension,  will  intersect  at  Q'  on  a  vertical  line 
drawn  throu^  the  point  G,  Denote  by  T^  the  tension  at 
B;  by  T^  the  tension  at  C;  and  by  p^  the  weight  of  the 
portion  B  0. 

Because  the  three  forces  ^,  jT,  and  ^  are  in  equilibrio 
about  the  point  (?',  we  have 

^  ^    :     To    ::    BE   :    HQ\ 

V    :    T    ::    BE   :    BQ'; 


whence 


T.^P"^E^ 

B0' 
T  =^  jp 


BE  •  i«i»»; 

Observe  that  BE  is  the  versed  sine,  which  denote  by  /; 
and,  because  BQC  may  be  regarded  a  right  line,  EO'  is 
half  the  semi-space  BD^  which  semi«space  denote  by  1- 
Then,  sinoe  the  triazigle  B  &E  is  right  angled, 


tfluloii  at  loireil 
point; 

tendon  at  blgbml 


BG'  =\/'Wh'  +  WW  =  y/f  +  ^. 
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horlMiiiil 
taniioD  or  thnut; 


Substituting  these  quantities  in  the  above  equadona,  we 
find 

T  -  2L 

*  ~   2/' 


(entloii  at  Uj^wtt 
point 


T  =  4  .  v//*  +  T  =  i'  \A  + 


/ 


4/* 


Applkttttoik  to 

•uBpenaion- 

bridge; 


Fig.  178. 


joiila;. 


The  first  expresses  the  tension  at  the  lowest  point,  which 
we  have  seen  is  equal  to  the  horizontal  thrust  at  the  points 
of  suspension.  The  second  gives  the  entire  tension  at  the 
same  points,  which  must  be  known  in  order  to  adjust  the 
dimensions  of  the  chain. 

§  203. — ^To  conclude  the  subject  of  the  catenary,  and 
show  the  application  of  the  preceding  principles,  take  the 
case  of  a  bridge  suspended  from  two  parallel  chains 
extended  &om  one  bank  of  a  river  to  the  other. 

To  the  different 
points,  -4,  -B,  Cj  &c., 
of  the  catenaries,  or 
rather  to  the  angles  of 
the  fimicular  polygons 
thus  formed,  are  attach- 
ed vertical  suspending 
rods,  which  are  united 
at  the  bottom  in  pairs 
by  transverse  pieces 
called  sleepers ;  these 
receive  a  set  of  longi- 
tudinal jcnists,  which,  in  their  turn,  support  the  floor  plank. 
The  distances  between  the  suspending  pieces  in  longitudi- 
nal direction  are  supposed  equal.  These  equal  portions 
of  the  roadway  included  between  two  consecutiYe  sleep- 
ers, are  called  sections.  Each  sleeper  is  loaded  with  half 
the  section  which  precedes  and  half  that  which  follows  it ; 
that  is  to  say,  with  the  weight  of  an  entire  sectioxL     This 


xn 


g 
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weight  is  known,  and 
detennines  the  cross  sec- 
tion of  the  suspending 
loda.  The  weight  of  the 
suspenders  being  small 
compared  with  that  of 
the  roadway,  may  be 
neglected,  and  thus  the 
weight  of  the  bridge 
will  be  equally  distribu- 
ted. 

Draw  a  Horizontal 
right  line,  and  take 
uv  proportional  to  the 
weight  of  the  bridge; 
let  /S'  be  a  point  such 

that  Su  shall  be  perpendicular  to  the  side  U  A,  and 
proportional  to  its  tension.  Take  upon  u  t;,  the  portions 
ua^ab,  kc,  proportional  to  the  weights  supported  at  the 
angles  A,  B,  &c.;  the  converging  lines  aS,  bS,  kc,  will  be 
proportional  to  the  tensions  on  the  sides  A  J?,  &c.,  and  the 
perpendicular  Sd^  to  the  tension  on  the  horizontal  side  of 
the  polygon.  First,  find  the  difference  of  level  between  any 
two  consecutiye  angles,  as  A  and  B.  Draw  the  horizontal 
line  BA^'f  and  the  two  triangles  A  A''B  and  Sudj  will  be 
mnilar  and  give 


Mchpalror 
•nspendiog  rodi 
supports  the 
weight  of  one 
■ection; 


tenslomt  on  the 
•Ides  of  the 
ftmicttler 
polygon; 


A  A"    :    A"B    ::    ud    :    Sd; 


whence 


A  A"  = 


A"B 

Sd 


ud. 


dURuenoe  of  level 
between  two 
consecutlTe 
■ngtes; 


Because  of  the  equality  of  distances  between  the  sus- 
pending rods,  A"B  will  be  constant  Moreover,  ud  and 
Sd  being  proportional  respectively  to  the  weight  of  the 
portion  A'ly^  and  the  tension  ^  upon  the  horizontal  side. 
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if  we  denote  by  «  the  weight  of  a  unit  of  length  of  tihe 
bridge, 


ratio  of  weight  of 
hair  the  bridge  to 
the  boriaontal 


ud 

'Sd 


which  in  the  preceding  gives 


A  A"  = 


uA"B.A'D' 


aloe  of  the 
ilfereiioeofleTel 
ftwo 

onaecnfclTO 
ADglea; 


but  uA"B  is  the  weight  of  a  section  of  the  bridge. 
Denoting  this  hjp^  we  have 

A  A''  =  ^.A'D': 
to 

and  denoting  the  constant  ratio  of  the  weight  j>  to  the 
tension  ^  at  the  lowest  point  by  kj 

A  A''  =  k.A'D'; 


from  which  we  conclude,  that  the  diflferenoe  of  level 
of  two  consecutire  angles,  is  equal  to  the  constaot  ratio 
*,  multiplied  by  the  horizontal  distance  of  the  higher  of 
Itwo  angles  Lmthelowest  angle  of  the  funiculi  poly, 
gon.  Denoting  by  I  the  constant  length  of  a  section, 
and  beginning  at  the  lowest  angle  K,  the  horizontal 
distances  will  be  successively  I,  21^  &l  .  .  .  n 2^  for  the 
1"*,  2*",  8*  .  .  .  ffi'j  angle  to  the  right  and  left.  Thus  the 
difference  of  level  between  the  lowest  angle  K  and  the 
next  in  order  O^isk  I;  between 
0  and  By  2  h  I;  between  B  Fig.  iso. 

and  J.,  8  i  2,  &c.    The  heights 

difcranoeofleTrtof  the   auglcs    (7,   jB,  -4,    &C., 

nS:"    above  Uie  lowest  point  ir.wiU 

abore  the  lowest  be  respectively  hly  kl  +  2hly 

•^^  kl  +  2kl  +  hkl,kl  +  2kl  + 

Zkl  +  ^kl^  and,  in  general, 
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if  there  be  n  sections  between  the  lowest  angle  and  that  un- 
der consideration,  the  height  of  the  latter  above  the  former 
will  be  given  by  the  expression 


ifcZ(l  +  2  +  8  +  4 +  n)=:kl.n 


n  +  1 


heiffhtortlieiiai 
angle  abov*  th« 
lowettone; 


In  this  expression,  if  we  make  successively  n  =  1,  n  =  2, 
n  =  S,  n  =  4,  &c.,  we  have  kl,  S  kl,  6  k  I,  10  klj  &c., 
for  the  heights  of  1*,  2<^,  8^,  4^,  &c.,  angles  above  the 
horizontal  side  of  the  funicular  polygon. 

The  locus  of  aU  these 
angles  is  a  parabola,  for 


if  y  =  ^i>  =  JfCT  de- 
note the  height  of  one 
of  these  angles  above 
the  lowest  point  £j  n 
being  the  number  of  its 
place  firom  the  latter,  we 
have 


Fig.  181. 


Um  loent  or  tlM 

anglMlia 

parabola; 


and  making 


y  =z  kl .n  — 5 —  ....    (96) ; 


nZ  =  a;  =  KM, 


-     /n  +  1\  fc  ,      ,    TV  ^ 


or 


y  =  -21  +  T*' 


eqaatlon  of  flto 
locoaof  tbo 
angles; 


this  is  the  equation  of  a  parabola^  of  which  the  vertex  is 
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plMeorthe 

▼ttrtazoftlw 

looiiioary«; 


to  the  right  of  the  point  K,  and  at  a  distance  iiom  it 
equal  to 


a  =  —  TT 


l_ 
2  ' 


it  is  below  the  horizontal  side  by  the  distance 


HK'  ^y^^ 


8   ' 


a  quantity  so  small  that 
it  may  be  neglected  in 
practice. 

Moreover,   from   the 

property  of  the  parabola, 

the  squares  of  the  ordi- 

nates  are  to  each  other 

to  find  the  point  as  the  abscisscs;  that  is 

In  which  the  . 

TVttoel  through     ^  ^7  > 
Uie  rertez  call 

u«un.of  jp«        j-^«    11    MA    '.    NB; 

mpports ;  ^  ' 

and  from  the  similar  triangles  obtained  by  joining  A 
and  jS, 


AP^    :    BQ"    ::    PO*  :     QO'i 


whence 


PO"    :     QO^    ::    MA    :    NB; 


or 


PO^  X  NB  =  QO*  X  MA; 


but 


PO  =  OK  --  KP  ^  OK  -  MA, 


QO  =  QK-  OK  =  NB  -  KO; 
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vliich,  sabetitated  above,  give 


{OK  -  MAf  X  NB  ==  {NB  -  KOf .  MA; 


deTdoping  the  squares  and  leduoing,  we  get 

KO'  ^  MA  X  NB. 


eonatroctton  ftir 
finding  the 
position  of  Um 
lowMl  point; 


That  is  to  say,  the  distance  KO^  at  which  the  vertical  line  dirtaaeeorthii 
drawn  through  the  vertex  of  the  curve  cuts  the  chord  J^J^'f*^ 
joinmg  any  two  of  its  points,  is  a  mean  proportional  be- 
tween the  heights  of  these  points  above  the  vertex.    This 
property  fiimishes  an  easy  method  of  finding  the  lowest 
point  K  on  the  level  MN.    For  this  purpose,  join  the  points 
of  suspension  U  and  Tj 
by  the  cord  UV;  draw 
the  horizontal  line  UP 
through  the  lower  point 
U^  and  produce  it  till  it 
cots  the  vertical  VN  in 
P'.    Upon  the  distance 
P'  V  describe  the  semi- 
circle VTP\  and  from 
the  point  N  draw  the 
tangent  N'T;  with  N  as 

a  centre  and  NT  as  a  radius,  describe  the  arc  TT  till  it 
cuts  VN  in  J",  and  through  the  point  T  draw  a  hori- 
zontal line ;  this  line  will  cut  the  cord  Win  the  point  0, 
through  which  draw  a  vertical  line  OP,  and  its  intersection 
with  the  horizontal  side  will  give  the  lowest  point  £ 
Taking  this  point  as  the  extremity  of  the  horizontal  side, 
and  laying  off  on  the  line  MN  the  equal  lengths  of  the  and  the 
sections;   the  points  of  division  will  correspond  to  t^e^j^*?"*"^ 

vertical  ordinates  kl^  8  kl^  Qkl^  .  .  .  n.  — ^  kl    This 

last  appertaining  to  the  point  27j  whose  height  h  is  given, 
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we  have 


"•<y  ^>H  =  &; 


whence  we  have 


*  ~  n(n  +  1)V  •    •    •    •    (^^5 


ntfooftlie  Oh 

weight  of  ft 
■ectionto 
horizontal  temloii 

fiHUldi 

and  hence  the  lengths  of  the  several  suspenders  kl,  ikl, 
ftom  which  the    &c.,  are  known. 
*^^'^*  We  have  seen  that 

■OBpenden  are 
known; 

to  n{n  +  l)t 

and  therefore 

-boH«»«  t,  =  "("+^^)-^--P    .    .    .    (98); 

tendon  found ;  ^  f^ 

s 

the  tension  on  the  horizontal  side  is,  therefore,  also  known. 
The  tension  on  the  side  next  in  order  to  the  horizontal 
side  is 

tension  on  tide  '^tt?   +    O* 

next  in  order; 

that  of  the  second  in  order 


Moondlnorder;  v  «o     "h    \^P)} 


that  of  the  third 


thirtonthird;  '^to^   +   {^  Pfy 

and  so  on  to 


that  on  the  nth  in 


order;  '  V^*   +   {fipf^ 
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which  is  the  tension  on  the  n^  side  from  the  horizontal 
one. 

If  the  points  U  and  F  be  on  the  same  level,  it  is 
obvious  that  the  curve  or  polygon  becomes  symmetrical 
in  reference  to  the  vertical  0  ^,  in  which  case  it  is  only 
necessary  to  find  the  lengths  of  the  suspenders  for  one  data  neoeaaary  lo 
half  the  bridge.    Having  given  the  points  of  suspension,  dim^iTif*^ 
their  horizontal  distance  apart,  and  the  level  of  the  lowest  bridge, 
side  of  the  funicular  polygon,  it  is  easy  to  determine  the 
dimensions  of  eveiy  part  of  the  bridge. 


XV. 

OF  BODIES  RESTING  UPON  EACH  OTHEB,  AND 

UPON  INCLINED  PLANES. 

§  204. — ^Wben  two  bodies  touch  and  compress  each  Action  and 
other,  there  is  immediately  a  depression  or  yielding  in  a  ^^^S"^ 
direction  perpendicular  to  the  surfaces  at  the  point  of  apparent  contact; 
contact,  which  indicates  that  the  reaction  of  the  two  bodies 
takes  place  in  the  same  direction ;  that  is  to  say,  in  the 
direction  of  the  normal  common  to  both  surfaces.    Let  us 
suppose  one  of  the  two  bodies  as  J.  to 
be  solicited  by  forces  of  which  the  re- 
sultant shall  coincide  with  this  nor-  Fig.  184. 
mal,  and  that  the  other  body  J.'  is 
fixed;  it  is  plain  that  the  reaction  of 

the  latter  body  will  destroy  this  resul-        f   j/\--^     action  and 
tant,  and  that  the  body  A  will  remain        Vlx  i^onoftwo 

at  rest    But  the  equilibrium  will  also 
subsist  if  the  body  A'  be  replaced  by  a 
force  equal  to  the  reaction  which  it  exerts  on  the  body  -4, 
while  this  latter  body  is  perfectly  free  to  move  and  acted 
upon  by  this  new  force  in  conjunction  with  the  given  forces. 
This  property  of  all  bodies,  by  which  they  resist  the  re- 
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ciprocal  action  of  each  other  in  directioDS  nonnal  to  both 

tbe  principle  of    suifaces  at  the  common  point  of  contact,  extends  to  the 

^  '^***°  ^     general  case  of  a  single  body  pressing  upon  two  or  more 

extends  to  bodies  at  the  same  time.    The  reaction  of  these  last  are  so 

■•^•^  many  real  forces  which  may  be  substituted  for  the  resisting 

bodies  at  the  several  points  of  contact,  and  in  virtue  of  this 

substitution,  the  conditions  of  equilibrium  of  the  first  body 

will  be  the  same  as  though  it  were  free  to  move  in  any 

direction  whatever.    Let  us  examine  the  circumstances  of 

the  simple  case  of  a  body  resting  upon  a  plane,  and  having 

first  but  one  point  of  contact,  then  two,  three,  &c. 

Dhntntion;  §  205. — ^Lct  US  Consider  a 

sphere  subjected  to  the  action 

of  its  own  weight,  and  rest-  *%•  ^®*' 

the  bodies  having  ing  upou  a  Icvcl  plane  A  B 

but^e^point  of    ^.^j^  ^  g.  j^gjg  p^ij^^  ^f  Qon\BCi 

m.  Since  the  reaction  takes 
place  in  the  direction  of  the 
perpendicular  to  the  plane 
through  the  point  of  contact, 

and  must  be  in  equilibrio  with  the  weight  W  of  the 
sphere,  the  centre  of  gravity  G  must  be  upon  a  vertical 
line,  in  order  that  the  weight  and  reaction  may  destroy 
each  other.    In  like  manner,  when  a  body  rests  upon  any 
plane  whatever,  and  is  solicited  by  forces,  no  matter  how 
directed,  their  resultant  must  be  perpendicular  to  the  plane, 
and  pass  through  the  point  of  contact ;  for  if  the  resultant 
were  oblique,  it  might  be  resolved  into  two  components, 
one  normal,  and  the  other  parallel  to  the  plane ;  the  first 
would  be  destroyed  by  the  reaction  of  the  plane,  while  the 
latter  would  put  the  body  in  motion.    In  order,  therefore, 
condiuons  which  that  a  body,  supported  against  a  plane,  and  having  a 
Ixl^J^^^J  single  point  of  contact  with  it,  shall  be  in  equilibrio,  it  is 
pJ*n«-  necessary,  1st,  that  the  resultant  of  the  forces  which  act  upon 

it  he  perpendicular  to  the  plane;  and  2d,  that  this  resultant 
pass  through  ^  point  of  contact 
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§  206.— But  when  the  body 
has  two  points  of  contact,  A  Kg.  IM.  ifth6bod>  ure 

f'  .    .  two  points  of 

and  B^  with  the  plane,  it  is  not  ^ contact  the 

nooessaiy  that  the  resultant  of  /^ 0\         r^^H-^t^^ed 

*'  /^^  ^^v^  not  pM«  thiongb 

the  forces  shall  pass  through  [/^ ^       either; 

either.    It  will  be  sufficient  if 
it  meet  the  line  J.  J?  in  any 

point  between  A  and  j5,  and  be  perpendicular  to  the 
plana    For  the  reaction  of  these  points  of  support  being 
both  perpendicular  to  the  plane,  their  resultant,  which  is 
parallel  to  them,  will  also  be  perpendicular  to  it:  this 
resultant  and  that  of  the  forces  acting  upon  the  body 
must  be  in  equilibrio ;  they  must,  therefore,  be  equal  and 
directly  opposed;  in  other  words,  the  resultant  of  the 
forces  acting  upon  the  body  must  admit  of  being  resolved  it  must  be  normal 
into  two  components,  respectively  equal  and  directly  op:  tot«tecttt!eiine 
posed  to  the  resistances  at  the  points  of  support.    But  )«*>»*»»*>»•  po»»» 
these  latter  act  in  the  same  direction,  so  also  must  the  for-  ' 

mer,  and  hence  their  resultant  will  have  its  point  of  appli- 
cation between  A  and  B;  and  this  resultant  being  parallel 
to  its  components,  will  be  perpendicular  to  the  plane. 

If  the  body  be  laid  on  a  horizontal  plane,  the  equi- when  the  plane  b 
librium  will  subsist  whenever  the  vertical  drawn  through  "*^'*^"' 
the  centre  of  gravity  intersects  the  line  joining  the  points 
of  support  somewhere  between  theuL 

§  207. — ^Now  let  us  suppose  three  or  more  points  of 
contact.    The  resistances  of  these  points  are  perpendicular  a»eof  umeor 
to  the  planC;  and  cannot  maintain  the  forces  which  act  upon "»«®  p***"^? 
the  body  in  equilibrio  unless  the  resultant  of  the  latter 
may  be  decomposed  into  components  which  are  respectively 
equal    and  directly  opposed   to   these  resistances;    this 
resultant  must,  therefore,  be  perpendicular  to  the  plane, 
and  as  its  components  must  act  in  the  same  direction,  rataiianistiu 
its  point  of  application  will,  from  the  principles  of  parallel  JJJJ^'i^ 
forces,  be  within  the  polygon  formed,  by  joining  the  points  polygon  of 
of  contact.    If  the  line  of  direction  of  the  resultant^  pierce  •"'^» 
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iftherofoltant 
plaroe  the  pUne 
withoat  ttM 
polygon  of 
contact,  the  body 
will  orertam ; 


the  plane  in  a  point  m,  ex- 
terior to  the  polygon  which 
connects  the  points  of  support, 
the  body  will  tend  to  oyertum 
around  the  edge  a  5  of  this 
polygon  nearest  torn;  if  the 
line  of  contact  be  a  curve,  the 
body  will  overturn  about  the 
tangent  nearest  to  m.  The  ef- 
fort by  which  the  body  will 
be  ur^  to  overturn  is  meas- 
ured by  the  intensity  of  the 
resultant  of  the  forces,  into 
the  shortest  distance  from  its 
the  body  ta  urged  y^^  ^^  direction  to  that  about 

to  overtoriL 


Fig.  187. 


effort  by  which 


FSg.  188. 


/ 


P 


which  the  motion  of  rotation  takes  place. 


Emnplee; 


§  208. — The  conditions  of  equilibrium  of  a  heavy 
sphere,  resting  upon  a  horizontal  plane,  have  already 
been  considered.  Let  us  ap- 
ply the  same  principles  to 
other  examples,  and  take  first 
the  case  of  a  heavy  body 
resting  upon  a  table  having 

table  hsTing  but  but  three  feet    If  the  feet  be 

***^***'         upon  a  horizontal  plane  and 

when  the  feet  an  in  the  samc  right  line,  and  the 

in  .»ie  right      ^^j^tical     line    through    the 

centre  of  gravity  be  not  in 

the  vertical  plane  passing 
winotertun  through  this  line,  the  table 
;:;:;^*;will  overturn  towards  the 
ums  side  on  which  the  centre  of 

gravity  is  situated,  and  with 

an  effort  equal  to  the  product 

of  the  weight  into  the  distance 

Ag  of  the  projection  of  the 


line; 


Fig.  19a 


r 
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Fig.  191 


Fig.  192. 


centre  of  graTitj  fiY>m  the  line  a  a'  of  rotation.  This 
product  is  called  the  ftum/erd  of  BtabiUty.  If  the  distance 
Ag  IB  zero,  the  weight  will  pass  through  the  line  of 
sapporty  and  there  will  be  an  equilibrium;  but  it  will 
be  unstable,  since  the  centre  of  gravity  will  be  at  the 
highest  point 

K  the  three  feet  be  not  in  the  same  right  line^  and  the 
weight  pass  within  the  tri- 
angle formed  by  joining  the 
feet,  the   table   will    be    in 
equilibrio.     But   if  the  line 

of  direction  of  the  weight 

pass  without  the  triangle  of 

the  feet,  the  table  will  over- 
turn about  the  nearest  edge 

ah.     In  the  first  case,  the 

equiUbrium  is  stable,  because 

no    derangement    can    take 

place  about  the  line  of  either 

two  of  the  feet  without  caus- 
ing the  centre  of  gravity  to 

ascend.    And,  generally,  if 

the  table  have  any  nxunber 

of  feet,  there  will  be  stable 

equilibrium    whenever    the 

line  of  direction  of  the  weight 

passes    within   the   polygon 

formed  by  joining  them. 
The  effort  with  which  the 

table  or  any  other  body  will 

resist  a  cause  which  tends  to 

upset  it,  is  measured  by  the 

product  of  its  weight  into  the 

shortest  distance  J.^  from  the 

line  of  direction  of  the  weight 

to  the  line  ab  about  which 

the  motion  is  to  take  place; 


moment  of 
Btabllitj; 


Fig.  198. 


Fig.  194. 


If  the  feet  b«  not 
in  Hune  right 
]in0; 


equlUbrlum; 


Ineaaeofttiy 
nomberoffeet 
Uieretiilknt 
mvit  |MM  within 
thepolyson; 


eA>it  by  which 
a  body  railitB  a 
csoM  lo  ovvrtom 
i»5 


^ 
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moment  of 
■tebilityofa 
taMTy  body; 


the 

principles  H>pl]r 
to  Bolide  resting 
on  plene  fhoee ; 


example  of  the 
cube  and  right 
priem; 


Fig.  196. 


1 


t  _ 


y 


Fig.  196. 


itablllty 

dimlniahes  as  the 
cmtre  of  gravity 
Is  higher; 


inellBed  prinn ; 


and  this  effort  will  be  smaller  in  proportion  as  the  dis- 
tance Ag  is  less.  For  this  reason,  the  rfioTnent  of  atabUity 
of  a  heavy  body  is  the  smallest  moment  of  its  weight 
taken  with  reference  to  the  different  lines  of  its  polygonal 
base. 

The  conditions  are  the 
same  if  the  body  rest  upon 
a  plane  face  bounded  by  a 
polygon  or  curve.  The  equi- 
librium will  exist  when  the 
line  of  direction  of  the  weight 
passes  within  the  base.  Such, 
for  example,  is  the  case  with 
the  cube  resting  upon  a  level 
plane ;  also  with  a  right  prism, 
whatever  its  height,  only  that 
its  stability  diminishes  as  the 
height  increases;  for,  in  pro- 
portion as  the  centre  of  grav- 
ity O  is  more  and  more  ele- 
vated, the  angle  (?  J.  jB  be- 
comes less  and  less,  and  the 
centre  of  gravity  will  not  have 
to  be  raised  so  much  above  its 
position  of  rest  when  the  body 
is  overturned  about  the  edge 

a  a',  as  it  would  if  the  angle  0  AB  were  greater,  or  the 
centre  of  gravity  lower.  In  proportion  as  the  centre  of 
gravity  is  placed  higher  and  higher  above  the  same  base, 
the  body  will  approach  more  and  more  to  the  condition  of 
unstable  equilibrium. 

An  inclined  prism  will  pre-  j^  197 

serve  its  equilibrium  as  long 
as  the  direction  of  its  weight 
&lls  within  its  base.    The  dif-  /  ^ 

ficulty  of  overturning  it  will 
be  less  in  proportion  as  the 
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Fig.  198 


"3    J' 


C 


I 


Fig.  199. 


7 


] 


distance  A  g  becomes  smaller. 
When  g  falls  without  the  base, 
the  prism  will  overturn  of 
itaelL  The  Tower  of  Pisa, 
thoTigh  considerably  inclined, 
preserves  its  equilibrium  be- 
cause the  line  of  direction  of 
its  weight  passes  within  its 
base.  A  pile  of  dominos  or 
bricks,  in  which  each  one  pro- 
jects beyond  that  immediately 
below  it,  will  preserve  its 
equihbrium  till  the  line  of 
direction  of  the  weight  of  the 
entire  pile  &lls  without  the 

domino  or  brick  at  the  bottom,  when  it  ¥rill  overturn. 
We  see,  therefore,  that  the  natural  stability  of  bodies  in- 
creases as  their  bases  increase,  and  the  heights  of  their 
centres  of  gravity  decrease;  and  that  it  is  the  greatest  possi- 
ble when  the  centre  of  gravity  is  at  the  centre  of  figure  of 
the  base.  This  is  the  reason  why  walls  are  usually  made 
of  elements  like  brick,  cut-stone,  &c.,  placed  with  their 
fibces  vertical,  and  laid  upon  large  bases,  called  foundations. 
H  the  heavy  bodies  are  solicited  by  other  forces  than 
their  weights,  the  resultant  of  the  whole,  weight  included, 
must  act  in  the  direction  of  a  line  passing  within  the  base. 
The  resultant  of  the  extraneous  forces  may  unite  with  the 
weight  and  increase  the  stability  of  the  body.  Thus  an 
inclined  prism,  the  direction 


wUloTVrtam 
when  weight  IkDi 
withoalthebaae; 

Tower  of  Piaa; 


Inclined  pile  of 
brick; 


BtabUlty 
ac  the  base 
incresaea  and  aa 
the  centre  of 
gTETitj  la  lower; 


heaTybodiea 
aoUdted  by  other 
foreea  than  their 
weighta; 


Og  o{  whose  weight  &lls 
without  the  base  A  B,  would, 
if  abandoned  to  itself,  over- 
turn; whereas,  if  it  were  act- 
ed upon  by  a  force  in  the  di- 
rection GJE,  of  such  intensity 
as  to  give,  with  the  weight, 
a  resultant  which  intersects 


Fig.  200. 


theae  may  aet  to 

Increaaethe 

atahlUty; 
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the  base  at  0,  it  would  be 
supported,  and  the  equilib- 
rium would  be  stable.  Re- 
ciprocally, the  weight  W  of 
the  prism  is  opposed  to  the 
force  Q  E  =F^  when  the  latter 
acts  to  turn  the  solid  about 
the  edge  A.  The  measure  of 
this  opposing  effort  is 


Fig.  2oa 


moBkont  of 
•tabflity; 


W.Ag; 


inrinolple  of 
oounterforU ; 


and  in  this  view,  we  see  that  the  moment  of  the  natural 
stability  will  increase  sa  Ag  increases. 

In  walls  destined  to  support  an  embankment  of  earth  or 

a  head  of  water,  in  order  to  resist  the  thrust  with  greater 

uiaitraiioii  of  the  effect,  the  lowcr  exterior  edge  A  is  thrown  as  fkr  as  con- 

S3Si^o7    venience  wiU  permit  from  the 
tattaining  wftUs;  vertical  line  Qg  of  the  weight. 

This  is  done  either  by  an 

exterior   slope  B  A,  or   by 

masses  of  masonry  (7,  called 

counterforts,  attached  to  the 

back  of  the  wall.    It  will  be 

sufficient,  in  general,  for  the 

stability  of  the  wall,  if  the 

resultant  of  its  weight  W  and 

the  pressure  against  it,  inter- 
sects   the  base  A  D,      The 

moment  of  natural  stability 

of  such  structures  is  always 

equal  to  the  product  of  the 

weight  into  the  distance  Ag; 

and  therefore  the  figure  of 

the  cross-section  of  the  wall 

may  be  varied  at  pleasure 

without   injury  to    the    sta- 


Fig.  202. 


moment  of 
natiinaitabiUtj; 


HBOHjLNIOS  of  BOI.ID& 


talitj,  provided  this  producst  remain  the  same.     Hence  the 
eitem&l  slope  ma;  be  suppressed,  if  Uie  thickness  of  the  a 
vail  be  ao  mcieased  that  its  aogmented  weight  shall  com-  " 
pensate  for  the  diminution  inAg. 
K  the  groond  upon  which 


the  wall  rests  be  compressible, 
itirill  not  be  sufficient  that 
the  resultant  of  the  weight 
and  pressure  pass  within  the 
base;  it  must  also  pass  through 
its  centre  of  figure ;  otherwise 
there  would  be  more  pressure 
CD  one  side  of  this  point  than 
on  the  other,  and  tHe  wall 
TTonld  incline  in  that  direc- 

tKHL 

If  the  load  of  a  two- 
wheel  cart  be  such  that 
the  direction  of  its  weight 
does  not  intersect  the  axle- 
tree,  it  will  tend  to  oTertum 
on  the  aide  of  the  weight, 
and  will  either  exert  a  pree- 
Bore  upon  the  horse  or  an 
eSbrt  to  lift  him  &om  the 
ground,  according  as  the 
weight  passes  in  front  or  in 
lear  of  the  axle-tree.  If  the 
centre  of  gravity  of  the  load 
be  inuuediatel;  above  the 
•xle-tree  on  a  level  road, 
then,  when  the  cart  is  as- 
cending a  slope,  the  weight 
will  pass  behind,  and  the  ten- 
dency of  the  load  will  be  to 
lift  the  horse;  while,  on  the 
oontraiy,   when   the  cart  ia 


Wg.  SOS. 


owof  iIdmM 
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thetandenejii    desceiiding  a  slope,  the  tendency  of  the  load  will  be  to 
Jr*"^**  throw  a  p^esure  upon  him.    If  the  ceutee  of  gravity  be 

on  the  axle-tree,  the  horse  MriU  experience  no  effort  of  the 

kind  referred  to. 


(toftied  by  imtlo 
ofhalghlto 


abodyoaaa 


§  209.— Let  A  B  represent  Kg.  20t. 

the  section  of  an  inclined 
inoUnedpUuM;  plane  in  the  direction  of  its 
greatest  declivity.  Although 
the  plane  be  indefinitely  pro- 
longed, it  will  be  sufficiently 
defined  by  the  relation  of  the 
'  base  ^  (7  to  the  height  GB^ 
corresponding  to  a  given 
length  A  B. 

Conceive  a  heavy  body  resting  upon  this  plane,  and  of 
which  0  is  the  centre  of  gravity.  The  equilibrium  of  this 
body  requires,  1st,  that  its  weight  shall  intersect  the  plane 
within  the  polygon  formed  by  joining  the  points  of  con- 
tact; 2d,  that  the  weight  shall  be  perpendicular  to  the 
plane.  This  last  condition  cannot  be  satisfied  for  any  but 
a  horizontal  plane,  since  the  weight  is  always  vertical  If 
the  weight  be  replaced  by  its  two  components,  one  perpen- 
dicular and  the  other  parallel  to  the  plane,  the  former  will 
be  destroyed  by  the  resistance  of  the  plane,  while  the  latter 
will  cause  the  body  to  move  in  the  direction  of  its  length 
BA.  If  the  direction  of  the  weight  meet  the  plane  within 
the  polygon  of  contact,  the  parallel  component  will  cause 
the  body  to  slide,  otherwise  it  will  cause  it  to  roll  This 
last  will  happen  in  the  case  of  a  spherical  ball,  since  the 
weight  will  not  meet  the  plane  in  the  single  point  of  con- 
tact 771. 

Let  a  force  P  be  applied  in  the  direction  G  /SJ  next  figure, 
to  prevent  the  body  from  moving  down  the  plane.  Since 
the  body  must  be  in  eqmlibrio  under  the  action  of  its  weight 
W  and  the  force  P,  these  must  have  a  resultant,  and  this 
resultant  must  be  perpendicular  to  the  plane  and  intersect 


the  body  may 
lUdeorroll; 


oondlttont  of 
•qnilibiliim ; 
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Fig.  208. 


it  within  the  polygon  of  contact,  or  in  the  case  of  the  pume  in  which 
sphere,  at  the  point  m.    The  force  P  must,  therefore,  be  ^J'*'^^ 
applied  in  a  vertical  plane  which  passes  through  the 
oeDtre  of  gravity,  and  which  is,  at  the  same  time,  perpen- 
dicular to  the  inclined  plane. 

Lay  off  on  the  vertical  through  the  centre  of  gravity 
0^  the  distance  OG^  to  represent  the  weight  W^  through 
the  same   point    draw   QM 
perpendicular  to  the  inclined 
plane,  and  through  G\  the 
line  G'  If  parallel  to  the  di- 
rection of  the  force  P;  from 
the  point  M  draw  MQ  paral- 
lel to  G  G';  the  distance  G  Q 
will  represent  the  intensity 
of  the  force  P,  and  GM  that 
of  the  resultant,  i2,  of  Wand 
P.    From  the  principle  of  the 
parallelogram  of  forces,  we  have 

IntantltTofttM 

W:  Ri  P::  mxQQM  :  AnQ'  OQ  :  An  Q'OM;   t«^t««nd 

aMdytlcally; 

but  G  G'  and  G  M  being  respectively  perpendicular  to 
A  C  and  A  B,  the  angle  A  is  equal  to  the  angle  G'  G  M^ 
and  we  have 


^  intoiMltjorthe 
foree  Ibvnd  by 
oonstniction ; 


sin  G"  <?!/■=  8inJ5^C  = 


BC 
AB 


and  this  substituted  in  the  foregoing  proportion  gives,  after 
reduction, 

W:  jB  :  P::  AB.wd.QQM'.  AB.eanQ' Q  Q:  BC; 


from  trhidi  we  find 

P  =   W 


BO 


^-B.sin  QGM  ' 


.    (99); 


B=  TT.^^-g^.    .    .    (100). 
sm  QGM  ^      ^ 


Tshieoftfaa 
Ibne; 

TBlOAOrthe 

preirare  agaiMl 
theplaiM; 
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power  applied 
parallel  to  (he 
plane; 


If  the  power  P  be  ap- 
plied parallel  to  the 
plane,  the  angle  QOM 
=  90°;  and  the  angle 
O'  GQ  becomes  the  sup- 
plement of  the  angle 
A  B  G;  whence  we  have 


▼aloe  of  force; 


sin  QQM  =  sin  90°  =  1; 


AC 


^Q'  GQ  ^  mi  ABO  ^  -j^] 
which,  in  the  above  equations,  give 


^    BO 


▼alueofihe 
preasure  againat 
the  plane; 


B  =  W 


AG 
AB 


weight,  and 

realstanoeof 

plane; 


Fig.  210. 


That  is  to  say,  when  the  power  is  applied  paraM  to  the 
relation  of  power,  planej  Ist,  the  power  will  he  to  the  weight  as  the  height  of  tlie 
plane  is  to  its  length;  2d,  the  resistance  of  the  plane  will  be  to 
the  weight  as  the  base  of  the  plane  is  to  its  length. 

If  the  power  be  ap- 
plied parallel  to  the  base 
of  the  plane,  the  angle 
Q  G  M  becomes  equal  to 
the  angle  ABO,  because 
G  Q  and  GMsltq  respec- 
tively perpendicular  to 
B  0  and  A  B;  and  the 
angle  G'  G  Q  becomes 
90°,  whence 


power  applied 
parallel  to  the 


relatioBofthe 


ain  QGM  =  Bia A BG  =  ^, 
saiG'GQ  =  1; 
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SU 


which,  in  Eqs.  (99)  and  (100),  give 


P  =  W  • 


BC 

AC 


▼alue  of  power; 


B  =  W  ■ 


AB 

AC 


prewore  on 
plane; 


That  is  to  say,  when  the  power  is  applied  paraUd  to  the  base 
of  the  plane,  Ist^  the  power  mill  be  to  the  weight  o^  the  height  reisuon  or  power, 
of  the  plane  is  to  its  base;  2d,  the  resistance  of  the  plane  will  ^j^^p^ 
he  to  the  weight  as  the  length  of  the  plane  is  to  its  base. 

In  the  application  of  the  power  parallel  to  the  plane, 
the  power  wDl  always  be  less  than  the  weight    When 
applied  parallel  to  the  base,  the  power  will  be  less  than  umiu  wuhin 
the  weight,  while  the  inclination  of  the  plane  is  less  than  3n!^?lJTiI!r 
46*^.    When  the  inclination  is  45°,  the  power  and  weight  weight 
will  be  equal.    When  the  inclination  exceeds  45°,  the 
power  will  be  greater  than  the  weight. 


Fig.  211. 


Motion  of  a 
heaTy  bodj  on 
an  inclined 
plane; 


§  210. — ^Let  ns  now 
consider  the  motion  of  a 
heavy  body  on  the  in- 
clined plane.  The  body 
being  acted  upon  by  its 
weight  O  O'  alone,  this 
may  be  resolved  into  two 
components,  the  one  QM^ 
perpendicular,  the  other 
0  N^  parallel  to  the  plane.  ^ 

The  first  will  be  totally 

destroyed  by  the  resistance  of  the  plane,  while  the  second 
will  be  effective  in  giving  motion.    Denote  the  weight  of 
the  body  by  W,  the  height  BO  oi  the  plane  by  A,  and  its  to  And  the 
length  ABhjl;  then,  fix>m  the  similarity  of  the  triangles  ^"^|^t 

parallel  to  the 
plane; 


A  B  C  ixaSi  Q  Q' N,  mH 


W   :     QN 


I 


h; 
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whence 


ItoTiliw; 


GN==  J  'W; 


and  because  the  incli- 
nation of  the  plane  is 
the  same  throughout,  the 

ratio  Y  '^^  ^  constant, 

V 

from  the  top  to  the  bot- 
tom ;  whence  we  see  that 
fhemotioiiitttiat  the  motion  of  the  same 

arisliig  from  the 
■cttonofft 
eooitanl  force ; 


Y\g.  211. 


it  will  be 

onlformlj 

yarted; 


body  down  the  plane,  is 
that  arising  from  the  ac- 
tion of  a  constant  force. 
It  win,  therefore,  be  uni- 
formly varied,  and  the  circumstances  of  motion  will  be 
given  by  the  laws  of  constant  forces. 
Substituting  Mg  for  W,  we  have 


GN=  jMg; 

and  making  M  equal  to  unity,  and  denoting  by  g'  the 
corresponding  value  of  the  component  QN^yre  find 


etNnponent  of  the 
foroeofgnrl^in 
diroetloDofthe 
plane; 


/   = 


A 
I 


Such  is  the  intensity  of  the  force  of  gravity  in  the  direc- 
tion of  the  inclined  plane.    This  may  be  varied  at  pleasure 

h 
by  changing  the  ratio  y ;  in  other  words,  by  altering  the 

inclination  of  the  plane.    Now,  since  the  velocities  im- 
pressed during  the  first  unit  of  time  on  the  same  body, 
the  motion  nuj   movcd  from  rcst,  are  proportional  to  the  forces  producing 
Tvjiag  the    ^    them,  the  motion  may  be  made  as  slow  as  we  please  by 

Uiellnetionofthe  fi 

plane;  diminishing  y.    It  was  in  this  way  that  Galileo  discovered 
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bodlM; 


f  

the  laws  which  regulate  the  fall  of  heavy  bodies.    These  in  tus  wi^ 
being  the  same  as  for  bodies  moving  on  an  inclined  plane,  ^ijcoTered  the 
it  was  easy  so  to  regulate  the  inclination  of  the  plane  aa  to  J«wb  orfuiing 
enable  him  to  note  and  compare  the  spaces  described,  times 
elapsed,  and  velocities  acquired^  with  each  other. 

If   the    body    be 
moonted  apon  wheels,  Fig.  212. 

as  in  the  case  of  the 
loaded  cart  referred  to 
in  §  209,  it  will  be 
urged  to  roll  along  the 
inclined  plane  by  an 
effort   of   which   the 


measure  is 


when  the  bodj 
1b  mounted  on 
vhoeto  it  will 
roll; 


example  of  the 
loaded  eert; 


W  .B; 

in  which  W  denotes 

the  weight  of  the  cart 

and  its  load,  and  B 

the  perpendicular  distance  rah  from  the  point  of  contact  moment  of  the 

m,  to  the  line  of  direction  ff  6  of  the  weight  W.  '^IT''^ 

produced. 


XVI. 


FRICTION    AND    ADHESION. 


§  211. — ^When  two  bodies  are  pressed  together,  expe-  prieaon; 
rience  shows  that  a  certain  effort  is  always  required  to 
cause  one  to  roll  or  slide  along  the  other.    This  arises  manifeated  when 
almoBt  entirely  from  the  inequalities  in  the  surfeces  of '^®^*®**7 

'^  ^  preaied  together 

contact  interlocking  with  each  other,  thus  rendering  it  and  one  is  moved 
necessary,  when  motion  takes  place,  either  to  break  them  o^«'*'»<'*>^5 
of^  compress  them,  or  force  the  bodies  to  separate  far 
enough  to  allow  them  to  pass  each  other.    This  cause  of 
resistance  to  motion  is  called  friction,  of  which  we  distin- 
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•lidlngand 
rolling  CrlcUon ; 


the  measure  of 
lu  IntonBity. 


guisli  two  kinds,  according  as  it  accompanies  a  slidiog  or 
rolling  motion.  The  first  is  denominated  sliding,  and  the 
second  rolling  Jriction.  They  are  governed  by  the  same 
laws;  the  former  is  mach  greater  in  amount  than  the 
latter  under  given  circumstances,  and  being  of  more  import* 
ance  in  machines,  will  principally  occupy  our  attention. 

The  intensity  of  friction,  in  any  given  case,  is  measured 
by  the  force  exerted  in  the  direction  of  the  sur&oe  of 
contact,  which  will  place  the  bodies  in  a  condition  to  resist, 
during  a  change  of  state,  in  respect  to  motion  or  rest,  only 
by  their  inertia. 


Intenattf 
measured  by 
■pring  balAQoe ; 


§  212. — ^The  firiction  between  two  bodies  may  be  meas* 
ured  directly  by  means  of  the  spring  balance.  For  this 
purpose,  let  the 


Fig.  218. 


T^ 


E 


the  Indication  of 
the  balttnce^  when 
the  motion  la 
tmifonn  la  the 
measure; 


the  most  Tslnable 
experiments  are 
those  of  M.Morln; 


sur&xje  CD  of 
one  of  the  bod- 
ies i^  be  made 
perfectly  level, 
so  that  the  oth- 
er body  if', 
when  laid  upon 
it,    may    press 

with  its  entire  weight.  To  some  point,  as  E^  of  the  body 
M\  attach  a  cord  with  a  spring  balance  in  the  manner 
indicated  in  the  figure,  and  apply  to  the  latter  a  force  F 
of  such  intensity  as  to  produce  in  the  body  M^  a  uniform 
motion.  The  motion  being  uniform,  the  accelerating  and 
retarding  forces  must  be  equal  and  contrary;  that  is  to  say, 
the  friction  must  be  equal  and  contrary  to  the  force  -F,  of 
which  the  intensity  is  indicated  by  the  balance. 

The  experiments  on  friction  which  seem  most  entitled 
to  confidence,  are  those  performed  at  Metz  by  M.  Morin, 
under  th6  orders  of  the  French  government,  in  the  years 
1881,  1882,  and  1833.  They  were  made  by  the  aid  of  a 
contrivance,  first  suggested  by  M.  Poncellet,  which  is  one 
of  the  most  beautiful  and  valuable  contributions  that 
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thebiy  has  ever  made  to  practical  mechanics.    Its  details  when  tbew 
are  given  in  a  work  by  M.  Morin,  entitled  ^^NbuveUes^^^^^^^^ 
Exphiences  sur  le  JFrottement"    Paris,  1833. 

The  following  'conclusions  have  been  drawn  fix)m  these 
experimente,  viz. : 

The  friction  of  two  sor&ces  which  have  been  for  a  eonciuBtons  from 
considerable  time  in  contact  and  at  rest,  is  not  only  differ-  ixMriments- 
ent  in  amount,  bat  also  in  nature  &om  the  friction  of  sur- 
&oes  in  continuous  motion;  especially  in  this,  that  the 
friction  of  quiescence  is  subjected  to  causes  of  variation 
and  uncertainly  from  which  the  friction  during  motion  is 
exempt  This  variation  does  not  appear  to  depend  upon 
the  extent  of  the  sur&ce  of  contact ;  for,  with  diflferent 
pressures,  the  ratio  of  the  friction  to  the  pressure  varied 
greatly,  although  the  sur&ces  of  contact  were  the  same. 

The  slightest  jar  or  shock,  producing  the  most  imper-  ininMhinerr, 
ceptible  movement  of  the  surfaces  of  contact,  causes  the  «»•«<=*»<>"»»«* 
friction  of  quiescence  to  pass  to  that  which  accompanies  motion  to  be 
motion.     As  every  machine  may  be  regarded  as  being  ~"****®'^' 
subject  to  slight  shocks,  producing  imperceptible  motions 
in  the  sur&ces  of  contact,  the  kind  of  friction  to  be  em- 
ployed in  all  questions  of  equilibrium,  as  well  as  of  motions 
of  machines,  should  obviously  be  this  last  mentioned,  or 
that  which  accompanies  continuous  motion. 

The  LAWS  of  friction  which  accompanies  continuous  the  iaws  or  thu 
motion  are  remarkably  uniform  and  definite.    These  laws  ^^"°°  "®^ 

^  J  ^  uniform  and 

are:  definite; 

1st  Friction  accompanying  continuous  motion  of  twonntiaw; 
sur&ces,  between  which  no  unguent  is  interposed,  bears  a 
constant  proportion  to  the  force  by  which  those  sur&ces 
are  pressed  together,  whatever  be  the  intensity  of  the  force. 

2d.  Friction  is  wholly  independent  of  the  extsnJt  of  the  second  inw; 
surfaces  in  contact 

8d.  Where  unguents  are  interposed,  a  distinction  is  to  be 
made  between  the  case  in  which  the  surfaces  are  simply  thini  uw ; 
unctuous  and  in  intimate  contact  with  each  other,  and  that 
in  which  the  surfaces  are  wholly  separated  from  one  another 
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InftoeDoeof 
nngueiitt; 


an  apparent 
exoepUon  to 
■aeondlaw; 


thfee  oondilioaB 
of  the  aarflMeii  in 
respeclto      >. 
triction ; 


fourth  Imw; 


remarkable 
Instance  of  the 
untformlty  of 
these  laws; 


by  an  interposed  stratum  of  Hie  unguent.  The  firiction  in 
these  two  cases  is  not  the  same  in  amount  under  the  same 
pressure,  although  the  law  of  the  independence  of  extent 
of  surface  obtains  in  each.  When  the  pressure  is  in- 
creased sufficiently  to  press  oiU  the  unguent  so  as  to  bring 
the  unctuous  surfaces  in  contact^  the  latter  of  these  cases 
passes  into  the  first;  and  this  fiact  may  give  rise  to  an 
apparent  exception  to  the  law  of  the  independence  of  the 
extent  of  surface,  since  a  diminution  of  the  surface  of  con- 
tact may  so  concentrate  a  given  pressure  as  to  remove  the 
unguent  from  between  the  surfaces.  The  exception  is 
however  but  apparent,  and  occurs  at  the  passage  from  one 
of  the  cases  above-named  to  the  other.  To  this  extent, 
the  law  of  independence  of  the  extent  of  surface  is,  there- 
fore, to  be  received  with  restriction. 

There  are  then  three  conditions  in  respect  to  fiiction, 
under  which  the  surfaces  of  bodies  in  contact  may  be 
considered  to  exist,  viz.:  1st,  that  in  which  no  unguent 
is  present;  2d,  that  in  which  the  surfaces  are  simply 
unctuous;  8d,  that  in  which  there  is  an  interposed  stratum 
of  the  unguent.  Throughout  each  of  these  states  the 
friction  which  accompanies  motion  is  always  proportional 
to  the  pressure,  but  for  the  same  pressure  in  each,  veiy 
different  in  amount 

4th.  The  friction,  which  accompanies  motion,  is  always 
independent  of  the  velocity  with  which  the  bodies  move; 
and  this,  whether  the  surfaces  be  without  unguents  or 
lubricated  with  water,  oils,  grease,  glutinous  Uquids, 
syrups,  pitch,  &c.,  &c. 

The  variety  of  the  circumstances  under  which  these 
laws  obtain,  and  the  accuracy  with  which  the  phenomena 
of  motion  accord  with  them,  may  be  inferred  from  a  single 
example  taken  from  the  first  set  of  Morin's  experiments 
upon  the  friction  of  surfaces  of  oak,  whose  fibres  were 
parallel  to  the  direction  of  the  motion.  The  sur&ces  of 
contact  were  made  to  vary  in  extent  from  1  to  84 ;  the 
forces  which  pressed  them  together  from  88  to  2205 
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pounds;  and  the  velocities  from  the  slowest  perceptible 
motion  to  9.8  feet  a  second,  causing  them  to  be  at  one  time 
accelerated,  at  another,  uniform,  and  at  another,  retarded; 
jet,  throughout  all  this  wide  range  of  variation,  in  no  remit; 
instance  did  the  ratio  of  the  pressure  to  the  fiiction  differ 
from  its  mean  value  of  0.478  by  more  than  ^  of  this  same 
fraction. 

Denote  the  constant  ratio  of  the  normal  pressure  P,  to 
the  entire  friction  F^  ^jf;  then  will  the  first  law  of  fric-  flntiaw 
tion  be  ^pressed  by  the  foUowing  equation, 


expresacd  by  to 
equation; 


T>  J 


(101); 


whence 


F=^f.R 


Fig.  214. 


This  constant  ratio  /  is  called  the  coefficient  of  friction,  eoeffleieatof 
because,  when  multiplied  by  the  total  normal  pressure,  *"****"» 
the  product  gives  tiie  entire  friction. 

Assuming  the  first  law  of  friction,  the  coefficient  of 
friction  may  easily  be  obtained  by  means  of  the  inclined 
plane.  Ijct  W  denote  the 
weight  of  any  body  placed 
upon  the  inclined  plane 
AB.  Eesolve  this  weight 
G  G'  into  two  components, 
one  GM  perpendicular  to 
the  plane,  and  the  other 
parallel  to  it.  Because  the 
angles  O'GM  md  BAG 
are  equal,  the  first  of  these 
components  will  be 


its  T^ue  Iband 
by  meeiui  of  the 
inolimed  plane; 


W.  COSul, 


oomponent  of  the 
wMght 

perpendlodar  to 
the  plane; 
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thai  parallel  to 
the  plane ; 


the  firietion  on 
the  plane; 


friction  and 
parallel 
oomposent 
equal; 


Fig.  214. 


and  the  second, 

TT.  sin  ji, 

in   whicli  A   denotes    the 
angle  BAG. 

The  first  of  these  com- 
ponents determines  the  total 
pressure  upon  the  plane, 
and  the  friction  due  to  this 
pressure,  will  be 


/.  Wqos  A. 

The  second  component  urges  the  body  to  move  down 
the  plane.  K  the  inclination  of  the  plane  be  gradually 
increased  till  the  body  move  with  uniform  velocity,  the 
total  friction  and  this  component  must  be  equal  and 
opposed;  hence 


/.  W.coaA  =   TT.sinJ.; 


whence 


value  of  the 

coeffldentof 

friction; 


.       smA        ^       . 

J  =  T  =  tan  J.. 

•^        cos  J. 


We,  therefore,  conclude,  that  the  unit  or  coefficient  of 
friction  between  any  two  surfaces,  is  equal  to  the  tangent 
of  the  angle  which  one  of  the  sur£aces  must  make  with  the 
horizon  in  order  that  the  other  may  slide  over  it  with  a 
uniform  velocity,  the  body  to  which  the  moving  sur&ce 
belongs  being  acted  upon  by  its  own  weight  alone.  This 
angle  of  friction;  angle  Is  Called  the  angle  of  friction  or  Umiting  angle  of 

limiting  angle  of  .  . 

resistance. 

The  values  of  the  unit  of  friction  and  of  the  limiting 
angles  for  many  of  the  various  substances  employed  in  the 
art  of  construction,  are  given  in  the  following  tables: 
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TABLE  L 

EXFERIKElfTS  OR  FRICTION,  WITHOUT  UnGTJENTS.      Bt  M.  MoRIN. 

The  surfaoeB  of  friction  were  varied  from  .o3336  to  a. 7987  square  feet, 
tbe  jvessures  from  88  lbs.  to  a2o5  Ibs^  and  the  velocities  from  a  scarcely 
perceptible  motion  to  9.84  feet  per  second.  The  sm'&ees  of  wood  were 
planed,  and  those  of  metal  filed  and  polished  with  the  greatest  care,  and 
carefully  wiped  after  every  experiment.  The  presence  of  ungnenta  was 
especially  guarded  against. 


SURFACES  OF  OONTACT. 


i 


Oak  upon  oak,  the  direction  of  the 
fibres  being  parallel  to  the  motion 

Oak  upon  o^  the  directions  of  the ' 
fibres  of  the  moving  surface  being 
perpendicular  to  those  of  the  quies- 
cent surfiaoe  and  to  the  direction  of 
the  motion} 

Oak  upon  oak,  the  fibres  of  both  sur- ) 

'  fiuies  being  perpendicular  to  the  > 
direction  of  the  motion     .    -    .    . ) 

Oak  upon  oak,  the    fibres    of  the^ 
moving  BUT&ce  being  perpendicukr 
to  the  surfiice  of  contact,  and  those  > 
of  the  aur&ce  at  rest  parallel  to 
the  direction  of  the  motion  -    -    -J 

Oak  upon  oak,  the  fibres  of  both  sur-  ^ 
faces  being  perpendicular  to  the  I 
surface  of  contact,  or  the  pieces  f 
end  to  end 

Elm  upon  oak,  the  direction  of  the ) 
fibres  being  parallel  to  the  motion  ) 

Oak  upon  elm,  ditto§ 

Elm  upon  oak,  the  fiores  of  the  mov-^ 
mg  surfi&ce  (the  elm)  being  perpen-  I 
dicular  to  those  of  the  quiescent  > 
surfiice  ^the  oak)  and  to  we  direc-  I 
tion  of  the  motion -J 


FRxcnoN  or 

MoTtOH.* 


6^ 


0.478 


o.3a4 


0.336 


0.192 


0.433 
0.246 


III 
III 


250  33' 


17    58 


18    35 


10     52 


23 

i3 


22 
5o 


o.45oi  24    16 


Frictioh  of 

QuiKSCKHCCf 

Coefficient 
of  Friction. 

0.6a5 

32«>      1' 

0.540 

28     23 

0.271 

i5    10 

0.43 

23    17 

0.694 

34    46 

0.376 

20    37 

0.570 

29    4i 

*  The  friction  in  this  case  varies  but  very  slightly  from  the  mean. 

t  Tbe  fHction  in  this  case  varies  con8ideral>ly  from  the  mean,  la  all  the  ezporl- 
the  surfhoes  had  been  15  minutes  in  contact. 

X  Tbe  dimensions  of  the  8urfiuwe  of  contact  were  in  this  experiment  .947  square  fbety 
and  the  results  were  nearly  uniform.  When  the  dimensions  were  diminished  U>  j043)  a 
tearing  of  the  fibre  became  apparent  in  the  case  of  motion,  and  there  were  symptoms  of 
the  eombnation  of  the  wood ;  flrom  these  eirenmstaaces  there  resulted  an  irregularity  In 
the  fHetlon,  indicative  of  excessive  preeeuie. 

I  It  Is  worthy  of  remark  that  the  friction  of  oak  upon  etan  is  but  live-ninths  of  that 
ofelm  upon  oak. 
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TABLE  L-^ontinued, 


SUKFACES  OF  OONTACT. 


FsicnoH  or 
Motion. 


a  S 


I 


Ash  upon  oak,  the  fibres  of  both  sur- 
fiices  being  parallel  to  the  direction 
of  the  motion 

Fir  upon  oak,  the  fibres  of  both  sur- 
fiices  being  parallel  to  the  direction 
of  the  motion 

Beech  upon  oak,  ditto 

Wild  pear-tree  upon  oak,  ditto     •    - 

Service-tree  upon  oak,  ditto    -    -    - 

Wrought  iron  upon  oak,  ditto*    -    - 

Ditto,  the  surfaces  being  greased  and 
well  wetted 

Wrought  iron  upon  elm 

Wrought  iron  upon  cast  iron,  the 
fibr^  of  the  iron  being  parallel  to 
the  motion 

Wrought  iron  upon  wrought  iron,  the 
fibres  of  both  surfaces  being  par- 
allel to  the  motion 

Cast  iron  upon  oak,  ditto    -    -    -    . 

Ditto,  the  surfaces  being  greased  and  ) 
wetted J  j 

Cast  iron  upon  elm 

Cast  iron  upon  cast  iron      .    .    .    .     ' 

Ditto,  water  being  interposed  be- )  ' 
tween  the  surfiices ) 

Cast  iron  upon  brass 

Oak  upon  cast  iron,  the  fibres  of  tlie  )  | 
wood  being  perpendicular  to  the  > ' 
direction  of  tnc  motion    -    -    -    - ) 

Hornbeam  upon  cast  iron — ^fibres  par- 
allel to  motion 

Wild  pear-tree  upon  cast  iron — ^fibres 
parallel  to  the  motion      .... 

Steel  upon  cast  iron 

Steel  upon  brass 

Yellow  copper  upon  cast  iron  -    -    . 
Ditto  oak     .... 

Brass  upon  cast  iron 

Brass  upon  wrought  iron,  the  fibres  of  \ 
the  iron  being  parallel  to  the  mo-  >• 
tioQ J 

Wrought  iron  upon  brass    .... 

Brass  upon  brass 


0.400 

0.355 

o.36o 
0.370 
0.400 
0.619 

0.256 

o.a53 

0.194 

o.i38 
0.490 

o.io5 
o.iSa 

o.3i4 

0.147 

0.372 

0.394 

0.436 
0.202 

0.l52 

0.189 
0.617 
0.217 

0.161 

0.172 
0.201 


9^3 


21°    49' 


19  33 

19  48 

20  19 

21  49 

3i  47 

x4  22 

i4  9 

10  59 


7  52 

26  7 

•  * 

II  3 

8  39 

17  26 

8  22 

20  25 

21  3i 


23 

II 
8 
10 
3i 
12 


34 

26 
39 

49 
4i 
i5 


9      9 
9    46 

II       22 


Feictioh  or 

QVIKSCKIICK. 


c2 


1-0 


0.617 


0  O  2 


0.570    29®  4i'. 


0.520 

0.53 
0.440 
0.570 
0.619 

0.649 


0.194 
0.137 

0.646 
0.162 


27  29 

27  56 

23  45 

29  4i  ' 

3i  47  . 

33   o 


10  59 

7  49 

32  5a 

9  i3 


3i  41 


*  In  the  experiments  In  which  one  of  the  sorfhces  wss  of  metal,  small  particles  of 
the  metal  began,  alter  a  time,  to  be  apparent  npon  the  wood,  giTing  it  a  polished 
metallic  appearance;  these  were  at  every  experiment  wiped  off;  they  indicated  a 
wesrlng  of  the  metaL  The  IHcUon  of  motion  snd  that  of  quiesoenoe,  in  these  aspert- 
ments,  coincided.    The  results  were  remarkubly  uniform. 
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TABLE  L—'Cimtmued. 


0UBFAGES  OF  OOMTACT. 


Black  leather  (curried)  upon  oak* 
Qz  hide  (such  as  that  used  for  soles 
and  for  the  stuffing  of  pistons)  upon 

oak,  rough 

Ditto       ditto        ditto,    smooth 
Leather  as  above,  poiliBhed  and  har- 
dened b^  hammering 

Hempen  girth,  or  pulley-band,  (sangle  1 

de  chanyre,)  upon  oiik,  the  fibres  of  I 

the  wood  and  the  direction  of  the  | 

oord  being  paraUd  to  the  motion  -  J 

Hempen  mattiiig,  woven  with  small ) 

ookIs,  ditto J 

Old  cordage  1-^  inch  in  diameter,  dittof 

Calcareous  oolitic  stone,  used  in  build-  ^ 

ing,  of  a  moderately  hard  quality, 

cafied  stone  of  Jaumont — ^upon  the 

same  stone    -- _ 

Hard  calcareouB  stone  of  Brouck,  of\ 

a  light  gray  color,  susceptible  of  I 

takmg  a  fine  polish,  (the  muschel-  | 

kalk,)  movlDg  upon  the  same  stone  J 

The  soft  stone  mentioned  above,  upon  ' 

the  hard 

Hie  hard  stone  mentioned  above,  up- 
on the  soft 

Common  brick  upon  the  stone  of  Jau- 
mont     

Oak  upon  ditto,  the  fibres  of  the  wood 
being  perpendicolar  to  the  surfiuje 

of  the  atone 

Wrought  iron  upon  ditto,  ditto     -    - 
Common  brick  upon  the  stone  of  Brouck 
Oak  as  before  (endwise)  upon  ditto  - 
Iron,  ditto         ditto  -    - 


FfticnoN  or 
Motion. 


Is 

5^ 


o.a65 

o.5a 

0.335 
0.396 

o.5a 

0.3a 
o.5a 

0.64 

0.38 

0.65 
0.67 

0.65 

0.38 

0.69 
0.60 
0.38 
o.a4 


3      9^     OJ 


i4«*  5i' 

27  39 

18  3i 

16  3o 

27  29 

17  45 
27  29 

32  38 

20  49 

33  2 
33  5o 

33  2 
20  49 

34  37 
3o  58 
20  49 
i3  3o 


Frictioii  or 

QUIKBCKMCK. 


O  «9 


0.74 

o.6o5 
0.43 


0.64 

o.5o 
0.79 

0.74 

0.70 

0.75 
0.75 

0.65 
0.63 

0.49 
0.67 

0.64 
o.4a 


3< 


360  3i' 
3z  II 
23  17 


32  38 

36  34 

38  19 

36  3i 

35  o 

36  53 
36  53 

33  2 

32  i3 

26  7 

33  5o 
32  38 
22  47 


*  Ihe  Metlon  of  motloii  wm  very  nearly  the  same  whether  the  surflioe  of  contset 
was  the  inside  or  the  oattide  of  the  skin.— The  emuUkney  of  the  coefficient  of  the  friction 
of  motion  was  equally  apparent  in  the  rough  and  the  smooth  Btcins. 

t  AH  the  aboTe  experiments,  except  that  with  carried  black  leather,  presented  the 
phenomenon  of  a  change  in  the  polish  of  the  snrflMes  of  friction— a  state  of  their  soi^ 
tOy  and  dependent  upon,  their  motion  upon  one  another. 
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TABLE  n. 

Experiments  oh  the  Friction  of  Unctuoitb  Surfaces. 

Bt  M.  Morin. 

In  these  experiments  the  surfiices,  after  having  been  smeared  "with  an 
unguent,  were  wiped,  so  that  no  interposing  layer  of  the  unguent  prevented 
their  intimate  contact. 


BUBFACfiS  OF  CONTACT. 


Oak  upon  oak,  the  fibres  being  paral- 
lel to  the  motion 

Ditto,  the  fibres  of  the  moving  body 

being  perpendicular  to  the  moticMi 

Oak  upon  elm,  fibres  parallel  -    -    • 

Elm  upon  oak,  ditto 

Beech  upon  oak,  ditto 

Elm  upon  elm,  ditto 

Wrought  iron  upon  elm,  ditto  -  - 
Ditto  upon  wrought  iron,  ditto  -  - 
Ditto  upon  cast  iron,  ditto  -  -  -  - 
Cast  iron  upon  wrought  iron,  ditto  - 
Wrought  iron  upon  brass,  ditto  -  - 
Brass  upon  wrought  iron  -  -  -  - 
Cast  iron  upon  ouc,  ditto  -  -  -  - 
Ditto  upon  elm,  ditto,  the  unguent 

being  tallow 

Ditto,  ditto,  the  unguent  being  hog's 

lard  and  black  l^ul 

Elm  upon  cast  iron,  fibres  parallel  - 
Cast  iron  upon  cast  iron      .... 

Ditto  upon  orass 

Brass  upon  cast  iron  ...... 

Ditto  upon  brass 

Copper  upon  oak 

Yellow  copper  upon  cast  iron  -  - 
Leather  (ox  hide)  well  tanned  upon  ) 

cast  iron,  wetted J 

Ditto  upon  brass,  wetted    .... 


Faicnox  or 

MOTIOK. 


II 


11 


0.108 

o.i4d 

o.i36 
0.119 
o.33o 
o.i4o 
o.'i38 
0.177 


0.143 
0.160 
0.166 
0.107 

o.iaS 

o.i37 

o.i35 

0.144 
o.i3a 
0.107 

o.i34 
o.zoo 
o.iiS 

0.229 
0.244 


Friction  op 

QuiiaCBHCK. 


6®  10' 


8 

7 
6 


9 

45 
48 
18    16 

7 

7 

10 


52 

3 


8 
9 

t  1 

7      8 
7    49 


7 

42 

8 

12 

7 

32 

6 

7 

7 

38 

5 

43 

6 

34 

12 

54 

i3 

43 

If 


0.390 
o.3i4 

0.420 


0.118 


o.ioo 


0.098 


0.164 


0.267 


rO     ,rJ 


21"    19' 
17      26 

22     47 


6   44 


5    43 


5    36 


9    »9 


14    57 


The  distinction  between  the  friction  of  sur&ces  to 
which  no  unguent  is  present,  those  which  are  merely 
unctuous,  and  those  between  which  a  uniform  stratum  of 
the  unguent  is  interposed,  appears  first  to  have  been 
remarked  by  M.  Morin;   it  has  suggested  to  him  whaf 
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appears  to  be  the  true  explanation  of  the  difference  be- 

tween  his  results  and  those  of  Coulomb.    He  conceives,  cause  of  the 

that  in  the  experiments  of  this  celebrated  engineer,  the  ^*®*^P""fy 

^  o  J  between  the         < 

requisite  precautions  had  not  been  taken  to  exclude  un-  results  of  Monn 
guents  from  the  sur&ces  of  contax5t.  The  sUghtest  unc-  "<*«'^o"*«"»»>i 
tuosilj,  such  as  might  present  itself  accidentally,  unless 
expressly  guarded  against — such,  for  instance,  as  might 
have  been  left  by  the  hands  of  the  workman  who  had 
given  the  last  polish  to  the  sur&ces  of  contact — ^is  sufficient 
materially  to  afifect  the  coefficient  of  friction. 

Thus,  for  instance,  surfaces  of  oak  having  been  rubbed  example 
with  hard  dry  soap,  and  then  thoroughly  wiped,  so  as  to  *^™!"^*^*  **' 
show  no  traces  whatever  of  the  unguent,  were  found  by 
its  presence  to  have  lost  fds  of  their  friction,  the   co- 
eflSdent  having  passed  from  0.478  to  0.164. 

This  eflfect  of  the  unguent  upon  the  friction  of  the  eflrectofwction 
sur&ces  may  be  traced  to  the  fiict,  that  their  motion  upon  ^^J^^ 
one  another  without  unguents  was  always  found  to  be  at-  unguents; 
tended  by  a  wearing  of  both  the  surfaces ;  small  particles  of 
a  dark  color  continually  separated  from  them,  which  it  was 
found  from  time  to  time  necessary  to  remove,  and  which 
manifestly  influenced  the  friction :  now  with  the  presence 
of  an  unguent  the  formation  of  these  particles,  and  the 
consequent  wear  of  the  surfaces,  completely  ceased.    In- 
stead of  a  new  surface  of  contact  being  continually  pre- 
sented by  the  wear,  the  same  surface  remained,  receiving 
by  the  motion  continually  a  more  perfect  polish. 
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TABLE  m. 

EZPSBlKSnTB  OK  FBRTtlOR  WITH  UngUBNTS  IIITSBF08XD.    BtM.M0B]X. 

The  etztent  of  the  surfiM^es  m  these  ezperimentB  bore  sudi  a  relatum  to 
the  preMure,  aa  to  onue  them  to  be  separated  horn,  one  another  throog^iMxt 
by  an  interposed  stratum  of  the  unguent 


Fkictioh 

PaxcnoN 

« 

or 

o* 

SURFACES  OP  OONTACr. 

Motion. 

QniB*cBii(». 

UNGUENTS. 

•g 

1  s 

1^1 

1^1 

» 

1  £ 

1  £ 

Oak  upon  oak,  fibres  parallel 

o.i64 

0.440 

Dry  soap. 
TaUow. 

Ditto        ditto     .... 

0.075 

0.164 

Ditto        ditto     .... 

0.067 

m                  m 

Hog^lard. 

Ditto,  fibres  perpendicular 

o.o63 

o.a54 

Tallow. 

Ditto        ditto     .... 

0.072 

- 

Hogs' lard 

Ditto        ditto     .    .    .    - 

o.25o 

. 

Water. 

Ditto  upon  ehn,  fibres  parallel 
Ditto        ditto      .... 

O.I36 
0.073 

0.178 

Dry  floapu 
Tallow. 

Ditto        ditto     .... 

0.066 

m              m 

Hoffs'laid. 

TaUow. 

Ditto  upon  cast  iron,  ditto  - 

0.080 

m                  m 

Ditto  upon  wrought  iron,  ditto 

0.098 

. 

TaUow. 

Beech  upon  oak,  ditto  -    •    - 

o.o55 

. 

Tallow. 

Elm  upon  oak,  ditto     .    -    - 

0.137 

O.4II 

Dry  soap. 
TaUow. 

Ditto        ditto     .... 

0.070 

o.K4a 

Ditto        ditto     .... 

0.060 

«                   m 

Hogs' lard 

Ditto  upon  elm,  ditto    -    - 
Ditto  upon  cast  iron,  ditto  - 

o.i3o 
0.060 

0.217 

Dry  eoap. 
Tallow. 
C  Greased,  and 

Wrought  iron  upon  oak,  ditto 

0.256 

0.649 

j  satnratad  with 
J  water. 

Ditto        ditto        ditto     - 

0.214 

•B                          • 

Dry  so»b 

Ditto        ditto        ditto     -' 

o.o85 

O.XO8 

Tallow. 

Ditto  upon  elm,,      ditto     - 

0.078 

•■                   m 

Tallow. 

Ditto        ditto        ditto     - 

0.076 

«                  • 

Hogs' lard 

Ditto        ditto        ditto     - 

o.o55 

. 

Olive  oiL 

Ditto  upon  cast  iron,  ditto  - 

o.io3 

. 

Tallow. 

Ditto        ditto        ditto     - 

0.076 

. 

Hogs' lard 

Ditto        ditto        ditto     - 

0.066 

O.IOO 

OliyeoiL 

Ditto  upon  wrought  iron,  ditto 

0.082 

M                • 

Tallow. 

Ditto        ditto        ditto     - 

0.081 

m                  «■ 

Hogs' lard 

Ditto        ditto        ditto     - 

0.070 

o.ii5 

Olive  oil 

Wrought    iron    upon    brass, ) 
fibres  parallel i 

o.io3 

•                  m 

TWlow. 

Ditto        ditto        ditto     • 

0.075 

. 

Hogs' lard 

Ditio        ditto        ditto     - 

0.078 

. 

Olive  oil 

Oast  iron  upon  oak,   ditto     - 

0.189 

- 

Dry  soap. 
{  Greased,  aad 

Ditto       ditto        ditto     - 

0.218 

0.646 

i  saturated  with 
(water. 

Ditto        ditto        ditto     - 

0.078 

o.ioo 

Tallow. 

Ditto        ditto        ditto     - 

0.075 

. 

Hogs' lard 

Ditto        ditto        ditto     - 

0.075 

O.IOO 

Olive  oiL 

Ditto  upon  elm,      ditto     - 

0.077 

*                m 

TaUow. 
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TABLE  UL—CmUmued, 


FaioTxoii 

Faicnoii 

OF 

OF 

BVIUfACEB  OF  CONTACT. 

Motion. 

QUIBICBHCS. 

UMGUSMTS. 

1  1 

1     d 

S.     5 

1   ^ 

I  £ 

Cast  iron   upon   elm — fibres  ) 
parallel f 

0.061 

- 

Olive  oil 

Ditto        ditto        ditto     - 

O.OOI 

*              • 

j  Hogs'  lard  and 

plumbago. 
Tallow. 

Ditto,  ditto  upon  wrought  iron 

7 

O.IOO 

Oast  iron  upon  cast  iron    -    - 

o.3i4 

- 

Water. 

Ditto        ditto      -    -    -    - 

0.197 

•                m 

Soap. 

Ditto        ditto     -     -    .    - 

o.ioo 

O.IOO 

Tallow. 

Ditto        ditto      .... 

0.070 

O.IOO 

Hogs' lard. 

Ditto  •    ditto     .... 

0.064 

w                       * 

Olive  oiL 

Ditto        ditto      .... 
Ditto  upon  brass .... 

o.o55 
o.io3 

^                • 

j  Lard  and 

Ditto        ditto     .... 

0.075 

. 

Hogs' hud. 

Ditto        ditto     .... 

0.078 

•                   m 

Olive  oil 

Cooper  upon  oak,  fibres  parallel 
Tellow  copper  upon  cast  iron 

0.069 

O.IOO 

Tallow. 

0.072 

o.io3 

Tallow. 

Ditto        ditto      -    -    -    - 

0.068 

. 

Hogs'  lard. 

Ditto        ditto      .... 

0.066 

»                 m 

Olive  oiL 

Brate  upon  cast  iron     >    -    > 

0.086 

0.106 

Tallow. 

Ditto        ditto 

0.077 

- 

Olive  oiL 

Ditto  upon  wrought  iron    • 

0.081 

- 

Tallow. 

Ditto        ditto     .... 

0.089 

w                  m 

j  Lard  and 
plumbaga 

Ditto        ditto     -    -    -    - 

0.072 

- 

OUve  oiL 

Ditto  upon  brass  .... 

o.o58 

- 

Olive  oiL 

Steel  upon  cast  iron      ... 

o.io5 

0.108 

Tallow. 

Ditto        ditto      .... 

0.081 

•■                   m 

Hogs'  lard. 

Ditto        ditto     .... 

0.070 
0.09$ 

. 

Olive  oiL 

Ditto  upon  wrought  iron    - 

*                     m 

Tallow. 

Ditto        ditto     ...    - 

0.076 

«                    m 

Hoffs'  bird. 
Tallow. 

Ditto  upon  brass  -    -    -    - 

o.o56 

m                  m 

Ditto        ditto      .... 

o.o53 

- 

Olive  oiL 

Ditto        ditto     .... 

0.067 

- 

j  Lard  and 
1  plumbaga 
1  Grea8e(L  and 

Tanned  ox  hide  upon  cast  iron 

0.365 

- 

•<  saturated  with 
(  water. 

Ditto        ditto     .... 

o.i33 

. 

Tallow. 

Ditto        ditto     .... 

0.122 

Olive  oiL 

Ditto  upon  brass .    .    -    • 

0.341 

m              • 

Tallow. 

Ditto        ditto     .... 

0.191 

. 

Olive  oiL 

Ditto  upon  oak    -    .    .    - 
Hempen  nbres    not   twistod, 

0.29 

0.79 

Water. 

w 

•   # 

moving  upon  oak,  the  fibres 

of  the  hemp  being  placed  in 
a  direction  perpen<ucular  to  > 
the  directioD  of  the  motion, 

L  Greased,  and 

o.33a 

0.860 

\  saturated  with 

^ 

r  water. 

and  those  of  the  oak  parallel 

\ 

to  it 
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TABLE  m.— continued. 


8URFACE8  OF  CONTACT. 

Frictioh 
or 

MOTIOX. 

FkicnoN 

OF 
QUIBSCKMCB. 

UNGUENTS. 

Coefficient 

of 
Friction. 

1  i 

Pi 

1  iS 

The  same  as  above,  moving  ) 

upon  cast  iron ) 

Ditto        ditto     ...    - 

Soft  calcareous  stone  of  Jau-*] 
mont  upon  the  same,  with  a 
layerof  mortar,  of  sand,  and  - 
lime  interposed,  after  from 
10  to  16  minutes'  contact 

0.194 
o.i53 

0.74 

Tallow. 
Olive  oiL 

conclusions  in 
regard  to  oUto 
oil  and  lard; 


A  comparison  of  the  results  enumerated  in  the  above 
table  leads  to  the  following  remarkable  conclusion,  easily 
fixing  itself  in  the  memory,  that  with  the  unguents  hogs' 
lard  and  olive  oil  interposed  in  a  continuous  stratum  between 
ihem^  surfoLces  of  wood  on  metal,  wood  on  woody  metal  on 
woody  and  metal  on  metalj  when  in  motion^  have  off  of  them 
very  nearly  the  same  coefficient  of  friction^  the  value  of  thut 
coefficient  being  in  all  cases  included  between  0.07  and  0.08, 
and  the  limiting  angle  of  resistance  iher^ore  between  4** 
and  4°  35'. 

For  the  unguent  tallow  the  coefficient  is  the  same  as  the 

^  "®'  '    above  in  every  case^  except  in  thai  of  metals  upon  metals ;  this 

unguent  seems  less  suited  to  metallic  surfaces  than  the  others^ 

and  gives  for  the  mean  value  of  its  coefficient  0.10,  and  for  its 

limiting  angle  of  resistance  5°  43'. 


tallow  not  BO  well 


Adhesion; 


§  213. — ^Besides  firiction,  there  is  another  cause  of  re- 
sistance to  the  motion  of  bodies  when  moving  over  one 
another.  The  same  forces  which  hold  the  elements  of 
bodies  together,  also  tend  to  keep  the  bodies  themselves 
together,  when  brought  into  sensible  contact  The  effort 
by  which  two  bodies  are  thus  united,  is  called  the  force  of 
Adhesion, 
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Familiar  illustrations  of  the  existence  of  this  force  are  iuuatnuoiuof 
famished  by  the  pertinacity  with  which  sealing-wax,  wa-       ^^  ^ 


oontaet; 


BpriAg  balanoe ; 


Fig.  215. 


fers,  ink,  chalk,  and  black-lead  cleave  to  paper,  dust  to 
artioles  of  dress,  paint  to  the  surface  of  wood,  whitewash 
to  the  walls  of  buildings,  and  the  Uke. 

The  intensity  of  this  force,  arising  as  it  does  from  the  a*  intensity 
aflSnity  of  the  elements  of  matter  for  each  other,  must  vary  ^^^^  ^^^ 
with  the  number  of  attracting  elements,  and  therefore  with  ^lorthee  of 
the  extent  of  the  surface  of  contact 

This  law  is  best  verified,  and  the  actual  amount  of  ad- 
hesion between  different  substances  determined,  by  means  mMBoradbythe 
of  a  delicate  spring-balance.  For  this 
purpose,  the  surfaces  of  solids  are  reduced 
to  polished  planes,  and  pressed  together  to 
exclude  the  air,  and  the  efforts  necessary 
toseparate  them  noted  by  means  of  this 
instrument  The  experiment  being  often 
repeated  with  the  same  substances,  having 
different  extent  of  surfaces  in  contact,  it 
is  found  that  the  area  of  the  surface  di- 
vided by  the  effort  necessary  to  produce 
the  separation  gives  a  constant  ratio. 
Thus,  let  S  denote  the  area  of  the  surfaces 
of  contact  expressed  in  square  feet,  square 
inches,  or  any  other  superficial  unit ;  -4, 
the  effort  required  to  separate  them,  and 
a  the  constant  ratio  in  question,  then  will 

A 


mode  of 
openUlon ; 


or. 


A  =  a  .  & 


The  constant  a  is  called  the  unit  or  coefficient  of  adhesion^  coefiieiant  of 
and  obviously  expresses  the  value  of  adhesion  on  each*"*'****"* 
nnit  of  sur&ce,  for  making 


>Sf=l, 
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we  have 


J.  =  a. 


adheaioa  between 

•olidteiid 

liquids; 


Fig.  216. 

t 


mode  of 
aacertelniiig  Its 
enkoniitin  sny 


N 


precaution  to  be 
obeerred ; 


stftnctlon  of  fluid 
elemenU  for  esch 
other  and  for 
those  of  BuUds; 


diversity  in  the 
sctton  of  bodies 
inthisrespeet; 


To  find  the  adhesion  between  solids  and  liquids,  sus- 
pend the  solid  from  the  balance,  with  its  polished  surfexse 
downward  and  in  a  horizontal  posi- 
tion; note  the  weight  of  the  solid^ 
then  bring  it  in  contact  with  the  hor- 
izontal sui&ce  of  the  fluid  and  note 
the  indication  of  the  balance  when 
the  separation  takes  place,  on  draw- 
ing the  balance  up;  the  difference 
between  this  indication  and  that  of 
the  weight  will  give  the  adhesion; 
and  this  divided  by  the  extent  of  sur- 
face, will  give,  as  before,  the  coeffi- 
cient a.    But  in  this  experiment  two 
opposite  conditions  must  be  carefully 
noted,  else  the  cohesion  of  the  ele- 
ments of  the  liquid  for  each  other 
may  be  mistaken  for  the  adhesion  of 
the  solid  for  the  fluid.    If  the  solid 
on  being  removed  take  with  it  a 
layer  of  the  fluid ;  in  other  words,  if  the  solid  has  been 
wet  by  the  fluid,  then  the  attraction  of  the  elements  of  the 
solid  for  those  of  the  liquid  is  stronger  than  that  of  the 
elements  of  the  liquid  for  each  other,  and  a  will  be  the 
unit  of  adhesion  of  two  surfaces  of  the  fluid.     li^  on  the 
contrary,  the  solid  on  leaving  the  fluid  be  perfectly  diy, 
the  elements  of  the  fluid  will  attract  each  other  more  pow- 
erftdly  than  they  will  those  of  the  solid,  and  a  will  denote 
the  unit  of  adhesion  of  the  solid  for  the  liquid. 

It  is  easy  to  multiply  instances  of  this  diversity  in  the 
action  of  solids  and  fluids  upon  each  other.  A  drop  of 
water  or  spirits  of  wine,  placed  upon  a  wooden  table  or 
piece  of  glass,  loses  its  globular  form  and  spreads  itself 
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over  the  sar&ce  of  the  solid;  a  drop  of  merciiry  will  not 
do  so.  Immerse  the  finger  in  water,  it  becomes  wet ;  in 
qtiicksilver,  it  remains  dry.  A  tallow-candle  or  a  feather  inart»tionortiii» 
from  any  species  of  water-fowl  remains  dry  though  dipped  ^*  ^' 
in  water.  Gold,  silver,  tin,  lead,  &c.,  become  moist  on 
being  immersed  in  quicksUver,  but  iron  and  platinum  do 
not  Quicksilver  when  poured  into  a  gauze  bag  will  not 
run  through ;  water  will :  place  the  gauze  containing  the 
quicksilver  in  contact  with  water,  and  the  metal  will  also 
flow  througL 

Solids  which  become  wet  on  being  immersed  in  a  fluid,  en^t  oroorering 
lose  this  property  i£  covered  with  any  matter  not  similarly  J^?^^. 
aflfected  by  that  particular  fluid.    A  drop  of  water  placed 
upon  a  wooden  table  or  piece  of  glass,  smeared  with  oil  or 
tallow,  will  not  spread,  but  retain  its  globular  shape  and 
roll  o£^  if  the  surface  be  sufficiently  inclined.    Pour  water 
from  a  clean  common  glass  tumbler  nearly  ftill,  and  it  will 
ran  along  the  exterior  sur&ce ;  smear  the  rim  with  hogs'  luutinted  in  tbe 
krd  or  tallow,  and  the  fluid  wiU  flow  clear  of  the  tumbler.  fT^f^**!^ 

'  from  a  tumbler ; 

The  living  force  with  which  the  elements  of  the  water  in 
Gontaot  with  the  glass  tend  to  leave  the  tumbler  by  the 
pressure  from  behind,  is,  in  a  great  measure,  overcome  by 
the  attraction  between  the  glass  and  water,  and  they  are 
thus  made  to  flow  along  the  surface,  while  the  viscosity  of  ezpiMMtton; 
the  water,   or  the  attraction  of  the  fluid  particles  for 
each  other,  drags  the  remote  elements  after  them ;  and  thus 
the  water,  imder  the  combined  action  of  its  living  force, 
adhesion  for  the  glass  and  viscosity,  becomes  spread  out 
into  a  sheet  of  which  the  plane  is  normal  to  the  sur&ce  of 
the  tumbler.    When  the  tumbler  is  smeared  with  grease, 
the  adhesion  is  so  much  reduced  as  to  offer  but  feeble 
opposition  to  the  living  force  with  which  the  water  reaches 
.the  edge  of  the  tumbler,  it  will,  therefore,  pass  the  edge 
after  the  manner  of  a  projectile.    Quicksilver  poured  out  ca»of 
of  a  glass  or  wooden  vessel  wiU,  in  like  manner,  flow  clear  ^^^^^  ^ 
of  the  outer  sur&ce ;  but  the  contrary  will  happen  if  a  tin  different  unds  of 
vessel  be  used. 
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effect  of 
inlerpoting  a 
fluid  between 
rarftoesin 
contact; 


it  is  difflddt  to 
find  the  adhesion 
between  the 
rubbing  surftces 
of  machinery ; 


this  adhesion 
may  be 
disregarded; 


except  In  watches 
and  the  like. 


Friction  on  a 
plane; 


normal 
component  of 
the  weight; 


The  adhesioa  of  solids  is  apparently  increased  by  intio- 
ducing  a  liquid  between  them.  The  fluid  fills  up  the  ex- 
isting inequaUties  of  the  surfaces,  and  thus,  by  increasing 
the  number  of  points  of  contact,  increases  the  adhesion  by 
an  amount  equal  either  to  that  of  the  fluid  particles  for 
each  other,  or  to  that  of  the  fluid  for  the  solid  for  which 
it  has  the  least  affinity,  depending  upon  whether  the  sohds 
are  wetted  or  not  by  the  interposed  fluid.  This  is  strikingly 
exemplified  by  means  of  common  window-glass,  blocks  of 
wood,  metallic  plates,  and  the  like. 

It  is  difficult  to  ascertain  the  precise  value  of  the  force 
of  adhesion  between  the  rubbing  sur&ces  of  machinery, 
apart  fi-om  that  of  Motion.  But  this  is  attended  with  Utde 
practical  inconvenience,  as  long  as  a  machine  is  in  motion. 
The  experiments  of  which  the  results  are  given  in  the  table 
of  §  212,  and  which  are  applicable  to  machinery,  were 
made  under  considerable  pressures,  such  as  those  with 
which  the  parts  of  the  larger  machines  are  accustomed  to 
move  upon  one  another.  Under  such  pressures,  the  adhe- 
sion of  unguents  to  the  surfaces  of  contact,  and  the  oppo- 
sition to  motion  presented  by  their  viscosity,  are  causes 
whose  influence  may  be  safely  disregarded  as  compared 
with  that  of  friction.  In  the  cases  of  lighter  machinery, 
however,  such  as  watches,  clocks,  and  the  like,  these  con- 
siderations rise  into  importance  and  cannot  be  neglected 

§  214. — Let  any  body  i/J  rest  with  one  of  its  faces  in 
contact  with  the  inclined  plane  A  B.  Denote  its  weight 
by  W^  and  suppose  it  to  be  solicited  by  a  force  F  in 
the  direction  O  Q,  making  with  the  inclined  plane  the 
angle  Q  0  q'j  which  denote  by  9.  Denote  the  inclination 
BACoi  the  plane  to  the  horizon  by  a.  Eesolve  the 
weight  W=  Q  &  into  two  components,  Gp  and  Gp\  one 
perpendicular  and  the  other  parallel  to  the  plane.  The 
angle  &  Op  being  equal  to  the  angle  BAG^  the  first  of 
these  components  will  be^ 
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Fig.  21*7. 


and  the  second. 


TT.  sill  a. 


paraUel 
component  of 
the  weight ; 


In  like  manner,  resolve  the  force  F  =^  O  Q,  into  two  com- 
ponents Oq  and  Oq'^  the  first  normal  and  the  second 
parallel  to  the  plane.    The  first  of  these  will  be, 


F ,  sin  (p; 


and  the  second 


jP.  cos  (p. 


nonnal 
component  of 
the  force ; 


itaperallel 
component; 


The  total  pressure  upon  the  plane  will  be 


W .  cos  a  —  i^.  sin9; 


and  the  Motion  thence  arising 


pressure  upon 
the  plane ; 


/(TT.cosa  —  ^.sin(p); 

in  which  /  denotes  the  coefficient  of  friction.    The  force 
which  solicits  the  body  in  the  direction  of  the  plane 


corresponding 
Motion ; 
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whole  foree  In 
direction  of  ttie 
plana; 


willbe^ 


^.co89  —    W.  sin  a. 


This  will  tend  to  accelerate  the  body;  the  friction  will 
tend  to  retard  it.  When  they  are  in  equilibrio,  the  body 
will  either  hi^ye  a  nniform  motion  or  be  just  on  the  eve 
of  motion;  which  condition  will  therefore  be  expressed  by 

F.co&(p  —   TTsin  a  =/(TF'cosa  —  J^.sin^); 


whence 


force  neoeMary  to 
bold  the  body  in 
eqaUtbriOf  or  to 
keep  it  In 
uniform  motion 
up  the  plane ; 


COS  9  +  / .  sin  9  ^      ' 


Fig.  218. 


to  find  nnder 
what  angle  to  the 
plane  this  force 
may  be  applied 
togreateit 
advantage; 


Here  the  force  F  will  be  the  smallest  possible,  or  will  be 
applied  under  the  most  advantageous  circumstances,  when 
the  denominator  is  the  greatest  possible,  since  all  the 
quantities  in  the  numerator  are  constant.  To  ascertain 
the  relation  between  the  quantities  of  the  denominator 
to  satisfy  this  condition, 
draw  0  Q  making  with 
the  plane  A  B  the  angle 
Q  QB  equal  to  9;  from 
O  lay  oS  the  distance 
O  h  equal  to  unity,  and 
draw  he  perpendicular 
to  A  B;  then  will 

Oc  =  cos  9, 
i  c  =  sin  9. 


Take  the  distance  Oe  equal  to /  and  we  have 


c  i  =  ^sin  9. 
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Make  Oi  equal  to  ed^  aad  thare  wiU  result 


Tftlue  of  the 
denominator; 


ic  =  0069  +/.ain9, 

which  is  the  value  of  the  denominator  in  Eq.  (102).  Draw 
Qk  perpendicular  to  Q  Q,  and  erect  at  A  a  perpendicular 
ioABj  then,  because  the  angle  k  G  k  ia  the  complement 
of5.(?g  =  9,wiU 

kh  =  (7  A  cot  9 ; 

or,  substitQting  the  value  of  (7A,  as  given  above, 

kh  a=/.  sin9.cot9  =  /cos 9. 

Join  k  and  &,  and  it  will  be  obvious  that  A  c  is  the  pro- 
jection of  the  line  kb  on  AB,  and  that  this  projection 
will  be  the  greatest  possible  when  A  5  is  parallel  to  AB; 
that  is,  when  kh  and  ic  are  equal;  which  condition  is 
expressed  by  the  equation, 


/cos  9  =  sin  9, 
or 

fliTi  A)  thoTBloeoftiio 

f  =    r    =:    tan  9;  tangent  of  this 

•'  CO09  ansto; 

that  is  to  say,  the  power  will  he  applied  to  the  grtakst  ad-  oonohuion; 
vantage^  when  its  direction  rriakes  with  the  inclined  plane  cm 
angle  of  which  the  tangent  is  equal  to  the  coefficient  of  the 
friction  "between  the  plane  and  the  body  on  it^ 

If  the  plane  be  horizontal,  the  angle  a  will  be  .zero,  and 
Eq.  (102)  reduces  to 


▼alae  of  the  IbvM^ 
P  — -    ^^  J ,  when  plane  to 


Wf 

COS  9   +/sill9  horiioDUli 
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when  in  Finally,  if  the  body  is  to  be  retained  in  eqidlibrio  on 

*?e*ofm^or     *^^  ^^^  ^^  motion  up  the  plane,  the  condition  for  this 
down  the  plane;  purpose  is  givcn  by  Eq.  (102)  as  it  stands,  but  if  the  equi- 
librium is  maintained  on  the  eve  of  motion  down  the  plane, 
the  friction  will  act  in  aid  of  the  force  F^  and  the  equation 
becomes 


the  valae  of  the 
forou; 


,  __    W(sina  —  /cos  a) 
COS  ^  —  /sin  9 


F'  = 


(103); 


whence  it  follows,  that  there  are  an  indefinite  number  of 
different  values  for  the  force  between  F  and  F'  which  wiD 
maintain  the  body  in  equilibrio  on  the  plane.  If  the  body 
be  in  motion  up  the  plane,  the  force  whose  intensity  is  F 
Infinity  of  forcei  wiU  make  it  uniform;  if  in  motion  down  the  plane,  the 
iheequuibrittm.'*  forcc  whosc  volue  is  F'  will  make  it  uniform.  The  im- 
portance of  this  wiU  be  perceived  when  we  come  co  treat 
of  the  screw. 


on  the  inclined 
plane; 


§  215. — The  inclined  plane  is  one  of  the  most  usefiil 
machines  employed  in  the  arts,  and  facilitates  the  tnmg- 

Quantityofwork  portatiou  of  the  heaviest  burdens  to  considerable  eleva- 
tions. To  build  a  stone  wall,  for  instance,  to  any  height, 
the  labor  of  many  men  would  be  required  to  elevate  the 
necessary  materials  in  a  vertical  direction,  whereas  that 
of  a  few  accomplishes  the  same  end  over  a  ramp  or 
inclined  plane  whose  slope  is  sufficiently  gentle  to  admit 
the  easy  passage  of 
men,  horses,  carta,  &c. 
Burdens  are  convey- 
ed up  inclined  planes 

(uuai  directton  of  by  applying  the  power 
parallel  to  its  length, 
and  the  force  for  this 
purpose  is  given  by 
Eq.  (102),  after  ma- 
king the  angle  9  equal 


Fig.  219. 


the  power ; 


MECHANICS    OF    SOLIDS.  385 


to  zero,  that  is  by 

F  =    Tr(8in  a    +  /cos  a).  ItsTalue; 

Midtiplying  both  members  by  A  -B,  the  distance  through 
which  F  is  exerted,  we  have, 

F  X  AB  =  Tr[^ji5sina  +/.^5cosa]; 
which  reduces  to 

F  X  AB  ^   W.BO  +f.W.AO..  (104).  ^^J^"^"*'*' ^' 

The  first  member  is  the  quantity  of  work  performed  by 
the  power  in  moving  the  burden  from  the  bottom  to  the 
top  of  the  plane ;  and  this,  we  see,  is  equal  to  the  quantity 
of  work  which  the  weight  of  the  burden  would  have  per- 
formed if  raised  vertically  through  the  same  height,  in-  thi»  yaiue 
creased  by  the  quantity  of  work  which  the  friction  due  to  ^*^. 
a  pressure  equal  to  the  entire  weight,  would  have  exerted 
through  a  distance  equal  to  the  horizontal  projection  of 
the  plane. 

If  the  burden  be  rolled,  in  which  case  the  friction  may 
be  disregarded,  or  if  it  be  transported  in  any  way  to  avoid 
the  friction,  /  would  be  zero,  and  we  should  have 

F.AB=W.Ba  ^S:":^; 

That  is  to  say,  the  work  in  the  direction  of  the  plane  is 
equal  to  the  work  in  the  vertical  direction.    What,  then, 
is  gained  by  the  use  of  the  plane?    Why  nothing  more  wi  vantage  or  tiie 
than  the  ability,  which  it  gives,  of  putting  in  motion  by  a  ^**^' 
feeble  power,  applied  in  the  direction  of  its  length,  a  burden 
which  the  same  power  could  not  move  vertically  upward. 
Resuming  Eq.  (104),  we  shall  find  that  what  is  true 
of  an  inclined  plane  is  equally  true  of  a  curved  sur&ce, 


^  I 
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such   as   that  of  a 
au  equaUy  true  of  common  Toad  OT  rail- 

iiidiued  enrred  j  i    i 

■ur&cet  •  ^^  ^^^^  ^^  undula- 

ting piece  of  ground. 

For,  portions  of  the 
road,  as  il  6, 6  i',  6' 5", 
&c.,  may  be  taken  so 
short  as  to  differ  in- 
sensibly from  a  plane, 
in    which   case    we 


Fig.  220. 


forces  on 
elementary 
portiont  of  (he 
■urface ; 


shall  have,  by  denoting  the  intensities  of  the  forces  on  these 
several  elementary  planes  by  F\  jP",  jF'",  &c. 

F'  X  Ab  =   W.bc  +f.  W.Ac, 

F"  X  bV  =   W.Vc'  +f.W.bc', 

F'"  X  W  =   W.V'c"  '+f.W.Vc'\ 


&c., 


=        &c.,      + 


&C. 


Adding  these  equations  together,  and  denoting  the  first 
member,  which  will  be  the  total  amount  of  work  in  the 
direction  of  the  surEace,  by  ^',  we  have 

total  qnaatllT  of  

workoantlf.       ^  =  W  \b  C  +   V  c'   +   h"  c"   +    &0.]    +fW[Ac  +  h<^ 

•"*"'  +  V  c"  +  &C.] ; 

and  supposing  the  burden  to  reach  the  highest  point  L, 
we  shall  have 

he  +  Vc'  +  h"e"  +  &C.  =  LM, 
Ac  +  he'  +  J'c"  +  Ac.  =  AM; 
which,  in  the  above  equation,  give 


i 
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C  =  W.LM  +  /.  W.AM.  .  .  (105).   ««««««Tofir«* 

In  the  iMent ; 

After  paaBing  the  highest  point  L^  the  weight  acts  in 
&yor  of  the  force  applied  la  the  direction  of  the  plane,  and 
the  first  terms  of  the  second  members  will  all  change  their 
signs;  and  denoting  the  quantity  of  work  in  the  direction 
of  the  plane  from  L  iio  Bhj  Q'\  we  shall  have,  by  tha 
same  procesSi 

Q'  =  -  W.LB'  +f.  W.B'B.. (106);  2Z??.'"*^ 


adding  this  to  Eq.  (105),  and  denoting  the  total  quantity 
of  work  in  the  direction  of  the  planes  from  J.  to  J?  by  Q, 
we  find 


§«  ^+  C''  «  W[ML  -  LB']  +fWlAM+  BB], 


or 

qnaotltf  in  the 
Q  =    W  X    BC  +f.   W.AO  .   .  (107).       aeeentind 

deaoent; 

Now  it  is  to  be  remarked,  that  every  trace  of  the  path 

actually  described  by  the  burden  whose  weight  is  TPJ  has 

disappeared  from  this  yaltie  for  the  quantity  of  work;  this 

latter  is,  therefore,  wholly  independent  of  this  path,  and 

for  the  same  burden,  only  depends  upon  the  dififerenoe  of 

level  firom  Aix>  B,  and  the  horizontal  distance  A  (/between 

these  points;  so  that,  the  work  would  be  the  same  as  quantiiyorwork 

thongh  the  load  had  been  transported  from  A  to  B  along  ^^J^S^^^o, 

one  continuous  plane.    Nothing  is  said  here  of  the  resist-  iMd  been 

ance  of  the  atmosphere,  which,  like  the  friction,  would  be 

a  cause  of  opposition  to  the  motion. 

§  216. — ^We  are  now  prepared  to  measure  the  tension  Taneionofoordi; 
of  a  cord  arisiiig  from  the  action  of  its  own  weight    For 
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this  purpose  take  the 
cord  PA  MF^  resting 

tbetenalonora     upon  any  SUlfsi^  of 

est  point,  and  oon- 
sider  the  part  AF 
which  tends  by  its 
weight  to  move  in 
the  direction  from  A 
to  F,  Omit  the  con- 
sideration of  friction 
for  the  present,  and 
the  question  will  con- 
sist in  this,  yiz. :  to 


weighioragiTsn 
portion; 


this  weight 
reaolYod  into 
components; 


find  a  force  which,  acting  in  the  direction  of  its  length, 
will  keep  the  cord  in  equilibrio.  This  force  must  be 
equal  and  directly  opposed  to  the  tension  on  the  part 
AF.  Designate  by  W,  the  weight  of  a  unit  of  length 
of  the  cord ;  then  considering  the  element  whose  length  is 
MN^  its  weight  will  be 

W.MN. 

Through  the  centre  of  gravity  0  of  this  element,  draw  the 
vertical  0  0  to  represent  this  weighty  which  resolve  into 
two  components  G  Q  and  Q  0,  the  one  perpendicular 
and  the  other  parallel  to  the  cord  The  first  will  be 
destroyed  by  the  reaction  of  the  sur&ce ;  the  second  will 
act  to  move  the  cord  in  the  direction  of  its  length,  and 
will  determine  its  tenfaon.  Draw  MN'  perpendicular  and' 
NN^  parallel  to  the  horizon;  then  will  the  trian^es 
GQO  and  MNN'  be  similar,  both  being  right-angled 
triangles,  and  the  angle  QOO  oi  the  one,  equal  to  the 
angle  MNN'  of  the  other,  because  the  side  &Q  i&  per- 
pendicular to  MN^  and  OG^  to  NN' ;  hence  the  pro- 
portion, 


QO    :    OG    ::    MN'    :   MN; 
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whence 

.  ^  OQ    X    MN'  component  of 

^  (y   =   TTla •  weight  parallel 

^^  to  the  cord; 

Denote  the  teiffon  by  ty  which  wiD  be  equal  to  Q  0; 
0  G  represents  the  weight,  equal  to  TTx  MN;  and  pro- 
jecting the  po^ts  Aj  Mj  N,  F,  P,  upon  the  vertical  by  the 
horizontal  Itnas  Act,  Mm,  Nn,  Ff,  and  Pp,  we  have 
MN*  equal  iomn^  and  the  last  equation  becomes^ 

^  W  X  MN  X    mn  .^  yalueofthe 

t   =    JJrW ^^     W    X    'ffin.  tenaionfora 

"^  Bingle  element ; 

The  second  member  is  the  weight  of  a  portion  of  the  cord 

equal  in  length  to  the  vertical  projection  mn  of  the  element 

MN,    Now  the  length  -4  ^  is  composed  of  a  number  of 

elements,  each  one  of  which  produces,  in  like  manner,  a 

tension  equal  to  the  weight  of  a  portion  of  the  cord  of  the 

same  length  as  its  vertical  projection.     The  tension  on 

each  element  is  transmitted  in  the  direction  of  the  cord  to 

the  elements  above.    Hence,  the  entire  tension  at  any 

point  of  the  cord,  is  measured  by  the  weight  of  a  portion  tension  at  any 

equal  in  length  to  the  vertical  projection  of  aU  the  cord  SX^weightT 

below  it.     Thns,  if  -F  be  the  end  of  the  cord,  the  ten-  iheverucai 

rion  at  ^  will  be  measured  by  the  weight  of  a  portion  of  ST^^^'L^o^Tit; 

the  cord  equal  to  af^  provided  no  motion  take  place.    In 

hke  manner,  the  tension  at  -4,  arising  from  the  weight  .of 

A  P,  will  be  measured  by  the  weight  of  a  portion  equal  to 

a^,  so  tbat  if  the  cord  have  no  fixed 

point  it  will  move  in  the  direction  of 

the  lower  end  Fy  under  the  action  of  Rg-  222. 

a  force  equal  to 

W{af  -  ap). 

If  the  ends  of  the  cord  be  upon  the         ^        ^         aaendieaacordiB 
same  level,  or  if  the  cord  be  endless,  it         \   #  ^  cqniiibrio. 

will  be  in  equilibrio. 


\ 


} 
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0  

§  217. — ^We  shall  now  take  into  coilderation  the  fiio- 
Friction  of  a  cord  tion  of  a  cord  when  sliding  around  an^^body,  say  a  fixed 
cylindrical   beam   in 


slidini;  around  a 
fixed  cylindrical 
hHam; 


conatruction  of 
the  figure  and 
notation; 


toindUie 
tenaion  on  a 
Bingle  clement 
the  cord; 


a  horizontal  position. 
Let  the  cord  support 
at  one  end  a  weight 
Wf  and  be  subjected 
to  the  action  of  a 
force  F  applied  at 
the  other  end.  K 
the  force  communi- 
cate motion,  it  must 
not  only  raise  the 
weight  W,  but  must 
also  overcome  the 
friction  between  the 
cord  and  solid.     If 

the  surfSace  were  perfectly  polished,  the  friction  would  he 
zero,  and  the  force  ^  would  be  equal  to  the  weight  TV,  in 
the  case  of  an  equilibrium.    Divide  the  enveloping  portion 
of  the  cord,  d,  t^,  t^  t^  &c.,  into  an  indefinite  number  of 
very  small  and  equal  parts,  and  draw  through  the  points 
of  division,   t^   t^   t^  &c.,  tangents  to  the  cord;  these 
tangents  will  intersect,  two  and  two,  at  the  points  5,  6',  5", 
Ac.,  and  the  extreme  ones  will  coincide  with  the  straight 
portions  of  the  cord  to  which  the  force  and  weight  are 
applied.     The  points  of  division  being  extremely  close, 
the  arcs  will  be  sensibly  confounded  with  their  chords 
a  ^,  tit^  t^t^  &c.    The  tension  of  the  cord  on  the  tangent 
a  6,  with  which  the  cord  sensibly  coincides,  is  obviously 
equal  to  WJ  if  we  neglect  the  weight  of  the  cord.    Let  ^ 
be  the  tension  which  acts  at  ^  on  the  second  tangent  b  V ; 
this  tension  must  overcome  the  weight  W  and  the  friction 
on  the  arc  ^  a,  comprised  between  the  points  of  contact. 
Denote  by  p  the  pressure  exerted  by  this  element  upon 

^^  the  cylinder,  and  by  /  the  coefficient  of  friction,  then 

"  will 
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tl    =     W  +  }p.  ttSTiQae; 

■ 

To  find  the  pressture,  we  will  stdlldisr^ard  the  weight 
of  the  oord,  and  remark  that  the  tw^  tangents  a&  and6^ 
are  equal.    Moreover,  if  we  construct  te  rhombus  amt^by 
and  consider  a  5  as  proportional  to  i^  weight  W,  this 
same  side  will  represent  the  tension  of  t\e  cord  from  a  to 
ti.    The  diagonal  6m,  will  be  normal  to  tie  chord  a^,  and 
therefore  to  the  sur&ce  of  the  cylinder,  and  being  tiietound  the  normal 
resultant  of  the  tensions  at  a  and  ^  will  U  the  pressure  S^l|^  tonlroV 
arising  fi-om  the  tension,  and  consequently  equal  to  p. 
The  triangles  aOti  and  mab  are  similar,  because  they  are 
both  isosceles,  and  the  angle  0  of  the  cue  is  eqiial  to  mab 
of  the  other ;  hence 

mb    :    ati    ::    ab    :     Oa; 

mb  represents  the  pressure  p;  a ^  may  be  taken  equal  to 
the  arc  of  which  it  is  chord,  which  denote  by  s;  ab 
represents  the  weight  W;  and  Oa  is  the  radius  of  the 
cylinder,  which  denote  by  Bj  and  the  proportion  may 
be  written 

p    I    8    : :     W    :    E; 
whence 

8  .   W^  Yiliieofthis 

JP  p     I  normal  preMure ; 

and  thiB,  substituted  in  the  value  of  ^,  gives 


4  =.  Tr(n.  /^> 


▼atneoftlie 

Denoting  by  ^  the  tension  along  the  third  tangent  ^^^^^^^^^^^^ 
i"  t^  and  at  the  third  point  of  division  ^  this  tensicm  must  theredaunce; 


I 
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oTcfCOxne  the  tension 
ty  and  friction  pro* 
ducdd  by  the  elemen- 

to  flud  tension  on  taij  ETC  <^  /j,  equal  1^1 

next  element  in     -  . 

orter;  leDgth    tO    a  ^,     OT  ^ 

In  a  word,  4  will  be 
drcunastanced  ii?  re- 
spect to  ^  as  ^^As^ia 
regard  to  W.    Henoo 


ita  valoe; 


^=^(l+'^)'' 


and  if  ^  ^  ^r  •  •  .  ^  be  tlie  tensions  on  the  oonsecntive 
tangents,  and  at  the  points  t^  t^  t^  .  >  »  U  ^  order 
around  the  beam,  we  shall  have 


<i  =  4(i+-g), 


values  for  the 
SDceesaive 
tensions  in  order 
arviind  the  beam ; 


U=  k{ 


x-$). 


J..4-.(l+^). 


value  of  the 
tension  on  the 
last  element  of 
contaA; 


Multiplying  these  equations  together  and  dividing  out  the 
common  £BU2tor,  we  have 


.=«^(i+§)' 


The  tension  d,  being  the  last  in  order,  brings  us  to  the 
straight  portion  of  the  cord  to  which  F  is  applied,  and, 
therefore,  (i  must  be  equal  to  F;  whence 
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(fs\n  nlatioii  between 

1    +  •^   1    .  the  power  and  the 


Developing  Hob  by  the  rules  tat  the  binomial  theorem, 
we  hare 


n(n-l)(«-2)    /"^    .    .    T 

+  17278 5*-  +  *^-J 


It  must  be  remembered  that  s  was  taken  indefinitely 
small,  and  therefore  for  any  definite  extent  of  contac" 
between  the  cord  and  cylinder,  n  must  be  indefinitely 
*  great;  hence  the  numbers  1,  2,  8,  4,  &c.,  connected  with  n 
bj  the  sign  minus,  may  be  neglected  in  comparison  with 
n;  this  gives 

^-TTjl    +   -^    +   ^-^    +     278Tb*     +    *^-J-     form; 

bat  na  is  equal  to  the  entire  arc  enveloped.    Denote  this 
bj  S,  and  the  above  becomes 


the  quantity  within  the  brackets  is  the  development  of  the 

il 

function  e  '/  whence 


/$  filial  nlatloB 

^  =  TF  X  e  *  .  •.    .    .    (108),     ^S^ 


in  which  e  =  2.71826,  the  base  of  the  Nap.  system  of 
logarithms. 


844 


example  to 
iUustrate; 
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Suppose  the  oord  to  be  wound  aroxmd  the  cylinder 
three  tunes,  and/s=  ^,  then  will 

S  ^  B^.m  ^  6  X  aU16 .  B  =»  18.849H 


and 


F=  W  X  e*^^^  ^   W  X  (2.71825)' 


or 


F  =^  TT.  585.8; 


Importanoeof 
Mcttoa; 


tta  abeolate 
naoeMUy. 


that  is  to  say,  one  man  at  the  end  W  could  resist  the  com- 
bined  efifort  of  585  men,  of  the  same  strength  as  himseli^ 
to  put  the  oord  in  motion  when  wound  three  times  around 
the  cylinder.  This  explains  why  it  is  that  a  single  man, 
by  a  few  turns  of  her  hawser  around  a  dock-post,  is 
enabled  to  prevent  the  progress  of  a  steamboat  although 
her  machineiy  may  be  in  motion.  Here  Motion  oomes  in 
aid  of  the  power,  and  there  are  numerous  instances  of 
this;  indeed,  without  friction  many  of  the  most  useful 
contrivances  and  constructions  would  be  useless.  It  is 
by  the  aid  of  friction  that  the  capstan  is  enabled  to  do  its 
work ;  the  friction  between  the  rails  of  a  railroad  and  the 
wheels  of  the  locomotive  enables  the  latter  to  put  itself  and 
its  train  of  cars  in  motion.  But  for  the  friction  between 
the  feet  of  draft  animals  and  the  ground,  they  could  per- 
form no  work;  nor,  indeed,  could  any  animal  walk  or 
even  stand  with  safety,  if  they  were  deprived  of  the  aid 
of  this  principle. 
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XVIL 


THE    WSDGS. 


Fig.  284 


deflcription  and 


§  218. — ^Thtis  fer  we  have  only  considered  the  cases  of  The  wedge; 
a  body  pressing  against  a  single  surface.  The  same  body 
may  also  act  against  two  or 
more  suj&oes  at  the  same  time. 
Such,  for  example,  is  the  case 
with  the  Wedge,  which  consists 
of  an  acute  right  triangular 
prism  ABO,  usually  employed 
in  the  operation  of  separating 
and  splitting.  The  acute  di- 
hedral angle  AOb,  is  called  the 
edge;  the  opposite  plane  face 
Ab,  the  back;  and  the  planes 
Ac  and  Obj  which  terminate  in 
the  edge,  the  Jbces.  The  more 
common  appUcation  of  the 
wedge  consists  in  driving  it,  by 

a  blow  upon  its  back,  into  any  substance  which  we  wish  to 
split  or  divide  into  parts,  in  such  manner  that  after  each  ocmmum 
advance  it  shall  be  supported  against  the  feces  of  the  J^J"^****®'**** 
opening  till  the  work  is  accomplished. 


definitloikB ; 


§  219.— -The  blow  b j  which  the  wedge  if  driven  for- 
ward will  be  supposed  perpendioakr  to  its  back,  fi>T  if  it 
were  oblique,  it  would  only  tend  to  impart  a  rotary  motion, 
and  gire  rise  to  oomplications  which  it  would  be  unproflt-  the  blow  apon 
able  to  oonsidar.    And  to  make  the  case  oonfbim  still  fbr-  ^^^^^^ 
ther  to  practice,  we  will  suppose  the  wedge  to  be  isosceles,  to  the  beck; 
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Fig.  225. 


^%5Si 


to  And  the  The  wedge  AOB  being  injaerted  in  the  opening  ahh^ 

rolcti^m^e   *^^  "^  contact  with  its  jaws  at  a  and  6,  we  know  that  the 
<^Ms;  resistance  of  the  latter  will  be 

perpendicular  to  the  &ces  of  the 

wedge.    Through  the  points  a 

and  hf  draw  the  lines  aq  and&p 

normal  to  the  &ces  A  0  and 

B  G;  from  their  point  of  inter- 
section 0,  lay  off  the  distances 

Oq  and  Op  equal,  respectively, 

to  the  resistances  at  a  and  h. 

Denote  the  first  by  Q,  and  the 

second  by  P.    Completing  the 
conBtruction  and  parallelogram  Oqmp^  Om  will 

represent  the  resultant  of  the 

resistances  Q  and  P.    Denote 

this  resultant  by  B\  and  the 

angle  A  OB,  of  the  wedge,  by 

6,  which,  in  the  quadrilateral 

aOb  Oj  will  be  equal  to  the 

supplement  of  the  angle  a  Ob 

=  p  Oq,  the  angle  made  by  the  directions  of  Q  and  P. 

From  the  parallelogram  of  forces  we  have, 


notation ; 


B^=:P^+Q^  +  2PQQOBpOq  =  P^+Q^-2PQQos6] 


or 


Talueoftlie 
rMoltant; 


B'  =  V  i>«  +  Q»  -  2PQqos». 


to  And  Ntnltuit 
of  Motions ; 


The  resistance  Q  will  produce  a  friction  on  the  &ce  A  G 
equal  to/Q,  and  the  resistance  P  will  produce  on  the  &ce 
BG,  the  friction /P;  these  act  in  the  directions  of  the  &oe6 
of  the  wedge.  Produce  them  till  they  meet  in  O,  and  lay 
off  the  distances  Gq'  and  Gp'  to  represent  iheir  intensitieB, 
and  complete  the  parallelogram  Gq'  Op* ;  0  0^  will  repr&- 


J 
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sent  the  resultant  of  the  firictiona     Denote  this  by  i2'', 
and  we  have^  from  the  parallelograni  of  forces, 

or 
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JR"  =  /  VP«  +  Q^  +  2PQG086. 


TBlaaorthe 
TeralUmt  of  the 
IHcttoiiB; 


The  wedge  being  isosceles,  the  resistances  P  and  Q  will  be 
equal,  their  directions  being  normal  to  the  faces  will  inter- 
sect on  the  line  CD,  which  bisects  the  angle  0=  ^ ;  and 
their  resultant  wiU  coincide  with  this  line.  In  like  manner  the  wedge  being 
the  frictions  will  be  equal,  and  their  resultant  will  coincide 
with  the  same  line.  Maldng  Q  and  P  equal,  we  have, 
from  the  above  equation, 


R   =     P  V  2  (1  -  cos  ^), 
JJ"  =  fP  V  2  (1  +  cos  a). 


Bat 


1  —  cos  d  =  2  sin*  i  d, 
1  +  cos^  =  2  cos"  Jd; 

whence  we  obtain,  by  substituting  and  reducing. 


these  TBloee 
raeoit; 


and  frirther, 


B'   =  2P.sin  J^, 
E"  =  2f.P.  cosi^; 


sin  ^  d  =  i 


cos^^  = 


AB 
AC 

CD 
AO 


or  these; 


circular  Amcliom 
tntenntof 
elements  of  the 
wedge;  ^ 
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tntlnhieof 
IheMrHullanU; 


therefore, 


R'  =    P 


AB 

AG- 


^■=2/-p-^ 


Denote  by  ^the  intensity  of  the  blow  on  the  back  of  the 
wedge.  If  this  blow  be  just  sufficient  to  produce  an  equi- 
librium bordering  on  motion  forward,  call  it  F' ;  the  fine- 
tion  will  oppose  it,  and  we  must  have. 


▼■hie  of  the  blow 
when  the  wedge 
It  on  the  eve  of 
moving  forward ; 


F'  =  B'  +  R"=^P.^  +  if.p.^.  .(109). 


I^  on  the  contrary,  the  blow  be  just  sufficient  to  prevent 
the  wedge  from  flying  baoik^  oall  it  F";  the  Motion  will 
aid  it,  and  we  must  have. 


Tilaa,  when  on 
the  eve  of  morlng 
iMek; 


F"   =   P- 


AB 

A  C 


-  V-P- 


CD 

A  G 


(110). 


The  wedge  will  not  move  under  the  action  of  any  force 
whose  intensity  is  between  F'  and  F".  Any  force  leas 
than  F'\  will  allow  it  to  fly  back ;  any  force  greater  than 
y  will  drive  it  forward.  The  range  through  which  the 
force  may  vary  without  producing  motion,  is  obviously, 


Umite  within 
which  the  blow 
may  vary  to 
produce  no 
motion ; 


F'  -  F"  =  4/P 


CD 
AG 


(111); 


which  becomes  greater  and  greater,  in  proportion  as  CD 
and  A  G  become  more  nearly  equal ;  that  is  to  say,  in  pro- 
portion as  the  wedge  becomes  more  and  more  acute. 

The  ordinary  mode  of  employing  the  wedge  requires 
that  it  shall  retain  of  itself  whatever  position  it  may  be 
driven  to.    This  makes  it  necessary  that,  £q.  (110), 
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A   7>  /y  rk  A   "R  P  T}        oondttlont  that 


to  which  it  fa 
dilyen; 


or,  omitting  the  oommon  £sM^rs  aad  dividing  both  members 
of  the  equation  and  inequality  by  2  (7Z>, 


but  ^-777^   is  the  tangent  of  the  angle  A  CD;  hence  we 

conclude,  that  the  wedge  will  retain  its  plaoe  when  its  semi-  oonoiiuioii; 
angle  does  not  exceed  that  whose  tangent  is  the  coefficient 
of  friction  between  the  sm&ce  of  the  wedge  and  the  sur* 
&oe  of  the  opening  which  it  is  intended  to  enlaige. 

Besuming  Eq.  (110),  and  supposing  the  last  term 
of  the  second  member  greater  than  the  first  term,  F'*  be- 
comes negatiye,  and  will  represent  the  intensity  of  the 
force  necessary  to  withdraw  the  wedge ;  which  will  obTi- 
oofily  be  the  greatest  possible  when  AB  is  the  least  pos- 
sible. This  explains  why  it  is  that  nails  retain  with  such  why  naus  retain 
pertinacity  their  places  when  driven  into  wood,  &0. 


their  plaoea. 


§220.— One  of  the 
most  important  uses 
of  the  wedge,  is  in  its 
application  to  what 
is  called  the  Wedge 
Press.  This,  in  its 
simplest  form,  con- 
sists of  a  truncated 
wedge  al^C7,  which, 
by  a  blow  upon  its 
back,  is  made  to&Qide 
between  two  blocks, 
B'  and  B";  one  of 


Fig.  226. 


Application  to 
the  wedge 
preas; 
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these  blocks  rests 
deMripiion,  against  a  fixed  sup- 
port jEj  and  the 
other  against  some 
yielding  substance 
K'  to  be  pressed 
This  machine  is  fre- 
quently employed 
to  pack  goods — 
wool,  cotton,  skins, 
oMSjAa;  and  the  like;  and, 

to  express  the  vege- 
table oils  and  juices 
from  seeds,  fruit, 
&c.  The  quantity  of 
work  performed  by 
the  power  will  obvi- 
ously be  the  prod- 
qnantity  of  work  uct  of  the  intensity 

of  the  power;        of  the  forCC  i?' iutO 

the  distance,  in  a 
direction  perpen- 
dicular to  the  back, 
through  which  the 
wedge  has  been 
driven.  Call  this 
distance  cc,  by 
which  multiply 
both  members  of 
Eq.  (109),  and  wri- 
ting Fiox  F'  we  have 


Pig.  226. 


ItiTalae; 


f'-P"-^^vp-'-^..<m 


To  obtain  from  this  expression  for  the  quantity  of  work 
of  the  power,  a  relation  which  will  enable  us  to  oompaie 
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'  tiie  intensity  F  with  the  reaction  of  the  substance  K\  to  und  relation 
let  J.  jB  (7  be  the  primitive  position  of  the  wedge,  a^cl  ^'^^IJ^*^!^ 
AiB^Ci  any  subsequent  position ;  letting  fall  from  A^  the  Ksiatanoe; 
perpendicular  A^  o  on  the  back ;  A^  o  wiU  be  equal  to  x. 
Moreover,  B^B^  is  the  distance  through  which  the  whole 
wedge  has  been  moved  towards  the  yielding  substance  K', 
and  wiU,  therefore,  be  equal  to  the  distance  through  which 
the  reaction  of  the  latter  has  been  exerted.    Call  this  dis- 
tance 8,  and  the  intensity  of  the  reaction  S.    Draw  A^A^  notettonaad 
paraUel  to  CB;  then,  in  the  triangles  AA^A^  and  B^B^B,  «'»-'™*»*»'5 
the  sides  AA^,  and  A^A^  are  respectively  equal  and  paral- 
lel to  BB^  and  BB4J  and,  consequently,  AA4  wiU  be  equal 
to  B^Bg  =  8.    The  two  triangles  A^AA^^  and  ABO^  are 
siinilar,  and  give  the  proportion 

A^o    :    AA4    ::     CD    :    AB; 
or 

«    :    «    ::     OD    x    AB; 


whence 


X  ^  a 


relation  of  the 
V  D  elementary  pathi 


A  ^'  of  power  and 

reatatanee; 


If  there  were  no  friction,  there  would  be  no  obstruction 
to  the  free  transmission  of  the  effect  of  the  force  J^to  the 
substance  to  be  compressed.  But,  making/ zero,  we  have, 
Eq.  (112), 


^S  voricoftbe 

Fx   =    -P  •   05   •  ~i— 77-5  power  without 

A  Lf 


ftiction; 


and,  from  the  principle  of  virtual  velocities, 


Fx  ^  P  '  X  *  -j-^  ==  Ss; 

A  U 
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whenoe 

Px  =  Ss  X  -j-g^. 

Now  flubstitutmg  this  value  for  Px^  and  th^  above  valud 
for  x^  in  Eq.  (112),  and  it  reduces  to 

relation  of 

qu«itiiiMof  jp.,.^  =  ;y5  +  2/./Sf.».-^  .    .  (118). 

rMiataooe,  and 
friction ; 

The  first  term  of  the  second  member  is,  obviously,  the 
effective  quantity  of  work  done,  being  the  reaction  of  the 
yielding  body  multiplied  into  the  distance  through  wluch 
this  reaction  has  been  exerted,  or  through  which  the  body 
has  been  compressed.  This,  we  see,  is  less  than  the  quan- 
tity of  work  of  the  power  F,  by  the  quantity 

quantity  of  work  OO 

abBorbedand  2fnS.8    X    -3-5? 

lost;  -^-» 

which  has  been  totally  absorbed,  and  therefore  lost,  in 
consequence  of  the  friction.  This  loss  is  often  very  great, 
and  to  illustrate,  suppose  the  reaction  /?  to  be  1000 
pounds,  and  that  the  back  of  the  wedge  AB  is  ^^  of  its 
kngih  OD;  then  will 


lUnitnUonbyaa  20  .  F .  8  =  1000  .  «  +  40  ./.  tf  .  1000; 

•sample; 

and,  taking /=^, 


20.  F.  8  =  1000  .«  + 4000  «. 


numerical  loa;  Assigning  any  particular  value  to  5  we  please,  it  appears 
that  the  usefiii  effect  is  only  1000  5,  while  the  loss  firom 
friction  is  40005,  and  that  the  work  performed  by  the 


•■ 
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force  F  is  6000  a.    Diyiding  the  above  equation  by  20a, 
we  get 


i?'  =  50  +  200  =  250;  or  JpTwI^ 


which  is  much  less  than  1000,  the  value  of  the  reaction  S. 
Hence  we  see  that  the  advantage  of  the  wedge  press  con<>  deDMstoroie 
sists  in  this,  viz.:  by  its  aid  the  work  may  be  executed 
with  comparatively  a  feeble  power.  The  machine  is,  how- 
ever, defective,  on  account  of  the  large  amount  of  work 
absorbed  by  its  friction. 


§  221. — Ka   before  remarked,  the  wedge  is  driven  EObct  or  the  biotr 

Infhe  01 
wedge; 


forward  by  a  blow  on  its  back.    This  mode  of  employing  »»*»»•««»'«»• 


force  is  an  additional  source  of  loss  of  work.  When  a 
hammer  strikes  the  wedge,  two  periods  are  to  be  dis- 
tinguished, viz. :  the  first  corresponds  to  the  duration  of 
the  shocis;  that  is  to  say,  from  the  instant  the  hammer 
touches  the  wedge  to  that  in  which  the  greatest  com* 
pression  of  the  wedge  and  hammer  takes  place;  the  sec^ 
ond  follows  immediately  and  includes  the  interval  during 
which  the  reaction  of  the  body  to  be  pressed  gives  rise  to 
the  refflstance  called  S^  and  to  the  firictions  due  to  the 
pressures  P  and  Q,  While  the  wedge  is  acquiring  motion 
under  the  blow,  during  the  first  period,  its  inertia  acts  as 
a  resistance ;  in  the  second  period,  the  inertia  becomes  a 
power  to  overcome  the  resistance  S,    The  blow  develops  expianatioBtf 

the 

at  each  instant^  between  the  hanuner  and  wedge,  real 
pressures,  which  are  measurable  in  pounds;  and  these 
pressures  are  greater,  for  the  same  effect,  in  proportion  as 
the  duration  of  the  shock  or  blow  is  shorter.  The  wedge 
will,  in  the  first  period,  have  a  motion  from  the  action  of 
these  pressures  in  consequence  of  its  lateral  compression ; 
the  inertia  due  to  this  motion  being  opposed  by  the  lateral 
parts  of  the  machine  will  give  rise  to  fiiction,  which  fric- 
tion, together  vrith  the  inertia  exerted  by  the  wedge  in 
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kMBofllTtng 
forae; 


loMoTlirlns 

Ibieeflrom 

pennaneiii 

ehangeor 

flgore. 


acquiring  an  increased  velocity  under  the  continued  action 
of  the  hammer,  will  be  in  equilibrio  with  these  pressures. 

The  work  of  these  frictions,  during  the  first  period, 
will  be  absorbed  by  the  machine,  and  therefore  lost  to  the 
inertia  or  living  force  of  the  wedge  when  this  living  force 
becomes,  in  the  second  period,  a  power  to  overcome  the 
resistance  S.  The  quantity  of  action,  or  half  the  Hying 
force,  preserved  by  the  wedge  at  the  close  of  the  first 
period,  and  with  which  it  enters  upon  the  work  to  be 
performed  during  the  second,  will  be  given  by  the  rule 
fiimished  in  Eq.  (118),  and  from  which  it  appears,  that 
this  quantity  of  action  will  be  equal  to  the  quantity  of 
*  action  of  the  hammer  on  the  back  of  the  wedge  during 
the  first  period,  diminished  by  that  consumed  by  the  fiic- 
tion  due  to  the  wedge's  inertia  within  the  same  period. 

But  this  is  not  all.  A  part  of  the  work  of  the  hammer 
is  consumed  by  llie  permanent  change  of  figure  of  the 
wedge  arising  from  the  violence  of  the  action.  Thus  we 
see,  that  a  considerable  portion  of  the  living  force  with 
which  the  hammer  begins  its  work,  is  lost  by  change  of 
figure,  and  by  friction  due  to  the  sudden  development  of 
inertia ;  neither  of  which  would  take  place  under  a  force 
of  gradual  and  ordinary  pressure. 


ThAWedgvtn 
OBlTerailaBe; 


lU  diflbrent 

flgOTM; 


§  222. — ^Notwithstanding  the  disadvantages  arising 
from  the  great  and  wasteful  consumption  of  work  which 
accompanies  the  employment  of  the  wedge,  this  machine 
is  in  universal  use.     It  has  not,  however,  always  the 

Fig.  228. 


%J 
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prismatic  figure.    It  sometimes  has  the  form  of  a  pyramid  u  may  be  a 
with  three,  four,  or  more  edges;  in  which  case,  the  rela-  py'**"*^* 
tions  between  the  power  and  resistance  when  in  equilibrio 
are  altogether  analogous  to  those  of  the  prism ;  the  power 
applied  to  the  back  is  equal  and  directly  opposed  to  the 
resultant  of  the  resistances  and  the  frictions  against  the 
&ces.    The  wedge  may  also  have  the  form  of  a  truncated  a  truncated 
pyramid  or  prism.     Often  it  is  nothing  more  than  a  cone  J^^^!^**'*^" 
at  the  extremity  of  a  cylinder. 

Examples  in  tools.     Almost  all  the  tools  employed  in  examples  in 
the  arts  have  some  relation  to  the  wedge ;  such  as  the  *******' 
different  kinds   of  knives,    axes,   shears,   scissors,   files, 

chisels,  saws,  hoes,  ploughs,  &C.;  &C.      All  wedges,  of  what-  rulea  in  regard  to 

erer  kind  and  however  employed,  are  destined  to  act  by  "*®  ^®*^^  °' 


actttenew. 


Fig.  22ft 


their  pointed  ends,  and  the  shape  of  this  should  be  regula- 
ted with  special  reference  to  the  object  in  view.    If  too 
acute,  it  will  break  off;  if  too  obtuse,  it  will  not  penetrate; 
and  the  angle  adopted  is  generally  the  result  of  a  com- 
promise between  these  difficulties,   determined   by   the 
nature  of  the  material  of  which  the  wedge  is  made  and 
that  of  the  substance  to  be  worked.    If 
the  substance  to  be  worked  be  hard, 
as  cold  iron,  copper,  &c.,  the  basil  angle 
ahc  should   be  large;    this   angle  in 
the  chisel  of  a  carpenter's  plane,  which 
is  only  intended  for  wood,  is  about  30° ; 
it  is  made  still  more  acute  in  knives 
employed  to  cut  the  sofi;er  substances, 
meat,  bread,  and  the  like. 

§  22S. — ^AU  rotating  pieces,  such  as  wheels  supported  Friction  ©r 
upon  other  pieces,  give  rise  by  their  motion  to  fiiction.  "^'^^'vp^w**; 
This  is  an  important  element  in  all  computations  relating 
to  the   performance   of  machinery,    and  cannot   safely 
be  neglected.     It  seems  to  be    different   according  as 
the  rotating  pieces  are  kept  in  place  by  trunnwns  or  by  trmmionf; 
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plTOlil 


Fig.  230. 


deflnittoB  i 

demsripUonofa 

tnumion; 


dflflnltion  and 
dMcriptlonof  * 
piroto  and  thair 
•ocketo; 


Fig.  281. 


\:}/ 


pivots.  By  trunnions 
are  meant  cylindrical 
projections  a  a  from 
the  ends  of  the  arbor 
ABof&  wheel;  they 
are  usually  mAde  as 
small  in  diameter  as 
may  be  found  consist- 
ent with  the  requisite 
strength,  and  are  so 
placed  that  their  axes 
coincide  with  that  of 
the  arbor  which  is 
perpendicidar  to  the 
plane  of  the  wheel 
The  trunnions  rest  on 
the  concave  surfaxjes 
of  cylindrical  boxes 
CD,  with  which  they 
usually  have  a  small 
surface  of  contact  m, 
the  linear  elements  of 
both  being  paralleL 
Pivots  are  shaped  like 
the  trunnions,  but 
support  the  weight  of 
the  wheel  and  its  ar- 
bor upon  their  circu- 
lar end,  which  rests 
against  the  bottom 
of  cylindrical  sockets, 

EFOHIK  K  the  forces  which  give  motion  to  the 
wheel  press  its  pivot  against  the  cylindrical  sur&ce  of  the 
socket,  the  friction  will  partake  of  the  nature  of  that  due 
to  the  trunnion  as  well  as  the  pivot;  but  this  is  usually 
prevented  by  special  arrangements  in  the  mounting  of  the 
wheeL    Of  the  two  frictions  here  referred  to,  one  takes 
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place  between  the  end  of  the  pivot  and  the  circular  bottom  natm  or  the 
of  the  socket,  and  is  in  all  respects  similar  to  that  of  two  ^^^  **"**** 
gai&oes  sliding  over  each  other.    The  friction  due  to  the 
motion  of  the  trunnion  has  been  found  by  Coulomb  to  be 
much  less  than  that  of  the  pivot ;  and  there  is  also  less  Mctton  on 
adhesion  on  account  of  the  smaUness  of  the  surface  of  |™™*<>°»  *«» 

tbu  on  pi  vote. 

contact  A  table  of  the  coefficient  of  frictions  which  ac- 
company the  motion  of  trunnions  will  be  given  in  its 
proper  place. 


§  224 — ^It  is  not  sufficient  in  case  of  rotary  motion,  ibiindtbeyaiMr 
to  know  the  ratio  of  the  friction  to  the  pressure:  we  must  ^*»»»«««o»«J 

x-  7         ^  the  plTot  agalnal 

also  know  how  the  friction  arising  from  the  peculiar  ar-  the  bottom  or  ite 

rangements  of  the  rubbing  parts  as  just  indicated,  acts  with  **^®'' 

respect  to  the  other  forces.    We  shall  first  take  the  case 

of  the  pivot  turning  around 

its  axis.     Let  N  denote  the 

ferce,  in  the  direction  of  the 

axis,  by  which  the  pivot  is 

pressed  against  the  bottom 

of  the  socket     This  force 

may  be  regarded  as  passing 

through  the  centre  of  the 

ciicolar  end  of  the  pwot, 

and  as  the  resultant  of  the 

partial  pressures  exerted  up* 

on  all  the  elementary  sur- 

&ces  of   which   this  circle 

is  composed.    Denote  by  A 

the  area  of  the  entire  circle, 

then  will  the  pressure  sustained  by  each  unit  of  surface  be 


If 

^^^  • 

A  ' 


preamre  on  unit 
of  snrftce; 


and  the  pressure  on  any  small  portion  of  the  sur&ce 


1 


S58 


NATUBAL    PHILOSOPHY. 


denoted  by  o,  will  obviously  be 


preisare  on  a 
single  elementary 
surface ; 


a.N 


and  the  firiction  on  the  same  will  be 


the 

correBpondixig 

fHcUon; 


/.a.N 


This  friction  may  be  regarded  as  applied  to  the  centre  of 
the  elementary  surface  a;  it  is  opposed  to  the  motion,  and 
the  direction  of  its  action  is  tangent  to  the  circle  described 
by  the  centre  of  the  element.  Denote  the  radius  of  this 
circle  by  r,  then  will  the  moment  of  the  friction  be 


moment  of  thia 
friction ; 


/ 


a.N 
A 


to  And  the 
moment  of  the 
(yictiou  on  a 
single  sector ; 


If  we  now  consider  all  the  elementary  surfaces  within  the 

sector  A  C  B^  of  which  the  angle  at  (7  is  very  small,  we 

may  regard  the  frictions  on 

these  elements  as  parallel  to       < 

each  other,  and  perpendicular 

to    the   radius   0  (7,    which 

bisects  the  angle  A  OB;  in 

virtue  of  their  parallelism, 

their  resultant  will  be  equal 

to  their  sum ;   and,  because 

of  their  equality  on   equal 

elementary  surfaces,  the  line 

of  direction  of  this  resultant 

will  pass  through  the  centre 

of  gravity  of  the  sector  A  GB. 

But  this  sector  being  very 

iacute,  will  not  differ  from  an  isosceles  triangle,  of  which 
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the  equal  sides,  aad  perpendicular  drawn  to  the  base  from 
the  vertex  C7,  will  be  sensibly  equal  to  each  other  and  to 
B,  the  radius  OA  of  the  circle :  whence  the  distance  of 
the  resultant  friction  on  the  sector  from  the  centre  0  will 
be  f  £  Substituting  the  small  sector  for  a,  and  1 22  for 
f  ,  in  the  foregoing  expression,  and  we  have,  for  the  moment 
of  the  friction  on  the  sector. 


f.^.seot.ACBxiS;  ':^'"^ 


and  the  same  is  true  of  any  other  sector.    If  the  moments 

be  taken  for  all  the  sectors  which  make  up  the  circle,  and 

these  be  added  together,  we  shall  have  the  moment  of  the 

N 
entire  friction.    The  quantity  /  •  -j-  •  f  i2,  is  constant,  somofantiM 

and  hence  the  sum  of  these  moments  will  be 


2f 
f  •  —J-  •  IE  X  (sum  of  the  sectors  A  OB); 


but  the  sum  of  all  the  sectors  is  equal  to  the  area  of  the 
circle,  or  A  ;  whence  the  moment  of  the  friction  on  the 
entire  base  of  the  pivot  is 


moiDMitofttie 


f.N.lR (114);       Mdlononthe 

•^  •  \        /»       entire  end  of  the 

piTot; 

whence  we  conclude,  that,  in  the  friction  of  a  pivot,  we  may 

regard  the  whole  friction  due  to  the  pressure  as  acting  in  a 

single  potrU,  and  ai  a  distance  Jrom  the  centre  of  motion  equal 

to  two  thirds  of  the  radius  of  the  base  of  the  pivot    This  ■i««ii«»«rof 

distance  is  called  the  mean  lever  of  friction.  ^' 

It  may  happen,  that  the  extremity  of  the  pivot,  in-    t 
stead  of  rubbing  upon  an  entire  circle,  is  only  in  contact  when  the  iHctioa 
with  a  ring  or  surface  comprised  between  two  concentric  ||^^J|^.  "*"""" 
oirclea.    This  occurs  when  the  arbor  of  a  wheel  is  urged 
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f  flnd  Mctton 
agrimtariflg; 


noBMiii  on  • 
•eetor  of  tho 
larger  droto; 


in  the  diieotLon  of  its 
length  by  a  force  N  a- 
gainst  a  shoulder  deb  a. 
Denoting,  as  before,  the 
area  of  the  ring  which 
sustains  the  pressure 
by  Aj  the  moment  of 
the  friction  on  the  ele- 
mentary sector  AB  0 
is,  as  before  found. 


Pig.  284. 


/ 


N 


IR  X  sector  A  OB; 


in  which  R  denotes  the  radius  of  the  larger  circle.    Again, 
the  moment  of  the  friction  on  the  sector  A*  OB  \a 


tbcionllie 


/ 


N 


\R'  X  sector  ^'C5'; 


and  the  differenoe, 


tbttOBIII 

elemontoffha 
rtag; 


N 


f  /  •  -J-  [i?  X  sector  AGB-  R'  sector  A' OB'], 


win  be  the  moment  of  the  friction  on  the  surfig^ce,  A'B'BA. 
Taking  the  moments  for  the  remaining  elementary  sur&oes 
which  make  up  the  ring,  and  adding  them  together, 
obserying  that  the  sums  of  the  sectors  make  up  the  areas 
of  the  circles  to  which  they  respectively  belong,  we  find, 
for  the  moment  of  the  friction  on  the  whole  ring, 

^2kl?^  if'  7-  (-S  X  area  of  circle  -B  —  JJ'  x  area  of  circle  R']. 


But  the  area  of  the  circle  whose  radius  is  ^S^  is 
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^  -tC   \  BrMofonedrele; 

that  of  the  circle  whose  radius  is  J?',  is 


that  of  the  other; 


a&d  the  area  A  of  the  ring,  is 

*  (i2*   —   Ic),  area  or  the  ring; 

Sabstitatiiig  these  values  in  the  above  ezpressioiiy  we  find 

•pi   ^__     p/*  moment  of 

}/.  N  X    —5.  frictiottontbe 

Fmally,  denote  by  I  the  breadth  of  the  ring,  that  is,  the 
distance  A'  A  ;  by  r,  its  mean  radius  or  distance  from  (7  to 
a  point  half  way  between  A'  and  J.,  and  we  shall  have 

R   =  r  +  i«, 

B'  ^  r  --  \l; 
embstitutiiig  tliese  values  above  and  reducing,  we  have 


f'Nx  [»•  + ^-7]    .  .  (115);  Z? 


different 


and  making 


+        1  mean  lever 

12  r        .  '  ■™» 


we  obtain,  for  the  moment  of  the  friction  on  the  entire  ring, 

f.N.r, (115)'. 

The  quantity  r,  is  called  the  mean  lever  of  friction  for  a 
ring.  Since  the  whole  friction  /  N^  may  be  considered  as 
applied  at  a  point  whose  distance  from  the  centre  is  }  ^  or 
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,,=,  + jil,  «x»rfi»g  «  4,  ftieSoa  i,  everted  <,,»  „ 

entire  circle  or  over  a  ring ;  and  since  the  path  described 
by  this  point  Ues  always  in  the  direction  in  which  die 
work  consomed  friction  acts,  the  quantity  of  work  consumed  by  it  will  be 
^  ^^*  equal  to  the  product  of  its  intensity  fN  into  this  path. 
Designating  the  length  of  the  arc  described  at  the  unit's 
distance  from  0  by  s,,  the  path  in  question  will  be  either 

iBs,,    or     r,8,; 
and  the  quantity  of  work  either 

ita  Tilae  for  aa  «  ^  /AT 

euUra  circle;  i  -tC  .  8^  .J  .  JS 

for  an  entire  circle,  or 


Its  TaliM  for  a 
ling; 


f-K'^mh 


for  a  ring.  Let  Q  denote  the  quantity  of  work  consumed 
by  friction  in  the  unit  of  time,  and  n  the  number  of  revo- 
lutions performed  by  the  pivot  in  the  same  time ;  then  wiU 

«         • 

and  we  shall  have 

work  consumed 

by  Mctionina  Q   =   {'f  .  B  .f .  N .  fl    .      .      .      (116) 

unit  of  time; 

for  the  circle,  and 

fornring;  Q  :=z  2^ .f.  N  Jr   •\'   zr^Yu  .      .      (117) 


•  * 


for  a  ring ;  in  which  «r  =  8.1416. 

The  coefficient  of  friction  /  when  employed  in  either 
of  the  foregoing  cases,  must  be  taken  from  the  tables  in 
§212. 
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Fig.  286. 


From  these  expressions,  it  ap- 
pears that  the  quantity  of  work  con- 
sumed by  Motion,  in  a  given  time, 
augments  with  the  radius  of  the  piv- 
ot, or  mean  radius  of  the  ring ;  and 
as  this  work  is  always  opposed  to  the 
motion,  there  is  an  advantage  in  re- 
ducing these  radii  as  much  as  possi- 
ble, consistently  with  the  strength  of 
the  pivot.  With  this  view,  the  pivots 
are  sometimes  made  in  the  form  of 
a  truncated  cone^  and  often  with  a 
convex  ellipsoidal  or  spherical  ter- 
mination, and  the  socket  having  a 
corresponding  shape,  it  will  only  be 
necessary  to  consider  the  small  cir- 
cle of  contact  which  arises  from  the 
compression  of  the  material. 

Beferring  to  the  expressions  (114)  and  (115)',  we  see, 
that  to  obtain  the  moment  of  fidction,  in  the  case  of  the 
pivot,  either  for  an  entire  circle  or  ring,  we  multiply  the 
coefficient  of  friction^  as  given  in  the  table  of  §  212,  by  the 
pressure^  and  this  product  by  the  mean  lever.  And  referring 
to  Eqs.  (116)  and  (117)  we  find,  that  the  quantity  of  work  is 
obtained  by  multiplying  the  moment  ofjriction  into  the  path 
described  by  a  point  at  the  unit's  distance  from  the  centre  of 
motion, 

Eacample.  Bequired  the  moment  of  the  friction  on  a 
pivot  of  cast  iron,  working  in  a  socket  of  brass,  and  which 
supports  a  weight  of  1784  pounds,  the  diameter  of  the 
circular  end  of  the  pivot  being  6  inches.    Here 


work  ooDsmiMd 
by  fVictlon 
proportional  to 
mean  lever ; 


pU'ots  should  be 
■aimallaa 
poMlble ; 

conical  and 

apherioal 

termlnatlcoB; 


the  moment  of 
theflletion; 


quantity  of  worii 
of  the  friction; 


example  of  the 
eireolar  baae ; 


tn. 


A 


fi  =  J  =  8  =  0.25, 


lbs. 


N  =  1784, 
/  =  0.147; 


numerical  Titaie 
ofelemenli; 
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imloeofllM 
moment; 


which,  substituted  in  expression  (114),  gives 


0.147  X  1784* X  i  X  0.25*=  43.708. 


And  to  obtain  the  quantity  of  work  in  one  unit  of  time, 
say  a  minute,  there  being  20  revolutions  in  this  unit,  we 
make  n  =:  20,  and  v'  =  8.1416  in  Eq.  (116),  and  find. 


rinrzi    « =  *  x  8.1416  x  0.25  x  0.147  x  1734  x  20 

=:  6492.80; 

that  is  to  say,  during  each  unit  of  time,  there  is  a  quantity 
of  work  lost  which  would  be  sufScient  to  raise  a  weight 
of  6492.80  pounds,  through  a  vertical  distance  of  one  foot 
Example.  Bequired  the  moment  of  friction,  when  the 
pivot  supports  a  weight  of  2046  pounds,  and  works  upon 
a  shoulder  whose  exterior  and  interior  diameters  are 
respectively  6  and  4  inches ;  the  pivot  and  socket  being 
of  cast  iron,  with  water  interposed. 


example  of  the 
•imalArlMtfe; 


I 


6-4. 


1  inch, 


2  +  0.5  s  2^  inches, 


nnmerieal  Ttlne 
of  the  elementi ; 


Tsliieofthe 
moment  I 


''  '=  ^'^  +  12^  =2"^«»  =  <»^2^"' 


If  =  2046  pounds, 
/  =  0.314; 

which,  substituted  in  expression  (115),  gives  for  the  mo- 
ment of  friction, 

0.814  X  2046*^  02111  =  185.62. 
The  quantity  of  work  consumed  in  one  minute,  there 
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being  supposed  10  revolutions  in  that  tinit,  wiU  be  found 
by  making  in  Eq.  (117),  aa  before,  *  =  8.1416  and 
n=10, 

C  =  2  X  8.1418  X  0.814  X  2046  x  0.211  x  10 

=  8517.24; 


work  ooBiomed 
iiiiiiiitofttm«; 


that  is  to  say,  fiiction  will,  in  one  unit  of  time,  consume  a 
quantity  of  work  wHch  would   raise  8517.24  pounds 
through  a  vertical  distance  of  one  foot.    The  quantilyniteforflndiiig 
of  work  consumed  in  any  given  time  would  result  from  2^**^*^*^ 
multiplying  the  work  above  found,  by  the  time  reduced 
to  minutes. 

§  225. — ^The  friction  on  trunnions  and  axles,  which  we  Friction  on 
now  proceed  to  consider,  gives  a  considerably  less  (jq.*"'^*^^*^"*^ 
efficient  than  that  which  accompanies  the  kinds  of  motion 
referred  to  in  the  tables  of  §  212.    This  will  appear  from 
the  following  table^  which  is  the  result  of  careful  experi- 
ment, viz. : — 

TABLE  IV. 

Fbiction  of  Tbunhions  a  theib  Boxes. 


KINDS  OF  MATERIALS. 

SPATE  OP  SURFACES. 

Ratio  of  Mction  to 
proMore  wbeii  fbe 
unguent  is  renewed. 

By  the 

ordinarr 

Or,  oon- 
tinoottaly. 

Trunnions  of  cajst  iron 
aad  boxes  of  cast  iron. ' 

V 

IVunmoos  of  cast  ironj 
and  boxes  of  brass. 

XJngnents  of  olive  oil,  hogs' 
liurd,  and  taUov  -    -    - 

The  same  trngneittB  moist- 
ened with  water  -    -    - 

TTnguent  of  asphaltnm    - 

Unctuous 

Unctuous  and  moistened 
with  water    -    -    •    •> 

Unguents  of  olive  oil,  hogs' 
lard,  and  taUow  -    -    - 

Unctuous 

Unctuous   and    moistened 

with  water     -    -    -    - 
Very  slightly  unctuous*  - 

o.o8 

o.o54 

o.i4 

o.i4 

i:s( 

o.i6 

o.i6 
0.19 

o.o54 

o.o54 
o.o54 

A             m 

o.o54 

m              • 
•              • 

*  Hm  soiflMes  began  to  move  about 
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TABLE  TV.— cwtfiTiuai 


KINDS  OF  MATERIALS. 


Tnmnions  of  caat  iron 
aad  boxea  of  lignum-^ 
yitm. 


Trunnions  of  wrought  1 
iron  and  boxes  of  cast  V 
iron.  ) 


Trunnions  of  wrought 
iron  and  boxes  of 
brass. 


Trunnions  of  wrought 
iron  and  boxes  of  lig- 
num-yitsB. 

Trunnions  of  brass  and 
boxes  of  brass. 

Trunnions  of  brass  and  j 
boxes  of  cast  iroa       ( 

Trunnions  of   lignum- 

vitiB   and  boxes   of 

cast  iroa 
Trunnions  of   lignum- 

vitn  and    boxes   of 

lignum-vittt. 


8TATB  OF  SURFACES. 


Without  unguents*  -  - 
Unguents  of  olive  oil  and 

hogs'  lard 

Unctuous    with    oil    an< 

hogs'  lard 

Unctuous  with  a  mixture 

of  hog.'  lard  and  plum- 

bago     ------ 

Unguents  of  olive  oil,  tal- 
low, and  hogs'  lard  •    • 

Unguents  of  olive  oil,  hogs' 
lard,  and  tallow  -    -    • 

Old  unguents  hardened  - 
Unctuous    and    moistened 

with  water  -  -  -  - 
Very  slightly  unctuousf  - 
Unguents  of  oil  or   hogs' 

lard 

Unctuous  -  -  -  -  - 
Unguent  of  oil  -  -  -  - 
Unguent  of  hogs'  lard-    • 

Unguents  of  tallow  or  of ) 
ohve  oil J 

Unguents  of  hogs'  lard  • 
Unctuous 

Unguent  of  hogs*  lard     - 


Ratio  of  fHclton  to 
preMure  when  Ui« 
unguent  is  renewed, 


By  the 
ordinarr 
method. 


o.l8 


O.IO 


o.i4 
0.07 

to 
0.08 
0.07 

to 
0.08 
0.09 

0.19 
o.aS 

o.ii 
0.19 

O.IO 

0.09 


o.xa 
o.i5 


Or,  con- 
tinnooily. 


0.090 


o.o54 
o.o54 


I 


0.045 

to 
0.062 


0.07 


Motion  of 
trunnions; 


Let  U8  now  examine  the  part  perfonned  by  friction  in  . 
to  Investigate  the  connection  with  the  forces  which  give  motion.    We  have 

seen  that  the  contact  of  the  trunnion  with  its  box  is 
along  a  linear  element,  common  to  the  surfaces  of  both 
A  section  perpendicular  to  its  length  would  cut  jfrom 
the  trunnion  and  its  box,  two  circles  tangent  to  each 
other  internally.    The  trunnion  being  acted  on  only  by 


*  The  wood  being  a  little  unctuous. 
t  The  BurHftoes  begux  to  move  about* 


Fig.  286. 


"I 


/ 

^           ^ 

V 

'f\ 

^7 

-;  ^ 

/ 

)j 

poaltlon  of 
tronnloii  when  it 
begins  to  slide  on 
ftsboz; 

•<l 

K 
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its  weight,  would,  when  at  rest,  give  this  tangential 
pint  at  0,  the  lowest  point  of  the  section  poq  o{  the  box. 
If  the  trunnion  be  put  in  motion  by  the  application  of  a 
force,  it  would  turn 
around  the  point  of 
contact  and  roU  in- 
definitely along  the 
sur&ce  of  the  box, 
if  the  latter  were 
level;  but  this  not 
being  the  case,  it  will 
ascend  along  the  in- 
clined sur&ce  op  to 
some  point  as  m, 
where  the  inclina- 
tion of  the  tangent 
urn V  is  such,  that 
the  friction  is  just 

sufficient  to  prevent  the  trunnion  from  sliding.    Here  let 
the  trunnion  be  in  equilibrio.    But  the  equilibrium  requires 
that  the  resultant  of  all  the  forces  which  act,  friction  in-  point  in  wwch 
eluded,  shall  pass  through  the  point  m  and  be  normal  to  J^^J^^^i^e 
the  surfece  of  the  trunnion  at  that  point.  The  fnction  is  ap-  »nrf«ce  of  box; 
plied  at  the  point  m;  hence  the  resultant  iVof  all  the  other 
forces  must  pass  through  m  in  some  direction  as  m  d;  the 
friction  acts  in  the  direction  of  the  tangent ;  and  hence,  in 
order  that  the  resultant  of  the  friction  and  the  force  iV  shall  tangential 
be  normal  to  the  surfece,  the  tangential  component  of  the  J^||^^"e*wd 
latter  must,  when  the  other  component  is  normal,  be  equal  and  opposed  to 
and  directly  opposed  to  the  friction.  *"""""' 

Take  upon  the  direction  of  the  force  -AT,  the  distance 
md  to  represent  its  intensity,  and  form  the  rectangle 
adhrrij  of  which  the  side  mh  shall  coincide  with  the 
tangent,  then,  denoting  the  angle  dm  a  by  9,  will  the  com- 
ponent of  iV  perpendicular  to  the  tangent  be 


-AT.  cos(p; 


normal 
component; 
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friction  dae  to 
this  component : 


tangential 
component; 


and  the  friction  due  to  this  pressure  will  be 

/.  i^.  cos  9. 

The  component  of  iVJ  in  the  direction  of  the  tangent, 
will  be 

If.  sin  9; 
and  as  this  mu£rti  be  equal  to  the  fiiction,  we  have 


/.  N.  COS.  9  =  i\r.  sin  9 


(118); 


yalne  of  tlie  unit 
of  friction; 


whence 


/=  tan  9; 


that  is  to  say,  the  raJtio  of  ike  fiiction  to  the  pressure  on 
the  trunnion,  is  equal  to  the  tangent  of  the  angle  which 
the  directum  of  the  resultant  N  of  all  the  forces  except 
the  friction,  makes  with  the  normal  to  the  surface  of  the 
trunnion  al  the  point  of  contact.  This  gives  an  easy  method 
of  finding  the  point  of  con- 


to  find  the  point  tact.  For  this  purposc,  we 
**°^''  have  but  to  draw  through 
the  centre  A,  a  line  A  Z,  par- 
allel to  the  direction  of  iVJ 
and  through  A  the  line  A  n, 
making  with  ^^  an  angle 
of  which  the  tangent  is  /; 
the  point  m,  in  which  this 
line  cuts  the  circular  section 
of  the  trunnion  will  be  the 
point  of  contact. 

Because  mad\  last  fig- 
ure, is  a  rectangle,  we  have 


Kg.  237. 


N^  =  iV*cos*9  +  iV^sin*9; 
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and,  sabstitutmg  for  N^  sia^  9  its  equal  J^N^  coa^  9,  we  toflndtheTBine 

have  of  the  total 

"**''  Motion; 

whence 

1 


if  cos  9  =  N  X 


VI  +/«' 


and  mtdtiplying  both  members  by/ 

/ 

/.  i\r.  cos  9   =   iV^-      .    /        ^  .     .     (119);      itsTalne; 
"^  VI    +/«  ^ 

bat  the  first  member  is  the  total  Motion ;  whence  we  con- 
clude, that  to  find  the  Jriciion  upon  a  trunnion,  we  have  hut  to 
multiply  the  resultant  of  the  forces  which  act  upon  it^  by  {he  rule; 
unii  of  friction^  fbund  in  Table  IV,  and  divide  this  product  by 
the  square  root  of  the  square  of  this  same  unit  increased  by 
unity. 

This  friction  acting  at  the  extremity  of  the  radius  It  of 
the  tnumion  and  in  the  direction  of  the  tangent,  its  moment 
will  be 

N  .  -^  X    B   .      .      .     (120).       "omantofthe 

y  I    ^   fi  ^       '        totalj^tton; 

And  the  path  described  by  the  point  of  application  of  the 
friction  being  denoted  by  -B5,,  the  quantity  of  work  of 
the  friction  will  be 

•    N.B.s,  X  -=L==    .    .    (121);    .«««tttycwofk 

V  1    +   /^  ofWctton} 

in  which  s,  denotes  the  path  described  by  a  point  at  the 
unit's  distance  from  the  oentre  of  the  trunnion.    Denoting^ 
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38  in  the  case  of  the  pivot,  the  number  of  revolutions  per- 
formed by  the  trunnion  in  a  unit  of  time,  say  a  minute,  by 
n;  the  quantity  of  work  performed  by  friction  in  this  time 
by  Q^ ;  and  making  ^  =  8.1416,  we  have 


8,  =  2'ff.n; 


and 


quantity  of  work 
in  a  imit  of  time ; 


/ 


(122). 


When  the  trunnion  remains  fixed  and  does  not  form  part 
of  the  rotating  body,  the  latter  will  turn  about  the  trun- 
nion,   which    then   takes 

axio;  the  name  axle,  having  the 

centre  of  motion  at  A,  the  Fig.  238. 

centre  of  the  eye  of  the 
wheel;  in   this  case,  the 

lererorMctioii;  lever  of  frictiou  becomes 
the  radius  of  the  eye  of 
the  wheel.  As  the  quan- 
tity of  work  consumed  by 
friction  is  the  greater,  Eq. 
(122),  in  proportion  as  this 
radius  is  greater,  and  as  the  radius  of  the  eye  of  the  wheel 

trunnion  better    must  bc  greater  than  that  of  the  axle,  the  trunnion  has  the 

^toMiilli-  »<i^^^tage,  in  this  respect,  over  the  axle. 

The  value  of  the  quantity  of  work  consumed  by  fric- 
iwction  aame  for  tiou  is  wholly  independent  of  the  length  of  the  trunnion  or 
tr^tons^mr  ^®»  ^^^  ^^  advantage  is  therefore  gained  by  making  it 
axles.  shorter  or  longer. 

§  226.— If  we  examine  Eq.  (122),  we  find  that,  all  other 

things  being  equal,  the  value  of  the  work  consumed  by 

friction  will  depend  upon  the  radius  B  of  the  trunnion,  and 

Thmniona  dionid  that  as  the  latter  diminishes,  in  the  same  proportion  will 

^^jTJ^\"         this  consumption  diminish.    The  trunnion  should,  therefore, 

be  made  as  small  as  possible,  and  of  the  hardest  and 
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preesure; 


Strongest  material,  as  stee].  The  consumption  of  work  by  eonBamptioii  or 
friction  may  also  be  diminished  by  lessening  the  force  N;  |^^^"^*^° 
but  with  these  two  exceptions  there  is  no  way  of  avoiding  diminishing  the 
the  effects  of  friction  for 
given  materials.  When 
thetmnnionisemployedto  Kg.  289. 

support  a  piece  which  sim- 
ply oscillates  through  an 
arc,  as  in  the  case  of  the 
pendulum  an^  weighing- 
balance,  the  knife-edge 
may  be  used  to  great  ad-  adTutagesof  the 

vantage,  for,  in  that  case,  the  radius  R  is  reduced  to  the  ^*^^^<*««"«" 
smallest  conceivable  length,  and  the  work  of  friction  to 
ahnost  nothing. 


Friction  of 
rolling  motion ; 


§  227.— There  is  ano- 
ther species  of  friction  yet 
to  be  mentioned,  viz :  that 
which  arises  from  the  roll- 
ing of  one  body  over 
another.  As  the  surfaces 
of  contact  are  in  this  case 
appUed  to  each  other^  and 
separated  in  a  direction 
perpendicular  to  that  of 
the  motion,  there  would, 
at  first  view,  appear  to  be 
no  friction,  nor  would 
there  if  the  surfaces  were 
perfect — that   is   to    say, 

free  from  all  irregularities.    But  there  can,  in  practice,  be 
no  such  surface;  when  bodies  are  brought  in  contact  in 
the  manner  here  referred  to,  the  slight  protuberances  on 
the  sur&ce  of  one  will  enter  into  the  corresponding  cavi-  *>«*  ^  wtuai 
ties  on  that  of  the  other,  after  the  manner  of  so  many  ^o^-  *" 
wedges,  and  cannot  be  again  withdrawn  without  giving 


no  friction  in 
rolling  motion  if 
Burfacee  were 
perfect; 


872 


this  kind  of 
friction,  as  well 
as  adhesion,  may 
be  neglected; 


Mction  of  the 
aeoondkind; 


Ulustration ; 


iUnstrattonofits 
practtcal 
Buhstitution  for 
■Uding  friction. 
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rise  to  an  amount  of  friction  due  to  their  dimension,  depth 
of  insertioo,    and  nature    of  material.     Here  adhesion 
assumes  a  value  which  is  appreciable,  as  compared  with 
this  friction,  but  both  together  are  found,  in  practice,  to 
be  exceedingly  small,  and  generally,  adhesion  in  rolling,  as 
well  as  in  sliding  fiiction,  may,  without  much  error,  be  neg- 
lected.   In  general  this  friction,  called  friction  of  the  second 
Jdndy  is  less  in  proportion  as  the  diameter  of  the  rolling 
body  is  less.    A  wheel  of  two  feet  diameter,  loaded  with 
a  weight  of  100  pounds,  and  rolling  oyer  a  piece  of  level 
and  smooth  ground,  only  gives  rise  to  a*  friction  of  0.03 
of  the  pressure — that  is  to  say,  to  only  three  pounds.    The 
wheels  of  carriages  meet  often  with  considerable  resist- 
ance when  rolling  over  compressible  or  rough  ground,  but 
this  is  because  the  carriage  must  be  raised  over  the  in- 
clined planes  formed  in  front  by  the  sinking  of  the  wheels, 
or  over  obstacles  which  project  above  the  common  surface. 
The  little  resistance  to  motion  arising  from  friction  of  the 
second  kind,  is  well  illustrated  by  the  comparative  facility 
with  which  heavy  blocks  of  stone  are  often  transported 
upon  roDers  over   considerable  distances.     A  roadway 
is  first   usually  made  by 
placing  straight  pieces  of 
timber  along  the  ground 
to  prevent  the  rollers  from 
sinking  into  it ;  the  stone 
is  then  mounted  upon  the 
rollers,   which  are  placed 
upon  these  pieces  at  right 
angles  to  their  length,  and 
drawn  in  the  direction  of 
the  road  by  the  applica- 
tion of  any  convenient  power.    As  &st  as  a  roller  is  de- 
tached from  behind,  it  is  brought  forward  and  interposed, 
in  time  to  prevent  the  stone  from  tipping  forward  in  con- 
sequence of  its  centre  of  gravity  getting  in  advance  of  the 
leading  roller.    The  quantity  of  work  necessary  to  con- 


Fig.  241. 
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vey  a  stone  over  any  considerable  distance,  in  this  way,  is 
incomparably  less  than  if  it  were  to  rest  with  its  face 
against  the  ground. 

§  228. — ^The  different  kinds  of  friction  may  be  so  com- 
bined as  to  diminish  both  its  intensity  and  the  quantity  of  Employment  of 
its  work.     Thus,  let 


Fig.  242. 


rolling  to 
dimlniih  Blidlog 
Motion; 


^r 


a  pair  of  wheels  CD 
be  mounted  upon  an 
axle,  and  suppose  a 
force  I^^  applied  to 
the  latter,  parallel  to 
a  level  plane  AB,  ix) 
put  it  in  motion.  De- 
note the  weight  of  the 
axle  and  its  load  by 

W,  that  of  the  wheels  by  w.    Suppose,  for  a  moment,  that 
the  wheels  are  firmly  connected  with  the  axle  and  that  they  cue  of  a  common 
cannot  rotate,  but,  when  put  in  motion,  must  slide  along  **^' 
AB;  the  force  F^  requisite  to  impart  motion  and  keep  it 
xmifonn,  will  be  given  by  the  equation 


F,  =^  {W  +  w)f 


(128) ; 


in  which  /  is  the  coefficient  of  sliding  friction  between  the 
wheels  and  plane  A  B.  Next,  suppose  the  wheels  capable 
of  turning  about  the  axle,  and  the  force  requisite  to  keep 
the  motion  uniform  to  be  denoted  by  F^,,  This  force, 
acting  to  communicate  motion,  will  give  rise  to  friction 
between  the  circumference  of  the  wheel  and  the  plane 
A  B,  and  also  between  the  axle  and  the  inner  surface  of 
the  eye:  the  latter  will  yield  first,  and  the  whole  will 
move  forward,  the  wheels  having  a  rotary  as  well  as  a 
progressive  motion.  The  friction  at  the  axle  will,  Eq. 
(119),  be 


force  necessary  to 
keep  It  in  uniform 
motion  when 
sliding ; 


N  ' 


I 


yrr+T'' 


IHctlon  on  azto 
when  rotating ; 
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in  which  /  denotes  the  coefficient  of  friction  at  the  axle. 
The  weight  Wis  thrown  upon  the  axle  and  acts  vertically; 
the  force  F,,  applied  also  to  the  axle,  acts  horizontally, 
and  hence 


normal pretrare  jf  =    V  W^    ^   JP  ^' 

on  axle; 

and  the  friction  at  the  axle  becomes 


(Hctlon  on  the 


wUe;  y    rr       -r   j-  ^^ 


VW^  +  FJ  X         •^' 


vl+7/ 


Denote  the  radius  of  the  wheel  by  i?,  and  that  of  its  eye 
by  r,  and  the  space  described  by  a  point  at  the  unit's  dis- 
tance from  the  centre  of  motion  by  s^ ;  then  will  the  quan- 
tity of  work  of  the  friction  be 

, f 

quantity  of  work  V  TP    +    F,^    X        ,  -    X    T  .  S^. 

ofMcUon;  "  -y/ \      i      f2  ' 

The  path  described  by  the  point  of  application  of  the 
power,  and  in  the  direction  of  the  power,  will  be  equal  to 
the  development  of  the  arc  of  the  circumference  of  the 
wheel  corresponding  to  the  arc  5^,  that  is  to  say,  to  iZ«^, 
and  hence  the  quantity  of  work  of  the  power  will  be 


work  of  the 
power ; 


whence  we  have 

F,,Rs,  =  VTT*  +  F^j^  X  :;7==-  X  r.s,; 

VI  +  fj^ 

from  which  we  find 


power  to  keep 

the  cart  in  .^  f 

uniform  motion     Jf^f    ^^     W    'j^    •   -^ 

when  the  wheels 

are  turning; 


y/(l+f,'){l-^-,^^- 


UKCHANICS    OF    SOLIDS. 

The  value  of/  being  a  small  fraction,  as  will  appear  from 
Table  IV.,  the  fiuction 


S76 


\/(i+/^(i-rf7^~5) 


this  fkctor  equal 
to  unity; 


will  differ  but  slightly  from  unity,  and  hence  may  be 
replaced  by  unity,  which  will  give 


K  =  y^-f.  •5-  •  • 


•     \'-^^h      of  power  to  kMd; 


Dividing  this  by  Eq.  (128),  we  find 


F..   _        W.f, 


-  X  - 


.    (125). 


relation  of  the 
powers  to 
produce  8li<iiiig 
and  rolling 
motion; 


Here  W  is  less  than  W -V  w;  /  is,  by  the  tables,  less  than 
/  and  r  is  usually  very  much  less  than  R,  so  that  the 
second  member  must  be  a  small  fraction,  and  F^^  conse- 
quentiy,  much  greater  than  F^^.    This  is  the  theory  of  theory  of  the 
carriage-wheels  of  every  kind,  of  castors,  roUera  for  smooth-  '^^^ 
ing  ground,  and  the  like. 

Bieample.  Suppose  a  carriage  with  four  wheels,  whose 
joint  weight  is  60  pounds,  to  be  loaded  with  2040  pounds, 
the  weight  of  the  axle-trees  and  body  being  together 
equal  to  320  poimds.  Let  the  wheels  be  of  cast  iron,  the 
axles  of  wrought  iron,  the  radius  of  the  eye  half  an  inch, 
that  of  the  wheel  one  foot  and  a  hal^  and  suppose  an  im-  exampie- 
guent  of  tallow  and  the  carriage  placed  upon  a  rail-track  ^'**.**" 
of  wrought  iron.    Here 


1 
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numerical  yalne 
of  the  element!; 
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lbs, 

W  =  2040  +  820  =  2360, 

Of. 

w  - 50, 

W  +  w  =    .    .  ^.    .    .    .   2410, 
/  =  Table  IT.    .    .    .    0.08, 
/  =  Table  1 0.194, 

r   = 0.042,  nearly, 

jB  = 1.5; 


aad  Eq.  (125), 

ntloof  the 
forces; 

F,,        2860        0.08          0.042 
F,         2410  ^   0.194          f.5 

or 

Tklne  of  one  in 
terau  of  the 
other; 

F^  =  88.49  .  F,, ; 

=  0.0118; 


coDdvaion; 


rmmers 
tabsUtuted  for 
wheels  on  ice ; 


eqtuiHtyofthe 
work  of  fViction 
and  of  power ; 


that  is  to  say,  the  force  requisite  to  put  the  carriage  in  mo- 
tion when  its  wheels  are  free  to  rotate,  is  only  about  one 
eighty-eighth  part  of  that  which  would  be  necessary  to 
drag  itj  were  its  wheels  locked* 

If  we  examine  Eq.  (125),  we  shall  find  that  by  taking 
/  equal  to  zero,  the  force  F^^  will  be  vastly  greater  than 
J^^,  and  the  wheels  will  not  turn.  Now,  although  this 
extreme  case  can  never  occur  in  practice,  yet,  wten  a  car- 
riage  is  placed  upon  ice,  we  approximate  to  it ;  and  this  is 
why  runners  are  usually  substituted  for  wheels,  under 
such  circumstances.  The  same  equation  explains  why  it 
is  that  so  much  more  advantage  arises  from  large  wheels 
than  small  ones. 

Multiplying  both  members  of  Eq.  (124),  by  Rs,^  we  find 

F,,R8,  =   W.f,.T.s,; 
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the  second  member  is  obviously  the  work  performed  by 
Motion,  as  the  first  is  that  performed  by  the  power  F^,, 
DenotSg  by  n  the  number  S  revolutions  performed  by 
the  wheels,  we  have 

which,  in  the  aboye  equation,  gives 

F,,B8,  =   W.l  X  2irr.n. 
Denote  the  distance  travelled  by  d^  then  will 


path  deflcribcd  by 
point  at  nnit'B 
diatance  (h>iii 
axia  or  axle ; 


n  = 


d 


2*B' 


namber  of 
revolutiona  of  the 
wheel; 


and 


-p.ija,  =  TT./.^.d  .  .  (126).  ::tj'^:, 


If  we  make  d  equal  to  one  mile  =  5280  feet,  and  take 
the  dimensions  and  other  elements  the  same  as  in  the  last 
example,  we  shall  find  example; 


«  J.           2860  X  0.08  X  0.042  X  5280      ^^^,  ^         , 
F.,B'8.  = =-= =  27912,  nearly; 


// 


1.5 


in  words,  the  work  expended  in  moving  the  carriage  one 
mile,  or  the  work  consumed  by  its  fiiction,  is  equivalent 
to  that  which  would  raise  27912  pounds  through  a  vertical 
height  of  one  foot 

When  a  trunnion  is  destined  to  support  considerable  method  by  which 
weight,  its  dimensions  must  be  proportionably  large ;  but  as  J^^^J^^J^  ^ 
the  radius  of  the  trunnion  increases,  the  effect  of  fiiction  will  reduoed; 
increase  in  the  same  ratio.    To  avoid  the  inconvenience 
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derieefor 

diminlshiiig 

filcUon; 


work  of  flriction 
when  wheels 
oaoBot  tarn ; 


that  would  arise  from  thiS;  when  great  freedom  of  motion 
is  desirable,  we  may  have  recoiirse  to  the  following  device. 
Conceive  the  trunnion  A  to 
rest  upon  the  circumference 
of  two  equal  wheels,  sup- 
ported upon  smaller  trun- 
nions 0,G',  whose  distance 
apart  is  slightly  greater  than 
the  radius  of  the  wheels. 
Eesolve,  by  the  parallelo- 
gram of  forces,  the  pressure 
upon   the   larger   trunnion 

into  two  components,  normal  to  the  circumferences  of  the 
wheels ;  these  will  be  transmitted  to  the  smaller  trunnions 
0  and  C,  where  they  wiU  be  supported.  Denote  these 
components  by  i\rand  N\  If  the  wheels  could  not  turn, 
the  friction  between  their  circumferences  and  the  larger 
trunnion  would  be  /iV^and/'iV' ;  and  the  quantity  of  work 
consumed  by  this  friction  would  be 

in  which  E,  denotes  the  radius  of  the  larger  trunnion,  and 
s,  the  arc  described  by  a  point  at  the  unit's  distance  from 
its  axis.  I^  on  the  contrary,  the  wheels  may  turn,  the 
frictions  on  the  trunnions  C  and  C"  will  yield  before  that  at 
the  circumference  of  their  wheels,  and  from  what  has  just 
been  shown,  Eq.  (124),  the  frictions  there  become 


i 


friction  on  the 
smaller 
tninnloni ; 


work  of  Mction ; 


Nf.^,    BXLdN'f.^; 


in  which  r  and  r'  denote  the  radii  of  the  smaller  trunnions, 
and  R  and  R'  the  radii  of  their  corresponding  wheels; 
and  thus  the  quantity  of  work  of  friction  will  become 
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a  quantity   obviously    mucli   less   than   that   obtained  compviMnor 

i_  results : 

above. 

If  the  wheels  and  their  trunnions  be  of  the  same  size, 
and  the  trunnions  as  well  as  their  boxes  be  of  the  same 
material,  the  above  expression  becomes 


f.{N+N').^  .B,s,; 


work  of  MctloDi 
when  wheels 
same  sixe  and  of 
same  material; 


the  value  of  this  expression  may  be  made  as  small  as  we 

please,  indeed  inappreciable,  in  a  practical  point  of  view, 

by  selecting  sur&ces  and  unguents  for  which  /  is  the  least 

possible,  and  making  r  very  small.    A  beautiful  applica-  used  in  Atwood^i 

tion  of  this  principle  is  exhibited  in  Atwood's  machine,  ™**^*^®- 

which  wiU  be  referred  to  hereafter. 


XVIIL 


STIFFNESS    OF    OOEDAGE. 


§229. — Let  us  now  con- 
sider a  wheel  turning  freely 
about  an  axle  or  trunnion, 
and  having  in  its  circum- 
ference a  groove  to  receive 
a  cord  or  rope.  A  weight 
TT,  being  suspended  from 
one  end  of  the  rope  while 
a  force  F  is  applied  to  the 
other  extremity  to  draw  it 
up,  the  latter  will  experience 
a  resistance  in  consequence 
of  the  rigidity  of  the  rope, 


Fig.  244. 


Resistance  from 
stiffness  of 
cordage; 
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measure  of  the 
rigidity  of 
cordage; 


the  Talne  of 
this  measure ; 


Btlflhees  on  a 
wheel  whose 
diameter  is 
unity; 


stiflhess  on  a 
wheel  of  any 
diameter ; 


which  opposes  every  effort  to  bend  it  around  the  wheel 
This  resisiiance  must,  of  necessity,  consume  a  portion  of 
the  work, of  the   force  F, 
The  measure  of  the  resist-  Kg.  244 

ance  due  to  the  rigidity  of 
cordage  has  been  made  the 
subject  of  experiment  by 
Coulomb ;  and,  according  to 
him,  it  results  that  for  the 
same  cord  and  same  wheel, 
this  measure  is  composed  of 
two  parts,  of  which  one  re- 
mains constant,  while  the 
other  varies  with  the  weight 
W;  and  is  directly  proper- 
tional  to  it;  so  that,  designa- 
ting the   constant  part   by 

JT,  and  the  ratio  of  the  variable  part  to  the  weight  TT 
by  I^  the  measure  will  be  given  by  the  expression 

JT  4-  /  .  W; 

in  which  JT  represents  the  stiflftiess  arising  fix)m  the  natural 
torsion  or  tension  of  the  threads,  and  /the  stiflEhess  of  the 
same  cord  due  to  a  tension  resulting  from  one  unit  of 
weight ;  for,  making  W  =  1,  the  above  becomes 

K  ^^  L 

Coulomb  also  foimd  that  on  changing  the  wheel,  the  stiff- 
ness varied  in  the  inverse  ratio  of  its  diameter ;  so  that  if 

jr+  /.  TT 

be  the  measure  of  the  stiffiiess  for  a  wheel  of  one  foot 
diameter,  then  will 

ir+  /.  TT 
2i2 


be  the  measure  when  the  wheel  has  a  diameter  of  2  jSL    A 
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table  giving  the  values  of  JTand  /  for  all  ropes  and  cords  datafrom  which 
employed  in  practice,  when  wound  around  a  wheel  of  one  Jjy^J^^ 
foot  diameter,  and  subjected  to  a  tension  arising  from  a  measure  of 
unit  of  weight,  would,  therefore,  enable  us  to  find  the  stiff- '     *"' 
ness  answering  to  any  other  wheel  and  weight  whatever. 

But  as  it  would  be  impossible  to  anticipate  all  the  dif- 
ferent sizes  of  ropes  used  under  the  various  circumstances  of 
practice,  Coulomb  also  ascertained  the  law  which  connects  these  data 
the  stiffiiess  with  the  diameter  of  the  cross-section  of  the  "^^'^^^^^^J 
rope.    To  express  this  law  in  all  cases,  he  found  it  neces- 
sary to  distinguish  1st,  new  white  rope^  either  dry  or  moist ; 
2d,  wMte  ropes  partly  tvom,  either  dry  or  moist;  8d,  tarred  dureront 
rcpes;  4th,  packthread.     The  stifl&iess  of  the  first  class  he  "^^^^^^^p*; 
found  nearly  proportional  to  the  square  of  the  diameter  of 
the  cross-section ;  that  of  the  second,  to  the  square  root  of 
the  cube  of  this  diameter,  nearly ;  that  of  the  third,  to  the 
number  of  yams  in  the  rope;  and  that  of  the  fourth,  to  the  laws  wwch 
the  diameter  of  the  cross-section.    So  that,  if  S  denote  the  *^^*™  *^®°* ' 
resistance  due  to  the  stiffness  of  any  given  rope;  d  the 
ratio  of  its  diameter  to  that  of  the  table ;  and  n  the  ratio 
of  the  number  of  yams  in  any  tarred  rope  to  that  of  the 
table,  we  shall  have  for 

New  while  ropey  dry  or  moist. 

's=  d^ ' ^^p'^.  .  .  (127).   ««*;;^'»^ 

2B  white  ropej 

Half  loom  while  rope^  dry  or  moisL 

S  =  d^   '  5-^ .      .      .      (128).       old  white  rope; 

Tarred  rope. 
^  =   n    •    ^r^ •      .      .      (129).       tarred  rope; 

Packthread. 
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TABLES 


OF  WEIGHTS  NECESSARY  TO  BEND  DIFFEREHT  ROPES  AROUND  A  WHEEL 

ONE  FOOT  IN  DIAMETER. 


No.  1.  White  Ropes — new  and  dry. 
Stiffness  proportional  to  the  square  of  the  diatneter. 


for  new  white 
ropee,dry; 


Diameter  of  rope 
In  inches. 


0.39 
0.79 

1.67 
3.i5 


Natural  stiffheaB, 
or  value  of  K. 


lbs, 

0.4024 
1.6097 
6.438. 
25.766 


stiffness  for  load  of 
1  lb.,  or  value  of  /. 


lb: 

0.0079877 
o.o3io6oi 
0.1 278019 
0.6112019 


No.  2.    Whitb  Bopbb — new  and  moistened  with 

WATER. 

Stiffness  proportional  to  square  of  diameter. 


for  new  white 
ropes,  moist; 


Diameter  of  rope  1  Natural  stiflhesSf 
in  inches.  or  value  of  K. 


0.39 
0.79 
1.57 
3.i5 


ib». 

o.8o48 

3.2194 

12.8772 

5i.6iii 


StUThess  for  load  of 
i  lb.,  or  value  of  /. 


lb». 

0.0079877 
o.o3io6oi 
o. 1 278019 
0.6112019 


Squares  of  the  rstios 

of  diameter,  or  vsl- 

uesof  d 

s 

• 

Ratios  e2. 

Squsrei 

1. 00 

1. 00 

l.IO 

1. 21 

i.ao 

1.44 

i.3o 

1.69 

i.4o 

1.96 

i.5o 

2.a5 

1.60 

2.56 

1.70 

2.89 

1.80 

3.24 

1.90 

3.61 

2.00 

4.00 

No.  8.  Whitb  Ropes — ^half  worn  and  d^t. 

Stiffness  proportional  to  the  square  root  of  the  cube 

of  the  diameter. 


old  white  ropes, 
dryj 


Diameter  of  rope 
in  inches. 

Natural  stithiess, 
or  value  of  K. 

Stiflhessforloadof 
1  lb.,  or  value  of  /. 

0.39 
0.79 
1.67 
3.i5 

lbs. 
0.40243 
i.i38oi 

3.21844 
9.10160 

lbs. 

0.0079877 
0.0626889 
0.0638794 
0.1806673 

No.  4.   White  Ropes — half  worn  and  uoistenbd 

WITH  WATER. 

Stiffness  proportional  to  the  square  root  of  the  cube 

of  the  diameter. 


old  white  ropes, 
moistened; 


Diameter  of  rope 
in  inches. 

Natural  stiflkiess, 
or  value  of  K. 

StifflMssforloadof 
1  lb.,  or  value  of  /. 

0.39 
0.79 
1.57 
3.i5 

lbs. 

0.8048 

2.2761 

6.4324 

18.2037 

lbs, 

0.0079877 
0.0626889 
0 . 0638794 
0.1806673 

Square  roots  of  the 

cubes  of  the  rstios 

of  diameten,  or  vsl- 

ues  of  cfa. 

Ratios  or 

Power  J, 

d. 

ordl. 

1. 00 

1. 000 

l.IO 

i.i54 

1.20 

i.3i5 

i.3o 

1.482 

1.40 

1.657 

i.5o 

1.837 

1.60 

2.024 

1.70 

2.217 

1.80 

2.4i5 

1.90 

2.610 
a.  828 

a. 00 

f 
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No.  6.  Tar&kd  Ropsa. 

Stiffneu  proportional  to  the  number  ofyam$, 

\TbmB  ropea  are  nsoally  made  of  three  atranda  twiated  around  each  other,  eaeb 
itrand  being  compoaed  of  a  certain  number  of  yama,  also  twiated  abont  each  other 
In  the  aame  manner.] 


No.  of  jama. 

Weight  of  1  foot  In 
length  of  rope. 

Natural  atlffiDeaa,  or 
value  of  K. 

Sttflheea  for  load  of 
1  Ibf  or  value  of  /. 

6 
3o 

o.oail 

o.o4Q7 
i.oi57 

lbs. 

o.i534 
0.7664 
a. 5297 

lbs. 
0.0085198 
0.0198796 
0.0411799 

for  tarred  ropea ; 


For  packthreadf  it  will  always  be  sufficient  to  use  the 
tabular  values  given  above,  corresponding  to  the  least 
tabular  diameters,  and  substitute  them  in  Eq.  (180).  An 
example  or  two  will  be  sufficient  to  illustrate  the  use  of 
these  tables. 

ExampU  1st  Bequired  the  resistance  due  to  the  stiff-  ezampiea  to 
ness  of  a  new  dry  white  rope,  whose  diameter  is  1.18  ^^l^^''^^ 

•^  -^  '  of  Table  No.  1; 

inches,  when  loaded  with  a  weight  of  882  pounds,  and 
wound  about  a  wheel  1.64  feet  in  diameter. 

Seek  in  Table  No.  1  the  diameter  nearest  that  of  the 
given  rope ;  it  is  0.79 ;  hence 


^-^^^  =  '^'^^^'^7', 


and  from  the  table  at  the  side, 


d»  =  2.25. 


elements 
obtained  from 
the  tablea ; 


From  Table  No.  1,  opposite  0.79,  we  find 

K  =  1.6097, 


/   =  0.08195; 


which,  together  with  the  weight   W  =   882  lbs.,  and 


A 


2  i?  =  1.64,  substituted  in  Eq.  (127),  give 
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^,  ^  =  2.25  .  1^8097  +  003195  X  882  ^  ^'-^y^ 


which  is  the  true  resistance  due  to  the  stiffiiess  of  the  rope 
in  question. 

Example  2d,  What  is  the  resistance  due  to  the  stiffiiess 

of  a  white  rope,  half  worn  and  moistened  with  water, 

example  to        having  a  diameter  equal  to  1.97  inches,  wound  about  a 

wheel  0.82  of  a  foot  in  diameter,  and  loaded  with  a  weight 

of  2205  pounds  ? 

The  tabular  diameter  in  Table  No.  4>  next  below  1.97, 
is  1.67,  and  hence 


Ulostrate  Table 
No.  4; 


d  =  z^  =  1.8  nearly; 

the  square  root  of  the  cube  of  which  is,  by  the  table  at 
the  side, 

Z.T'^  d^  =  1.482. 

In  Table  No.  4  we  find,  opposite  1.57, 

K  =  6.4824, 
/  =  0.06387; 

fL 

which  values,  together  with  Tr=  2205  lbs.,  and  2  it  =  0.82, 
in  Eq.  (128),  give 

r^;  8^  1.482  X  6"^24  +  a06387  X  2205  ^  ^^ -^^ 

which  is  the  required  resistance. 

JExample  3d  What  is  the  resistance  due  to  the  stiffiiess 
of  a  tarred  rope  of  22  yams,  when  subjected  to  the  action 


r 
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of  a  weight  equal  to  4212  pounds,  and  wound  about  a  oounpieio 

mnrtn 
No.  5; 


wheel  1.8  feet  diameter,  the  weight  of  one  running  foot  of  *"'**''^^'^'* 


the  rope  being  about  0.6  of  a  pound  ? 

By  referring  to  Table  No  5,  we  find  the  tabular  number 
of  yams  next  below  22  to  be  15,  and  henoe 

22 
n  =  -^F-  =  1.466  nearly. 

In  the  same  table,  opposite  TT,  we  find 


K  =  0.7664, 
/  =  0.019879; 


data  obtained 
from  the  tablo; 


A' 


which,  together  with  W  =  4212,  and  2  5  =  1.8,  in  Eq. 
(129),  giye 

S  =  1.466  Q'^«^  +  ^''}f''  ^  ^^^  =  96188.     r^.. 


EocampU  ASu  Bequired  the  resistaace  due  to  the  stiff- 
ness of  a  new  white  packthread,  whose  diameter  is  0.196  example  to 
inches,  when  moistened  or  wet  with  water,  woimd  about  a  ^JlJJ*^"** 
wheel  0.5  of  a  foot  in  diameter,  and  loaded  with  a  weight  packthread; 
of  275  pounds. 

The  lowest  tabular  diameter  is  0.89  of  an  inch,  and 
h^ce 

I  ,       0.196        ^K        T 

^==0:890  =^-^^^^y- 

In  Table  No.  2  we  find,  opposite  0.89, 

K  =  a8048, 

data  from  Tkbia 
No.S; 

I  =  0.00798; 
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which,  with  W  =  275,  and  2  iJ  =  0.5,  we  find,  after  wib- 
stituting  in  Eq.  (180), 


malt. 


„       ^^  0.8048  +  0.00798  X  275  _  ^^^ 

S  =  0.5 TTE —  2.yy9. 

U.o 


Fig.  246. 


woTkdaeto  §  230. — The  resietance  just  found  is  expressed  in 

■^^]*'  pounds,  and  is  the  amount  of  weight  which  would  be 
necessary  to  bend  any 
given  rope  around  a  ver- 
tical wheel,  so  that  the 
portion  A  JE?,  between 
the  first  point  of  con- 
tact A^  and  the  point  E^ 
where  the  rope  is  attach- 
ed to  the  weight,  shall 
be  perfectly  straight. 
The  entire  process  of 
bending  takes  place  at 
the  bending  take,  this  first  or  tangential 

ptace  at  the  first       ^^^  ^      f        jf  motioU 
poAntof  oontaet;    -^  '  ' 

be  communicated  to  the 
wheel  in  the  direction 
indicated  by  the  arrow- 
head, the  rope,  supposed  not  to  slide,  will,  at  this  point, 
take  and  retain  the  constant  curvature  of  the  wheel,  till 
it  passes  firom  the  latter  on  the  side  of  the  power  F. 
When,  therefore,  by  the  motion  of  the  wheel,  the  point  m 
of  the  rope,  now  at  the  tangential  point,  passes  to  m',  the 
working  point  of  the  force  /S^  will  have  described  in  its  own 
path  deacribed  by  direction  the  distaucc  AD.  Denoting  the  arc  described 
by  a  point  at  the  unit's  distance  from  the  centre  of  the 
wheel  by  5^,  and  the  radius  of  the  wheel  by  R,  we  shall 
have 

AD  -  Rs,; 


the  working 
point; 


and  representing  the  quantity  of  work  of  the  force  S^  by 
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Z^  we  get 

L  =  S.Bs,; 

replacing  Shj  its  value  in  Eqs.  (127)  to  (130), 


in  wliicfa  d^  represents  the  quantity  d\  d*  n,  or  d,  in  Eqs. 
(127),  (128),  (129),  or  (180),  according  to  the  nature  of  the 
rope. 

Example,  Taking  the  2d  example  of  §  229,  and  sup-  escamptos; 
posing  a  portion  of  the  rope,  equal  to  20  feet  in  length, 
to  have  been  brought  in  contact  with  the  wheel,  after 
the  motion  begins,  we  shall  haye 

i  =  20  X  266,109  =  5322.18;  ""it; 

fliat  is,the  quantity  of  work  consumed  by  the  resistance 
due  to  the  stifiBaess  of  the  rope,  while  the  latter  is  moving  in  wonia. 
over  a  distance  of  20  feet,  would  be  sufSicient  to  raise  a 
weight  of  5822.18  pounds  through  a  vertical  height  of 
one  foot 
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WHEEL    AND    PULLEY. 


§281. — ^A  plane  wheel,  Kg.  246. 

fiee    to  4um    about    its 
tnuyiion  or  axle,  support- 
ed in  a  fixed  box,  may  /[      ^gg      K     •        whaeiaod 
be  moved   in  either  di-             /    V  /  \  p""^' 
rection  by  two  forces  F 
and  Q,  which  act  in  its 
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Fig.  246. 


equilibrium  of 
two  forces  acting 
upon  the 
circumference  of 
a  wheel ; 


the  forces  most 
be  equal; 


when  fHction  is 
taken  Into  the 
account; 


relation  of  work 
of  power, 
lesittance,  and 
fkiotion; 


plane,  and  tangent  to  its 
circumference  at  A  and  B, 
These  forces,  acting  in  the 
same  plane,  perpendicular 
to  the  axle,  and  tending 
to  turn  the  wheel  in  oppo- 
site directions,  will  be  in 
equilibrio  when  the  ele- 
mentary quantity  of  work 

developed  by  each  is  the  same  with  contrary  signs.  But 
the  points  of  application  A  and  B^  belonging  to  the  same 
circumference,  the  paths  which  they  simultaneously  de- 
scribe will  be  equal ;  and  since  the  product  of  these  paths 
by  the  forces  F  and  Q  must  be  equal,  it  follows  that  whsa- 
ever  the  forces  are  in  equilibrio^  they  must  also  he  equal. 

This  supposes  the  wheel  free  to  turn,  without  obstruc- 
tion of  any  kind.  But  if  we  consider  the  friction  at  the 
trunnion  or  axle,  then,  supposing  the  equilibrium  still  to 
exist,  but  the  wheel  on  the  eve  of  motion  in  the  direction 
of  the  force  F^  the  elementary  quantity  of  work  of  the 
latter  must  be  equal  to  that  of  the  resistance  Q^  increased 
by  that  of  the  friction ;  in  which  case  F  and  Q  will  not  be 
equal ;  and  denoting  the  radius  of  the  wheel  by  B^  that 
of  its  trunnion  or  eye  by  r,  and  the  resultant  of  F  and  Q 
by  Ny  we  shall  have 


FRs,  =   QRs^  +  fN.rs^ 


(132); 


in  which /is  the  coefficient  of  friction  at  the  axle  or  trun- 
nion, and  8^  the  arc  described  by  a  point  at  the  unit's  dis- 
tance from  the  axis  during  motion.  Dividing  by  B  5^,  we 
find 


relation  of  theie 
ft»roee; 


F  ^  Q+fN.^ 


(l38> 


From  wHicli  we  might  conclude  the  value  of  F^  but  that 
Nia  unknown,  being  the  resultant  of  ^  and  Q. 
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Rg.  247. 


to  find  the 
rMnltantoftbe 
power  and 
reeiitiinoe; 


Now,  two  cases  may  arise,  viz. :  either  the  value  of  r 
may  be  very  small  in  comparison  with  R^  or  it  may  not.  twocMeemay 
In  the  first  case,  any  error  committed  in  the  determination 
of  iV  would  but  slightly  affect  the  value  of  F^  since  only 

T 

the  small  fractional  portion  ^  of  ^  is  taken.    We  may, 

therefore,  be  content  with  an  approximate  value  for  N, 

To  obtain  this,  we  fiirst 
omit  the  consideration  of 
fiction,  which  will  make 
/=  0,  in  the  above  equa- 
tion, which  then  reduces 
to 

^=  Q. 

Denote  by  9  the  angle 
AMBj  which  the  two 
forces  F  and  Q  make  with 
each  other ;  then,  &om  the 
parallelogram  of  forces, 
will 


2f=  VF*  +  Q^  +  2FQ.Qos(p; 
and,  because  jPand  Q  are,  in  this  case,  equal, 


ita  VBlne ; 


N  =  QV2  +  2  cos  9; 


or  this; 


but 


whence 


2  +  2  CO09  =  4006^^9; 


N  =  Q  X  2coBi9; 


and  flnally  thia ; 


^^ 
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but  joining  A  and  jB  by  a  right  line,  as  also  M  and  C,  we 
have  the  angle  AMO^  equal  to  ^  ^,  and 


COSJ9  =  miJifOA  = 


AD       AD 


AG 


T' 


which,  substituted  above,  gives 


nine  of  resultant 
uder  a  mora 
eooyenient  form ; 


N=  Q 


AB 

R  ' 


mle; 


since  2  AD  =  AB.  That  is  to  say,  the  resultant  N is 
obtained  by  multiplying  the  resistance  Q,  by  the  chord  of 
the  arc  between  the  tangential  points,  and  dividing  the 
product  by  the  radius  of  the  wheel.  This  value,  of  Ny 
substituted  in  Eqs.  (132)  and  (133),  gives 


quantity  of  work; 


FBs,  =  QBs,  +/.rs,Q 


AB 
B 


(134), 


▼aloe  of  the 
llDKa; 


taferanoea; 


F     -^  Q  +f-^Q  X 


B 


AB 
B 


the  first  of  which  will 
give  the  quantity  of  work 
of  the  power,  and  the 
latter  the  relation  of  the 
power  F  to  the  resistance 
Q,  necessary  to  produce 
an  equilibrium.  The  first 
shows  that  the  work  of 
the  power  is  equal  to  the 
work  of  the  resistance,  in- 
creased by  that  consumed 
by  friction. 

We  now  come  to  the 
second  case,  viz. :  that  in 
which  r  is  not  very  small 


Fig.  247 


(135); 
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in  oompaiison  with  IL    And  first  we  remark,  that  F  is  eMeinwhUsh 
always  greater  than  Q^  and  that  the  resultant  obtained  J]^^"**"^*^ 
under  the  hypothesis  of  F  being  equal  to  Q,  is,  therefore, 
too  smaU.    Galling  i\^  this  latter  resultant,  we  have 

A  B  ^*^ 

Nl   =^    Q   •       p      •      •      •      •      (136);       approzlinalton to 

•^  th«  resultant ; 

and  this  yalae,  substituted  in  Eq.  (188)  for  i\^  gives 

F  =   Q   +   ^   '  f  •  Ni    =   Fi.      .      (187).       approrimaUon  to 
-"*  the  power ; 

Now  if  i\^  be  too  small,  it  is  obvious  that  Fi  will  also  be 
too  smalL  But  this  value  of  Fi  is  greater  than  Q,  and  if 
we  find  the  resultant  of  two  forces  each  equal  to  jPi,  or 
make 


N  =  £19-^  -  If,  .    .    .    (188);     .w-oximrttai to 


B 


ffeenltaat; 


it  is  obvious  that  N^  will  be  too  great,  and  so  of  the  value 

«•  second 

2?^=^   +   —   ./.JVi   =   jFi.  approximstton  to 

•^  the  power; 

Thus  tne  true  value  of  ^  is  greater  than  J^,  and  less  than 
Fff  and  as  these  two  values  will  not  differ  much,  we  may 
take  the  true  value  of  jP  to  be  an  arithmetical  mean 
between  them,  that  is, 

If  —    ^  *  mean  of  the 


approxlnatlona; 


or 


V  +  ;g  •  /  •  2 '  ^^^'* 
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and  eliminatiiig  N't  and  N"^  by  means  of  Eqs.  (186),  (187), 
aad  (188),  we  find 

and  multiplying  each  member  by  fls„ 

FM,,  =  QB4,  +A.,e^  [l  +  J/j  ^]  •  •  (140). 

The  fiiBt  will  determine  the  condition  of  the  equilibriom, 
and  the  second  the  quantity  of  work. 

§  2S2. — ^The  pulley  is  a  small  wheel  having  a  groove 
in  its  circumference  for  the  reception  of  a  rope,  at  one 
end  of  which  is  attached  the  power  F,  and  at  the  other 


Kg.  M3. 


the  resistance  Q,    The  pulley  may  turn  uther  upon  tnin- 
nions  or  aboat  an  axle,  supported   in  what  is  called  a 
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Hock.     This  is  usually  a  solid  piece  of  wood,  through  uook; 

which  is  cut  an  opening  large  enough  to  receive  the 

pulley,  and  allow  it  to  turn  fireely  between  its  cheeks. 

Sometiines  the  block  is  a  simple  framework  of  metaL 

When  the  block  is  stationary,  the  pulley  is  said  to  be  fixed  pmiey; 

fixed.     The  principle  of  this  machine  is  obviously  the 

same  as  that  of  a  simple  wheel,  and  to  the  discussion  principle  the 


nine  as  that  of 


of  §  281  we  have  but  to  add  the  consideration  of  the  ,^    ._, 

^  the  wheel; 

sfiBSieas  of  the  rope,  to  have  all  the  circumstances  of 
its  action.  The  quantity  of  work  due  to  the  stiffiiess  of 
the  rope  is  given  by  Eqs.  (127)  to  (180)  inclusive. 

Now,  when  the  motion  is  uniform,  or  when  the  pidley 
is  about  to  turn  in  the  direction  of  the  power  F,  the  quan- 
tity of  work  of  the  latter  must  be  equal  to  the  work  of 
the  resistance  Q,  increased  by  that  of  the  friction  and  stiff- 
ness of  the  rope ;  and  denoting  the  radius  of  the  pulley 
by  Bf  that  of  the  trunnion  or  eye  of  the  pulley,  as  the 
case  may  be,  by  r,  and  the  arc  described  at  the  unit's  dis- 
tance from  the  axis  by  s,,  we  must  have 

FBs,=  QE8,  +  d,  .E+^.ji8,  +fN.T.B,;  J^^^f^"^ 

in  which  d,  denotes  either  d*,  d*  d,  or  n,  in  Eqs.  (127)  to 
(ISO),  according  to  the  kind  and  condition  of  the  rope; 
and  N^  the  resultant  of  all  forces  except  friction. 
Dividing  by  Ba^,  we  obtain 


Make 


Q  +  d,  ^^^  =  Q. 


and  the  above  becomes 
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dUbrent  fonn  of 


F=  Q.  +fi-^' 


and  replacing  N  by  its  value 


retoltentofall 
the  forces  ezoepi 
friction; 


VF^  +  Q?  +  2jPg,ooB(p, 

in  which  9  denotes  the  angle  AMBj 
made  by  the  branches  of  the  rope 
not  in  contact  with  the  pulley,  and 
we  get 


^=  Q.  +fn^  Vi^«  +  g/  +  2FQ,coB(^. 


R 


^^^T^siSpoBOJiig  Q^j  squaring  and  solving  the  equation  with 
reference  to  F^  and  we  have 


the  most  gensnl 
Ttloe  for  the 
power; 


i+C/t)'*"* 


JTa 


-(/i/ 


(Ul> 


±/-^-\^a+coe^)[«-(/j)'a-coe^)] 


Taking  the  upper  of  the  double  sign,  because  the  motion 
takes  place  in  the  direction  of  i^;  replacing  Q^  by  its  value, 
and  calling  the  angle  A  OB,  enveloped  by  the  rop^  ^,  in 
which  case, 

cos  (p  =  —  cos  d, 


we  finally  obtain 


the  Mme  in 
known  lernu; 


Q  +  < 


F= 


2R 


'l-(/^)*co.e 


-ifi)' 


(U8^) 


+/--^'/(l-ooee)P 


-(/~)\l  +  ooe»)] 
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Fig.  260. 


When  the  two  branches  of  the 
rope  are  parallel,  then  will 
6  =  180*^ ;  cos  d  =  -  1 ;  and  the 
equation  becomes. 


'={<^-<^m- 


1  +  f— 

1  -f^ 


TBlue  when  the 
(148).  brancbeBofthe 
rope  are  panUel; 


If  the  rope  be  perfectly  flexible,  and  the  friction  be 
zero,  then  will  Jr=  0,  /=  0,  /=  0,  and 

F  =  Q; 

that  is,  the  power  xvill  always  equal  the  resistance  in  the  fixei 
pulley ^  when  there  is  neither  friction  nor  stiffness  of  cordage. 

To  obtain  the  quantity  of  work,  multiply  both  members 
of  Eq.  (142)  by  R  s,,  and  there  will  result 


FR$,^ 


_Qjt#,  +  i<(jr+/Q)^ 


'l-(/^)»co.O 


^-(/i/ 


genenU  Tklue  ftv 
fl44^  tbe  quantity  of 
work  of  the 


+/—•  V^(l-co8^[3-(/l)V+coee)]       PO^"; 


In  finding  the  value  of  N,  the  weight  of  the  pulley 
was  not  considered,  and  for  the  reason  that  in.  practice 
it  is  usually  small;   the  friction  arising  from  its  action wei^t or tbe 
may,  therefore,  in  general,  be  neglected.    Should  it  be  ^^^^^ 
desirable,  however,  in  any  'case,  to  take  it  into  account, 
it  is  easily  done.    For  this  purpose,  find,  by  the  paral- 
lelogram of  forces,  the  resultant  of  the  weight  of  the  but  it  may  be 
pulley  and  the  force  Q,  both  of  which  are  known,  aiid||^^JJ|^J***^ 
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employ  tMs  resultant  iuatead  of  Q  in  finding  the  valuB 

o£F. 

Mnample.   Sequl- 

red  the  quantity  of  Yig.  861. 

ipiarot        work    necessary    to 
"^^^       raise  600  pounds  of 

coal,  through  a  ver- 

tioal  elevation  of  60 

feet,  by  means  of  a 

rope  passing  over  a 

fixed  pulley,  in  such 

a  position  that  the 

uiiouortiia  power  J' shall  be  ap- 

"*'       plied  in  a  horizontal 

direction ;    the   pul- 
ley, which  is  of  lig- 

num-vitse,  is  1.25  feet  in  diameter ;  the  radius  of  its  eye  ia 

0.05  feet ;  the  axle  of  wrought  iron,  lubricated  with  hc^' 

lard ;  the  rope  is  white,  half  worn,  and  has  a  diameter  of 

one  inch. 
kr*i«B«>u;      Here  <  =  90=,  and  cos  «  =  0;  in  Table  IV.  §  225, 

/=  0.11;   Table  No.  8,  §  221,  d,  =  di  =  (-L)^  = 

(1.2)*  nearly  =  1.816;    X=  1.13801;    7=0.0525889; 
B  =  0.025 ;   r  =  0.05 ;  Ba,  =  0.625  X  s,  =  50 ;   whence 


^^^^~  80  feet;   §  =  500  lbs.  j  and / -^  =  0.0084. 


,  60 

oru»<uu:        «'       0.62J 

These  data  in  Eq.  (144)  give 

qnnUQotirDrki      FIl;=^My.M+ If i-^ = eO)  (l+OJWM'/a-COilOM}';) 

or 

FBs,  =  26250.17. 

If  there  were  no  friction,  or  stif&iesa  of  cordage,  then 
would 
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FBa,  =  QBs,  =  26000.0; 


value  witboat 

MetioBUid 

stifltaeM; 


whence  26260.17  -  25000  =  1250.17  is  the  loss  due  to 
stiffiiess  of  cordage  and  friction,  which  would  be  sufficient  loaaduo  to 
to  raise  1250.1'^  pounds  through  1  foot  of  altitude,  or  JJI^^."* 

— —^ —  =  25  pounds  through  the  given  height  of  50  feet ; 

Ov 

a  result  well  calculated  to  impress  us  with  the  necessity  of 
including  these  resistances  in  all  estimates  of  work. 


F  = 


26250.17 
lis. 


26250.17        .^»'-      , 
— -^r —  =  526  nearly. 


nmnerieal  Talae 
of  the  power. 


Fig.  252. 


§  283. — Thus  far  the  axis  of  the  pulley  is  supposed 
to  have  remained  inmioveable.     We  shall  now  consider  MoTeiOkiepidiey; 
the  case  in  which  the  pulley  is  supported  upon  a  rope  in 
its  groove,  one  end  of  the  rope  being  attached  to  a  fixed 
hook  A,  while  the  other  is  acted  upon  by  the  force  F.    The  deicriptioii ; 
pulley  is  embraced  by  a  kind  of  iron  or  other  metallic 
fork  whose  prongs  are  per- 
forated near  the  ends  for  the 
reception  of  the  axle,  and 
whose  shank  terminates  in  a 
hook  to  which  the   resist- 
ance W  is  attached.    The 
pulley  is,  in  this  case,  said 
to  be  moveable.    Denote  the 
resistance  to  be    overcome 
and  put  in  motion,  by  W; 
the  tension  of  the  rope  be- 
tween the  fixed  hook  and 
tangential  point  H  by  Q; 
let  the  other  notation  be  the 
same  as  in  the  case  of  the 
fixed  pulley. 

The  quantity  of  work  of  J^  must  be  equal  to  that  of  the 


Botatioii; 
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tension  Q,  increased  by  the  work  due  to  the  stiffiieas  of 
the  rope  and  friction ;  that  is, 

Dividing  both  members  by  Es^, 


valoeof  the 
power ; 


F=.Q  +  d^^44^  +  ifW. 


2R 


R 


The  pxdley  being  sup- 
posed either  on  the  verge 
of  rotary  motion  in  the  di- 
rection of  F^  or  rotating 
uniformly,  it  is  obvious  that 
W  will  be  equal  and  di- 
rectly opposed  to  the  result- 
ant of  F  and  Q;  and  that 
Q  will  be  equal  and  directly 
opposed  to  the  resultant  of 

toflndthotenHlon^  and  TT.  This  latter  re- 
toed  aid  /  sultant  being  found  by  the 
parallelogram  of  forces,  Eq. 
(81),  and  in  its  value  that  of 
F^  in  last  equation,  substitu- 
ted for  F^  the  force  Q  will  be- 
come known  in  terms  of  WJ 
the  friction,  and  stiffiiess  of 
cordage;  and  this  value  of 
Q,  being  substituted  in  Eq. 
(145),  will  give  the  work  in 
terms  which  are  known. 

The  method  here  indi- 
cated is  perfectly  rigorous. 


theeame 


';"S^on;   but  i8  aomewhat  long,  and 
may  be  avoided  by  resort- 


Fig.  262. 


Fig.  268. 
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ing  to  an  approximation  which  in  practice  is  sufficiently 
accurate.  IfF  and  Q  be  supposed  for  an  instant  equal, 
we  have  seen  that 


«  = 


B.W 


Vpraxlmata 
TiioefiNrtaiiitaa; 


vhiob,  sabetitated  for  Q  in  Eq.  (146),  gives 


FBs,  = 


W  . 


B 


AB 


Be, 


K+I:W. 


B 


+  d, 


AB 


+  r  .fW.a, 


«,    .    .  (146);       QMBtt^ofwork; 


dividiiigby  Ba^^ 


F=W- 


B 


K+IW- 


B 


AB 


■\-d, 


2B 


Jlv  power  J 


If  -vre  suppose  the  stiffiiess  of  the  rope  and  Motion  zero, 
there  will  result, 


F=  W  ' 


B 


AB' 


power,  whan 
sUniQaBUid 
Mction  ara  sero ; 


or 


F   :    W  i\    R    \    AB; 


that  is  to  say,  tha  potver  is  to  the  resistance  as  the  radius  of  reiauon  of  power 
AepuUeyis  to  the  diord  of  the  arc  enveloped  by  the  rope.  wMirerirtMioe; 

Example.  Let  the  pulley  be  of  cart  iron  and  turn  example; 
upon  a  wrought-iron  axle,  greased  with  tallow;  the  di- 


:L0O 


NATURAL    PHILOSOPHY. 


data  from  the 
tablet; 


ameter  of  the  pulley  1.8  feet|  and  that  of  its  eye  0.045 
feet;  the  diameter  of  the  rope,  which  is  new,  white  and 
dry,  1.4  inches;  the  weight  Wj  8462  pounds;  the  height 
40  feet,  and  let  the  chord  AB  he  equal  to  the  diameter 
of  the  pulley. 

By  reference  to  the  proper  tables,  we  find 

/  =  0.07 ;     d,  =  d'  =  Q±J  =  (1.8)«  nearly  =  8.24; 
K  =  1.6097;      I  =  0.0819601 ; 

and  from  the  given  data, 


daUofthe 
example ; 


B  =  0.65;      r  =  0.0225;     AB  =  1.8;     Be,  =  40; 


*'        0.65 


=  61.588  nearly;      and  TT  =  8462 ; 


which,  substituted  in  Eq.  (146),  give 


Bomerloal  reault;  F Bs    ^ 


X^^X61J38 


liHWr  +  0^1890  X  348B  X^ 
+194  X 3 =^X  «L538 


+  OUrr  X  0.08S5  X  MS  X  6L538 


=  71279.85; 


eame  witti         with  neither  fiiction  nor  stiffiiess  of  cordage,  the  quantity 


D^'iS^ZT'    of  work  would  be  simply 


FBa,  =  8462  •  ^^^  x  61.588  =  69289.5; 

i.oU 


workofitubeia  the  difference  71279.85  -  69289.5  =  2089.85  is  the  loss 

and  frietlom.  j        x     xl  •      ^  j 

due  to  the  causes  just  named.  * 
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TbBwu^S 


dflflnitlon  and 
d«Mriptioa; 


§  2S4.— The  Muffle  is  a 
collection  of  pulleys  in  two 
separate  blocks   or  firames. 
One  of  these  blocks  is  at- 
tached to  a  fixed  point  A^ 
by  which  all  of  its  pulleys 
become  ^/£red^  while  the  other 
block  is  attached  to  the  re- 
sistance  Qj  and  its  pulleys 
thereby  made  moveable.     A 
rope  is  attached  at  one  end 
to  a  hook  h  at  the  extremity 
of  the  fixed  block,  and  is 
passed  around  one  of  the 
moveable  pulleys,  then  about 
one  of  the  fixed  pulleys,  and 
so  on,  in  order,  m  tS^rope 
is  made  to  act  upon  ^ach 
pulley  of  the  combination. 
The  power  F  is  applied  to 
the  other   end  of  the  rope, 
and  the  pulleys  are  so  pro- 
portioned that  the  parts  of 

the  rope  between  them,  when  appuofOion  or  iim 

stretched,    are  paralleL     Now  suppose  the  power  F  to  J^ilJ^^"^^  ^f 
communicate  uniform  motion  to  the  resistance  Q.    Denote  thepvuayi; 
the  tension  of  the  rope  between  the  hook  of  the  fixed 
block  and  the  point  where  it  comes  in  contact  with  the 
first  moveable  pulley,  by  ^i ;  the  radius  of  this  pulley  by 
Bi]  that  of  its  eye  by  ri]  the  coefficient  of  Motion  on 
the  axle  by/;  the  constant  and  coefficient  of  the  stiffiiess  Botaiion; 
of  cordage  by  K  and  /,  as  before ;  then,  denoting  the  ten* 
sion  of  the  rope  between  the  last  point  of  contact  with  the 
first  moveable,  and  first  point  of  contact  with  the  first 
fixed  pulley,  by  ^  the  quantity  of  work  of  the  tension  ^ 
will,  Eq.  (145),  be 


amBgement  of 
Uierope; 


^    I 


402  NATUBAL    PHILOSOPHY. 


worttofU*  K  +  Iti   n 


branch; 

dividing  by  6^ 


~!'"^       kRi^kR,  +  dr^^-Ri+Ak  +  AOn  . .  (148). 


Again,  denoting  the  tension  of  that  part  of  the  rope  which 
passes  fix>m  the  first  fixed  to  the  second  moveable  pulley 
by  ^ ;  the  radius  of  the  first  fixed  pulley  by  R^  and  that 
of  its  eye  by  r^  we  shall,  in  like  manner,  have 

moment  of 

tension  on  Moond  ,    r%  .    n     .      v   £^  "¥  I  to  t^     .     /./.  v  /^  ^/xx 

And  denoting  the  tensions,  in  order,  by  t^  and  t^  this  last 
being  equal  to  F^  we  shall  have 

moment  of 

rX"*^      iiS,  =^  t,Ii,  +  d,^^.Ji,+ fit, +  t;^r,.  .{150), 

bnncb; 

game  on  third  IT  A^  Tt 

d««».diDg  pB^  =  nBt  +  d,     7p  *  R*  +/(<«  +'^''4-  •  (151); 

branch  Z  JtC^ 


so  that  we  finally  arrive  at  the  force  F^  through  the  ten- 
sions which  are  as  yet  unknown.  The  parts  of  the  rope 
being  parallel,  and  the  resistance  Q  being  supported  by 
their  tensions,  the  latter  may  obviously  be  regarded  as 
equal  in  intensity  to  the  components  of  Q;  hence 

r^I^-l  ti  +  t,  +  t,  +  t,^Q    .    .    (162); 

which,  with  the  preceding,  gives  us  five  equations  for  the 
determination  of  the  four  tensions  and  power  F.     This 
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would  involve  a  tedioiis  process  of  elimination,  whicli 
may  be  avoided  by  contenting  ourselves  with  an  approxi- 
mation which  is  found,  in  practice,  to  be  sufficiently 
accurate. 

If  the  fiiction  and  stiffiieas  be  supposed  zero,  for  the  method  of 
moment,  Eqs.  (148)  to  (151)  become  .pproximiuio. ; 

ft 


t^Bi    =     t^Bfy 


FM^  =^  t^    R^y 


IHction  and 
stlflheMzero; 


from  which  it  is  apparent^  dividing  out  the  radii  i2|,  i^  the  tensiost 
iii,  &c.,  that  ^  =  <„  4  =  ^  ^4  =  ^  F=^h]  and  hence,  Eq. '^°*"*^"^' 
(152)  becomes 

4<k  =    Q; 

rasManee  equd 
whence  ^  tension  on  one 

branch  multiplied 
Q  by  the  number  of 

^     =    -j;  pullejs; 

4: 


the  denominator  4  being  the  whole  number  of  pulleys, 
moveable  and  fixed.  Had  there  been  n  pulleys,  then 
would 

Q  general  value  for 

h   ^    ~ir*  the  tension; 


With  this  approximate  value  of  t^  we  resort  to  Eqs.  (148) 
to  (151),  and  find  the  values  of  ^  t^  ^4,  &c-  Adding  all 
these  tensions  together,  we  shall  find  their  sum  to  be 
greater  than  Q,  and  hence  we  infer  each  of  them  to  be  too 
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large.  K  we  now  suppose  the  true  tensions  to  be  propor- 
tional to  those  just  found,  and  whose  sum  is  Qi  >  Q,  we 
may  find  the  true  tension  corresponding  to  any  erroneous 
teojsion,  as  ^,  by  the  following  proportion,  viz. : 


to  And  the  tint 
from  the 
approximate 
tension; 


ezami^eto 
iUuatrate; 


Qi 


Vi 


or,  which  is  the  same  thing,  multiply  each  of  the  tensions 

Q 

found  by  the  constant  ratio  -^,  the  product  will  be  the  true 

Vi 

tensions,  very  nearly.  The  value  of  t^  thus  found,  substi- 
tuted in  Eq.  (151),  will  give  that  of  F. 

Example.  Let  the  radii  Ri^R^R^  and  R^  be  respectively 
0.26,  0.89,  0.52,  0.65  feet ;  the  radii  r^  =  r^  =  r^z=z  r^  of 
the  eyes  =  0.06  feet ;  the  diameter  of  the  rope,  which  is 
white  and  dry,  0.79  inches,  of  which  the  constant  and 
coefficient  of  rigidity  are,  respectively,  K  =  1.6097  and 
/  =  0.0319501 ;  and  suppose  the  pulley  of  brass,  and  its 
axle  of  wrought  iron,  of  which  the  coefficient  /  =  0.09, 
and  the  resistance  Q  a  weight  of  2400  pounds. 

Without  friction  and  stiffiiess  of  cordage. 


approximate 
▼alue  of  flnt 
tension; 


2400  »•• 

t,  =  ^  =  600. 


Dividing  Bq.  (148)  by  i^,  it  becomes,  since  d,  =  1, 


Substituting  the  value  of  ^,  and  the  above  value  of  ^ 
and  regdlxling  in  the  last  term  ^  as  equal  to  t^  which 

we  may  do,  because  of  the  small  coefficient  —-  /  w© 
find 


1 
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600 

1.6097  +  0.0319501  x  600 
t,=  {    "^  2  X  (0.26) 

+  ^  X  0.09  X  (600  +  600) 


.  zjoQ  QQ        approxiniate 

•  —    o2o.o9.       yaiae  of  Meond 

tengUm; 


Again,  dividing  Eq.  (149)  by  B^  and  substitating  this 
value  of  tg  and  that  of  J^  we  find 

^  =  678.59. 

Dividing  Eq.  (150)  by  B^  and  substitating  this  value  of  t^ 
as  well  as  that  of  ^  there  will  result 


approxtmste 
Talue  of  third 
teniioii; 


ibt. 


t^  =  709.82 ; 


whence 


Qi=-k  +  h  +  k  +  t4^ 


600 

+  628.89 

+  678.69 

L   +  "709.82  J 


and 


ft  "  2611:80  ~  ^-^^^ ' 


=  2611.80; 


ipproTlimte 

mneorroailli 

tendon; 


nrattuloftlMw 
tondoii*; 


nUoofth. 
sppnuJnut.  to 
tlMtni. 
maltant; 


whidi  will  give  for  the  trae  values  of 


0.919  X  600 

0.919  X  628.89 

0.919  X  678.59 

0.919  X  709.82 


551.400 
677.490 
619.029 
652.824 


true  tension; 


2400.248 
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The  above  value  for  <!,  =  652.824,  in  Eq.  (161),  will  give, 
after  dividing  by  Rt  and  substituting  its  numerical  value, 


F  =   \ 


+ 


+ 


652.824 

1.6097  +  0.08195  x  652.324 


0.06 
0.65 


2  X  0.65 


X  0.09  X  (652.824  +  F); 


and  making  in  tHe  last  &ctor  F  ■=  t^  =  652.824,  we  find 


Bumartcd  tsIim 
af  the  power ; 


U:  ■  lit.  Ut.  O*. 

F  =   652.324  +  17.270  +  10.831  =  680.425. 


WOTkab«orbed 
hj  friction  and 
■tUTtaeeBor 
eordage. 


Thujs,  without  friction  or  stiffiieas  of  cordage,  the  intensitj 
of  F  would  be  600  lbs. ;  with  both  of  these  causes  of 
resistance,  which  cannot  be  avoided  in  practice,  it  becomes 
680.425  lbs.,  making  a  diflference  of  80.425  lbs.,  or  nearly 
one  seventh ;  and  as  the  quantity  of  work  of  the  power  is 
proportional  to  its  intensity,  we  see  that  to  overcome  fric- 
tion and  stifl&iess  of  rope,  in  the  example  before  us,  the 
moter  must  expend  nearly  a  seventh  more  work  than  if 
these  sources  of  resistance  did  not  exist. 


Wheel  uiduie;  §  235. — Wheel  and  Axle  is  a  name  given  to  a  machine, 
which  consists  of  a  wheel  mounted  upon  an  arbor,  supported 
at  either  end  by  a  trunnion  resting  in  a  box.  The  plane 
of  the  wheel  is  at  right  angles  to  the  axis  of  the  arbor ; 
the  power  F  is  applied  to  a  rope  wound  around  the 
wheel ;  the  resistance  Q  is  applied  to  another  rope,  wound 
in  the  opposite  direction  about  the  arbor,  and  also  acts  in 
a  plane  perpendicular  to  the  axis  of  motion.  The  power 
is  generally  applied  in  the  plane  of  the  wheel,  othe^ 
wise,  being  oblique  to  the  axis,  it  would  be  necessary 
to  resolve  it  into  two  components,  one  perpendicular 
and  the  other  parallel  to  that  line;   the  latter  compo- 


dewrtption ; 
and  applicadlon 
of  power  and 
resistance; 
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Fig.  866. 


nent  would  press  the  shoulder  of  the  arbor  against  the 
fiice  of  the  box,  and  increase  the  effect  of  friction  by 
increasing  its  "  lever  arm."  It  may  happen,  however,  that 
&e  particular  object  to  be  accomplished  will  sometimes 
make  it  inconyenient  to 
satisfy  this  condition  of 
keeping  tlie  action  of 
the  power  in  the  plane 
of  the  wheel,  in  which 
event,  it  will  be  easy  to 
find  the  pressure  arising 
from  the  parallel  com- 
ponent of  the  power  or 
resistance,  and  to  com- 
pute the  friction  by 
the  rules  already  given. 
Supposing  the  power 
and  resistance  to  act  in 
planes  at  right  angles  to 
the  axis,  we  remark,  that 
the  plane  of  the  wheel 
in  which  the  power  acts, 
and  the  plane  perpen- 
dicular to  the  axis,  through  the  direction  of  the  resistance, 
will  cut  from  the  arbor  equal  circles.  Through  the  point 
Ej  at  which  the  rope  is  tangent  to  the  circle  in  the  latter  of 
these  planes,  and  the  axis,  conceive  a  plane  to  be  passed ; 
it  will  cut  the  circle  in  the  plane  of  the  wheel  on  the 
opposite  side  of  the  arbor  in  JE\  and  the  line  joining  JS 
and  jE"  will  intersect  the  axis  in  I,  making  JEI  =  J^'  Z 
At  the  point  JE'  apply  two  opposite  forces  Qi  and  Qj^, 
parallel  and  each  equal  to  the  resistance  Q.  These  forces 
will  produce  no  effect  upon  the  system.  The  resultant  of 
the  two  equal  and  parallel  forces  Q  and  Qi  will  be  equal 
to  their  sum,  will  pass  through  /,  will  be  resisted  by  the 
axis,  and  produce  no  work,  except  what  may  arise  from 
the  friction  due  to  its  action  on  the  trunnion.    The  equi- 


eflbetofan 
oblique 
application 
of  the  power; 


prooeas  when 
power  doea  not 
act  In  plane  at 
wheel 


when  the  power 
acta  In  the  plane 
of  the  wheel; 


oonatmetion ; 
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foiraei  which 
BMintainthe 
efailibrium  or 
motion  anlform ; 


premra  upon 
Ihetnmnioiii; 


flriotion  on  the 
tnumioDB  and  Ub 
work; 


librium,  if  the  machine  be  at  rest,  or  its  uniform  motion, 
if  at  work,  must,  therefore,  be  maintained  by  the  power  F^ 
the  force  Q^  the  friction,  and  the  stifftiess  of  cordage.  To 
this  end,  the  resultant  of  F^  Q^  and  stif&iess  of  cordage 
must  intersect  the  axis.  At  the  point  of  intersection, 
conceive  this  resultant  to  be  replaced  by  its  primitiTe 
components,  and  there  will  then  act  upon  the  axis  the 
forces  F^  Q^  Q  +  Qiy  and  the  resistance  due  to  stiffiiess  of 
cordage.  Each  of  these  forces  being  resolved  into  two 
parallel  components  acting  on  the  trunnions  A  and  B^ 
there  will  result  two  groups  of  forces,  one  applied  to  each 
trunnion.  Denote  the  resultant  of  the  group  acting  on 
the  trunnion  J.  by  i/j  that  of  the  group  acting  on  the 
trunnion  B  by  Jf ',  then  will  the  frictions  be  req)ectively 
fM  and  /'  M' ;  and,  employing  the  usual  notation,  the 
quantities  of  work  wiQ  be  fMr  8^  and  /'  Jf  '  r'  5^,  the  radii 
of  the  trunnions,  and  their  friction  being  unequal. 

The  quantity  of  work  of  the  power  F^  must  be  equal 
to  that  of  the  resistance  Q^  augmented  by  the  work  of  the 
stif&iess  of  cordage  and  friction,  and  hence,  denoting  the 
radius  of  the  wheel  by  i2,  and  that  of  the  arbor  by  ^, 


F'Rs,^Q^R^^8,  +  d,^^±^R's,+fMT8,+fM^ 


r  s 


if 


but  if  the  trunnions  and  boxes  are  supposed  of  the  same 
size  and  material, 

qn^itll^ofwaric;  FBs,  =  Q^B' 8,  +  d,  K+^ E' 8,  +  f{M+ M')r8,. 


flietlon  of 
tnmntona,  nme 
sfltetwherftTW 
applied; 


The  quantity  M+M',  being  the  sum  of  the  pressures 
upon  the  trunnions,  the  last  term  shows  that  the  friction  is 
the  same  as  though  the  resultant  of  all  the  forces  were 
applied  to  a  single  trunnion  in  any  arbitrary  position,  and, 
therefore,  at  the  centre  of  the  wheel.  But  this  would  re- 
duce all  the  forces  to  the  same  plane,  in  which  case  Q  would 
take  the  place  of  Q^  and  ^i  and  Q2  would  disappear  from 
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the  system.  Hence,  denoting  the  resultant  of  the  entire 
gystem  of  forces  by  i\^  and  writing  Q  for  its  equal  ^2>  the 
above  equation  becomes 

FEs,  =  QB'S,  +  d,  ^^i!^  R'S^  +fN'  r-S^..  (153);  qu^itity  of  work; 


2E 


and,  dividing  by  Bs^^ 


Now,  iV  being  the  resultant  of  all  the  forces  of  the  system 
except  friction,  it  is  the  resultant  of  F,  Q,  and  d,      j"^,    ; 

or,  since  Q and  d^  — o»r~  *^*  ^  *^®  same  direction,  it  is 

the  resultant  of  ^  and  Q  +  d^     o  p^   '    ^^  ^^  -^  ^®  ^^ 

pursue  the  method  explained  in  §  231. 
Make 

Z'+ZO  ^  ,^^^.  And  the  roBoltoiit 

V   +    ^/        9  p/ —   =    Vl      •      •      Vl^O);        ofanthefowet 
^■^  batfrictton; 


then  will 


^=  «i^  +/-^-;J.    •    (156). 


If  we  neglect  the  consideration  of  friction  for  a  moment,  bj 

and  find  the  resultant  2fi  of  F  and  Q^,  or  of  w«ai«itton  •, 

Qi  -^    and     Ci, 

we  shall  bave,  denoting  the  inclination  of  the  power  to  the 
resistance  by  9, 


i..=<^C/+e/^+2e/fcoe,=e,^l+J'(f+2cos^) . .  (167);  H.P««*-^ 


flnt 
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and  this  for  N,  in  Eq.  (156),  gives 


flnt 

apIHozimatlon 
for  power ; 

theflrtt 
approximation 
generBllj 
•nffldent; 


whfln  it  li  not, 
aieoond 
H>proxlnuUlon 
must  be  mnde ; 


geometrloal 
Indicatton ; 


i^=ft-^+/^iJ  =  i^|. 


(158> 


Now  the  value  of  Ni  was  too  small  for  N,  because  we 

T 

omitted  the  term/iV-  -^,  in  the  value  for  F;  and,  henoe,  i^ 
is  too  small  for  F;  but  the  deficiency  is  less  and  less,  in 

T 

proportion  as  the  fraction  /  n*  is  smaller  and  smaller.    In 

ordinary  practice  there  will  be  but  little  difference  between 
the  true  value  of  F  and  that  given  by  Eq.  (158). 

In  cases  wherein  r  is  considerable  in  comparison  with 
Bj  a  further  approximation  will  be  necessary ;  and  to  ao- 

complish  this,  we  remark,  that  Fi  is  greater  than  Qi  -^ ,  and 

R 

Qx  therefore  less  than  Fi  -^/,  and  that  if  this  latter   be 

combined  with  ^i,  to 
obtain  a  second  re- 
sultant N^  this  last 
will  be  too  large,  and 
when  substituted  in 
Eq.  (156),  for  N,  wiU 
give  a  value  F^  for 
Fy  which  will  also  be 
too  large.  The  mean 
of  the  two  values  of 
Fi  and  F^  will  be  the 
practical  value  of  F. 
The  value  of  iV^  is  given  by  the  equation, 


teoond 

approximation 
for  resultant; 


Mcond 

approximation  to 
▼alaeoftlia 
power; 


^;  =  ^i  V^H--^(4  +  2«>39).  .  (159); 


and 


R 


Ft=  Qx^  +  /N, 


r 
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To  find  the  quantity  of  work,  multiply  both  members 
by  Ss,  replace  ft  by  its  Talue,  and  we  have 

FS»,  =  QIi'»,+d,^^^R's,+/r-s,^±^  .  .  (161).  q»-«ti<.(-< 


JShxanpU.    Beqaired  the  quantity  of  work  neceaaary  to 
raifle  two  tons  of  coal  from  the  bottom  to  the  top  of  a  pit 
which  is  80  feet  deep, 
by     means    of    the 

wheel  and  Ale.   The  Kg-  asi 

diameter  of  the  wheel 
is  4    feet;    that   of 

the     axle,     1     foot;  ^      in 

that  of  the  trunnion, 
■which  is  of  wrought 
iron,  working  in  cast- 
iron  boxes  and  lubri- 
cated with  hogs'  lard, 
1.5  inches;  that  of 
the  rope,  which  is 
white,  half-worn,  and 
dry,  1.5  inches;  and 
the  power  acts  in  a 
horizontal  direction. 

Here   fl=2  feet; 


d^: 


=  0.5   feet ; 


(1.9)» 


/  =  0.07  ;  d 
K  =  1.1S801 
B'  s,  =  80  fee 
or  cos  9  =  0. 

These  data,  sabetitated  in  Eq.  (156),  give 


q  =  4000    lbs. 
160  feet;    and  ?  =  90°, 
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Ib9.  lit. 

*•'.    «-,^    1.18801  +  0.0526889X4000        .^^^^^ 
0,  =  4000  +  2.619  .  — J =  4568.89 ; 

and  this,  in  Eq.  (157),  making  cos  9  =  0,  and  substituting 
for  — ,  its  value  -^  =  0.25  feet,  we  find 


TataeoTM  jf  =  4558.89  Vl  +  (0.25?  =  4694.04. 

iMoltant;  * 

This  and  tie  values  of  Q;,^,/,  and  ■^,  in  Eq.  (158),  give 


F^  =  4668.89  X  0.25  +  0.07  X  4694.04  X  0.0626  =  1169.008 ; 

h 

n 

which,  substituted  with  the  values  of  -^  and  cos  9  =  0,  in 
Eq.  (159),  gives 


ZZlT^  ^»  =  1159.008  VI  +  (4)«  =  4778.68 ; 


hence, 


N  =  -^1  +  -^a  =  4694.04  +  4778.68  ^  ^^j^^qq. 


which,  with  the  values  already  found  for  Q^^  in  Eq.  (160), 
gives 

TBioe  of  power;   i?' =  4558.89*  X  0.25  +  0.07  X  ^^4736!36  =  1159.19. 


Here  it  may  be  proper  to  direct  the  attention  to  the  slight 
difference  between  the  values  of  F  and  -FJ,  showing  that  the 
first  approximation,  as  given  by  Eq.  (158),  will  generally 
be  sufficient 
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Finally,  from  Eq.  (161),  we  obtain 


IbM.  ft.       , 

FBs^  =  4000  X  80  +  44811.20  +  663.07  =  364974.27.  q«iitttyofwork; 


The  first  term  of  the  second  member  =  820000,  is  the 
value  of  the  work  without  any  resistance  from  friction  and 
strffiiess  of  cordage ;  the  sum  of  the  remaining  terms 
=  44974.27,  is  the  work  of  friction  and  stifihess  of  rope ; 
hence  it  appears,  that  the  loss  arising  from  the  latter 
causes,  is  nearly  one  seventh  of  the  work  which,  without 
them,  would  be  required  to  accomplish  the  object  This 
loss.would  be  sufficient,  without  the  hinderance  from  fric-  low  of  work  ty 
tion  and  stifihess  of  cordage,  to  raise  more  than  a  quarter  |J2^^ 
of  a  ton  through  the  given  height  cordage. 

li^  in  Eq.  (154),  we  make  /  =  0,  and  disregard  the 
Btiffiiess  of  cord£^e,  we  find 


F=  Q  .^   \    .    .    .    (162); 


that  is  to  say,  in  the  wheel  and  axle,  the  power  is  to  the 
resistance  as  the  radius  of  the  axle  is  to  that  of  the  wheel 

§  286.: — ^Wheels  are  often  so  combined  in  machinery  as  oombiaattonor 
to  transmit  the  motion  impressed  upon  some  one  of  them,  ^'^^^J 
according  to  certain  conditions,  determined  by  the  olgect  mouon 
to  be  accomplished.    This  is  usually  done  by  one  or  other  J^J^^JJ^ 
of  the  following  means,  viz. :  1st.  By  endless  rcpes,  bands,  ropesyuid 
or  chains^  passing  around  cylindrical  rollers,  called  drums,         ' 
mounted  upon  arbors ;  2d.  By  the  natural  contact  of  these  by  natnna 
drums ;  Sd.  By  projections  called  teeth  or  leaves,  accord-  ^^T^Leth. 
ing  as  these  projections  are  upon  the  surfaces  of  wheels  or  " 
arbois.    The  communication  of  motion  by  these  means  is 
always  accompanied  by  friction,  which  it  is  important  in 
practice  to  know,  since  it  may  not  be  disregarded. 
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§  287.— When  two  Fig.  258. 

Eeditance  doe  to  wheelfl  816  Connected 

lll^Tp^fT  "^"^  ^^  «*«'  ^y 

meaDB  of  an  endless 
band  or  rope  dcbe, 
passing  around  the 
drums  A  and  jS, 
mounted  upon  the 
arbors  of  the  wheels, 
a  sufficient  force  ^ap- 
plied to  one  of  them 

will  put  it  in  motion ;  this  motion  will  be  communicated  to 
frictton  between  the  Other  as  loug  88  the  friction  between  the  band  and  drums 
is  sufficient  to  prevent  the  former  from  sliding  over  the 
latter,  and  thus  a  resistance  Q,  applied  to  the  second  wheel, 
may  be  overcome.  The  motion  of  the  drum  J8  is  ob- 
viously due  to  the  diffisrence  of  the  tensions  in  the  two 
branches  dc  and  eb ;  and  applying  the  power  as  indicated 
in  the  figure,  the  tension  of  d  c  must  be  greater  than  that 
of  €  b.  Denoting  the  first  of  these  by  T,  and  the  latter  by  t, 
the  force  which  moves  the  drum  B  will  have  an  intensity 
equal  to  T—  t;  and  the  quantity  of  its  work  must  be 
equal  to  that  of  Q,  increased  by  the  work  of  friction  on 
the  trunnions  of  the  common  arbor.  Denote  the  radius 
of  the  drum  jB  by  -^ ;  that  of  the  wheel  to  which  Q  is 
applied  by  i2";  that  of  its  trunnion  by  r^;  the  arc  de- 
scribed by  the  point  at  the  unit's  distance  from  the  axis  of 
motion  by  s^  &c.,  then  will 


the  bandeand 
drum; 


motion  due  to 
difference  of 
teuton; 


work  of 
diflbrenoe  of 
teneion; 


{T-t)R^s^  =  QR'8^  +fN^T^ 


«2 


(163). 


The  action  of  the  force  F  produces  the  difference  of  ten- 
sion T  ^  t^  and  its  work  must^  therefore,  be  equal  to  that 
of  y  —  <  augmented  by  the  work  of  friction  on  the  trun- 
nions of  the  arbor  of  the  wheel  to  which  F  is  applied 
Denote  the  radius  of  this  wheel  by  i?,  that  of  its  drum 
by  Ri^  that  of  its  trunnion  by  ri,  the  arc  described  at  the 
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xmit's  distance  by  ^  and  we  have 


work  of  the 


FR^  =  (7-  0  ^^1  +f^i'ns,  .  .  (164).^^^. 
Adding  these  equations  together,  we  get 

but  because  all  parts  of  the  band  have  the  same  velocity, 
the  circumferences  of  the  drums  must  move  at  the  same 
rate;  hence 


#* 


elreamferenoes  of 

JR^Si   =    Bj^Si]  thednunUya 

the  same 


velocity; 


whidi  will  reduce  the  above  equation  to 


•       FE' 8,=  QB" s,  +  fN.r.H  +  /N^r.s,  .  .  (165). ^J^^ 

Whence  we  see  that  the  work  of  ^  is  equal  to  the  work 
of  Qj  increased  by  that  of  the  friction  upon  the  two  sets  of  infereneee; 
trunnions ;  and  the  same  may  be  shown  of  any  number  of 
wheels  thus  connected. 

In  this  equation,  N2  is  the  resultant  of  the  forces  Q,  T, 
and  t;  and  Ni  of  F,  Ty  and  t  To  find  these  resultants  it 
will  be  necessary  to  know  7  and  t 

The  difference  T—t  only  exists  while  the  system  is  in 
motion ;  when  at  rest,  and  the  force  does  not  act,  this  dif- 
ference is  zero,  or  jT  is  equal  to  t  In  passing  from  rest 
to  motion,  we  may  assume  that  one  increases  just  as  much 
as  the  other  diminishes,  and  if  the  common  tension  at  rest 
be  represented  by  Ti,  and  the  increment  of  the  one  «nd 
decrement  of  the  other  in  passing  from  rest  to  motion 
be  denoted  by  H^  then  wiU 

Tslae  of  the 

T^  Ti  +  E,    and    t=  T^-  H  .   .   (166);  teneion.; 
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tension  at  reet 
arbitrary; 


thouldbejust 
•ttlBcient  to 
prerenttlldlag; 


from  wliich  T  and  t  may  be  found  when  li  and  II  are 
known 

The  tension  7J  is  entirely  arbitrary.  It  should  be  as 
smaU  as  possible,  to  produce  the  requisite  friction  between 
the  band  and  the  drums  to  avoid  sliding  during  the  mo- 
tion, for  if  greater  than  this,  it  will  only  increase  the 
pressure  and,  therefore,  the  friction  on  the  trunnions,  un- 
nece^aanly.  In  general,  it  will  be  sufficient  if  this  friction 
be  great  enough  to  prevent  sliding  under  the  effect  of  $, 
at  the  surface  of  the  drum  of  the  wheel  to  which  Q  is 
applied.     But  this  effect,  neglecting  friction  on  the  trun- 

nions  and  stiffiiess  of  cordage,  is  Q  -p-.    That  is  to  say, 

a  force  whose  intensity  is  given  by  this  expression,  when 
applied  to  the  surface  of  the  drum,  will  produce  the  same 
effect  as  Q;  and  the  friction  between  the  drum  and  strap 
must  be  at  least  equal  to  this  force  to  prevent  sliding. 
The  branches  d.c  and  ei  of  the  band  are  solicited  respect- 
ively by  the  two  forces  T^  +  5J  and  7\  —  H;  and  these 
substituted  in  Eq.  (108),  the  first  for  F  and  the  second  for 
TT,  we  find, 


relation  of  the 
twotODBiona; 


/* 


r,  +  JT=(7i-i7)e^- 


subtracting  ?i  —  i?"  from  both  members  of  this  equation, 
and  we  have 

T^+H^{T^^H)^  (7,  -  H)  «^«  -  (T;  -  H)\ 

the  first  member  reduces  to  2  H;  that  is  to  say,  to  the  dif- 
ference of  tensions  on  the  two  branches  of  the  band,  which 
mudt  be  equal  to  the  effect  of  Q  at  the  surfiu^e  of  the  drum; 
whence 


dUbrenoe  of 
teulons; 


2  5-=  Q.~    .    .    .    .    (167), 
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^ 

B, 


ft 


■UM  la  tama  «f 


=    (i;    -    5)  (e*«  -    l)      .      (168);       thalHfltK».te; 

touloii  at  rett ; 


from  whicli  two  equations  we  may  compute  .?and  7][,  and 
therefore,  Eq.  (166),  T  and  t;  and,  finally,  the  resultants 
N^  and  Ni  by  the  rules  for  the  composition  of  forces. 

Example.  Bequired  the  tension  of  a  band  necessary  to 
produce  friction  enough  to  move  a  wheel,  when  subjected 
to  a  resistance  of  1000  pounds,  the  radius  of  the  wheel 
being  0.5  foot,  and  that  of  the  drum  2  feet,  and  the  arc  of 
the  drum  enveloped  by  the  band  180^.  Let  the  band  be 
of  black  leather,  and  the  surfstce  of  the  drum  of  oak. 

Here  i^  =  2  feet;  i2"  =  0.5  feet;  Q  =  1000  lbs.; 
/=  0.265,  (see  Table  I,  §  212 ;)   «  =  .-i^  =  8.1416  ^; 


Q 


R 


// 


it» 


=  1000  X 


0.6 
2 


u*. 
=  250; 


S=\Q 


InirdtttnaMaf 


Ti-   H  = 


Q 


A      _ 


260 


(e«.  -  1) 


(2.7182818)"««x"««  -  1 


The  first  term  of  the  denominator  may  be  easily  found  by 
the  aid  of  logarithms,  as  follows : 


Log  [(2.7182818)«"«]  =  Log  2.718281  X  0.88251 


▼aim  ftnmd  bf  • 

=  0.4842942  X  0.88251     th..id.r 


=  0.861564  nearly ; 


kgtrUboMS 


the  natoial  number  of  which  is  2.2991,  whence 


Ti  -  ff=  t  = 


250 


2.2991  -  1 


250 
1.2991 


a*. 

=   192.44.     ntat; 
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Adding  2ff=  250  lbs.,  we  have 


giMter tension;  ,  T^    +   H  ^    T  =   442.44. 


The  arc  of  the  drum  enveloped  by  the  band  being  180°, 

the  tensions  T  and  t  must  be  parallel,  and  their  resultant 

•   2;=  r+  ^=  634.88  lbs.,  which  being  combined  with  Q  = 

to  And  the  1000,  according  to  the  principles  of  the  composition  of 

''■"'*'^'  forces,  will  give  ^  and  with  F  will  give  i^,  whence  every 

thing  required  to  determine  the  quantity  of  work  in  Eq, 

(165)  is  known. 

If  Eq.  (165)  be  divided  by  -ff '5^,  it  becomes 


Jx         $1  It       Si  JX 

but  » 

velocity  of  the 

oiroiuBftoeiioee  R^  S^   ^^   -^  ^1  \ 

equal 


> 


whence 


and  by  substituting  above, 


J^=Q?r^+/-»^.-^-#+/^i-^; 


Taloeof 

power  when  the  *    —    ^       ^,       r>      •  y      -'a      tv      E>      '   ^      ^'*      O* 

motioD  begins  in  -«    .  -Oj  J%      If^  £1 

Indirection; 


which  is  the  relation  subsisting  between  F  and  Q,  in  case 
of  an  equilibrium  bordering  on  motion  in  the  direction  of 
F^  or  in  the  direction  of  uniform  motion. 
If  we  disregard  the  friction,  then  will 

wUhOQtfrictloiii  F  =^   Q  '       , '  ^. 


MECHANICS    OF    SOLIDS. 


419 


Fig.  259. 


When  the  motion  from  one  wheel  and  axle  is  commnni-  combinntioii  or 
cated  to  a  second  machine  of  the  same  kind,  by  passing  ^IIJ|^^*]^c^ 
the  band  about  the 
axle  of  the  wheel 
to  which  the  power 
F  is  applied,  and 
the  wheel  of  that 
to  whose  axle  Q  ia 
applied,  then  will 
Ri  be  the  radius  of 
the  first  axle,  and 
B^  that  of  the  sec- 
ond wheel,  and  the 
preceding  equation 
gives  us  this  rule, 
viz.: 

When  Hie  firiction  is  so  small  that  it  may  be  disregarded,  raiation  of  power 
the  power  F  unU  be  to  the  resistance  Qj  as  the  product  of  the 
radii  of  the  axles  to  that  of  the  radii  of  the  wheels,  in  the  case 
of  an  equilibrium  or  un^orm  motion, 

§  238. — ^In  the  preceding  discussion,  no  mention  is  made  Rigimty  of 
of  the  resistance  arising  fix)m  the  stiffiiess  of  cordage.  ^^I^^*** 
When  the  connection  or  gearing  is  made  by  bands,  these 
are  so  thin  as  to  possess  considerable  flexibility,  and  their 
opposition  to  bending  may,  in  practice,  be  safely  neglected. 
If  the   connection 
bemade  by  an  end- 
less rope,  the  op- 
position to  motion 
takes  place  at  the 
points    where   the 
rope  bends  in  pass- 
ing on  to  the  drums, 
and  not  at  all  at 
the   points    where 
it  leaves  the  latter 


rigliiltjofropos; 
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faloBortlM 
rwiitaBoe  at  one 
point; 
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and  beoomes  straight.     Thus  at  the  point  a,  the  resist- 
anoeis 

K  +  I.Q 


2E 


ti      > 


at  the  point  5  it  is 


■tuotliar; 


K'  +  It 
2^      ' 


and  at  the  point  <2  it  is 


■ttitotlMr; 


K'  +  IT 
2i2,      ' 


and,  finally,  at  the  points  /  and  e  it  is  nothing.    These 
xeaistances  must  be  inoladed  among  those  to  be  overcome 
by  the  power  F. 
rigidity  of  ehaini;      If  the  connection  be  made  by  an  endless  chain,  each 
link,  as  it  turns  in  the  next  one  in  order,  may  be  regarded 


eMh  links 
trunnion  In  tti 
box; 


as  a  trunnion  revolving  in  its  box ;  and  each,  as  it  comes 
to  be  applied  to  the  drum,  revolves  about  the  next  one 
through  an  angle  WHE^  equal  to  DCU^  the  angle 
through  which  the  drum  revolves  to  produce  the  contact; 
and  taking  the  sum  of  all  these  angles,  it  is  obvious  tiiat, 
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although  each  link  revolves  through  a  very  small  angle, 
yet  this  sum  must  be  equal  to  the  angle  through  which  the 
drom  has  turned  to  produce  it 

Denoting  by  r  the  radius  of  the  inner  circular  arc  in  notation,  fcc; 
which  the  end  of  each  link  is  shaped,  s^  the  arc  described 
by  the  point  at  the  distance  of  unity  from  the  axis  of  the 
drum  -B,  /  the  coefficient  of  friction,  and  T  and  t  the  ten- 
sions on  the  two  branches  of  the  chain,  then  will  the  work 
of  friction  among  the  links  at  the  points  b  and  /respec- 
tively, (figure  before  the  last,)  be 

workofMettoB 

fTrs^         and       ftr8^\  among  the  llnk^ 

•'  ^  ^  «>  atoneaetof 

pointa; 

and  denoting  by  ^i  the  arc  described  by  a  point  at  the  dis- 
tance of  unity  from  the  axis  of  the  drum  A^  the  work  of 
friction  at  the  points  e  and  d  will  be,  respectively, 


the  same  for 
another  aet ; 


fTrsi^      and     ftr8i\ 
and  the  whole  amount  of  this  kind  of  work  will  be 

•'      ^  ^  ^  "  *^  thlaMctlon; 

Becollecting  that  the  points  on  the  surfaces  of  the  drums 
must  have  the  same  velocity,  viz. :  that  of  the  different 
links  of  the  chain,  we  have 

2^  jy  Telocity  of 

II2S2   —    -«i5i;  circumferenoe  of 

drumaeqoal; 

in  which  jS^  and  i^  are  respectively  the  radii  of  the  drums 
B  and  A,    From  this  relation  we  find 


which,  substituted  above,  gives 


Talueofthe  woit 
of  Mctlon  I 
Bj^J  '     '     '      ^        ^'       thellnka; 


/r58(r+  0(1  +  §)•     •     •     (1«8>      ^"^^— ^«"« 
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^actmpto; 


date; 


Example.  Let  T  and  t  have  the  values  of  the  last  ex- 
ample, (that  of  the  strap,)  and  suppose  r  =  O.OS,  the  chain 
of  wrought  iron,  for  which  we  find  in  the  table  of  §  226, 
(assuming  that/  is  the  same  for  trunnions  of  wrought  iron 
in  boxes  of  the  same  material,  as  for  trunnions  of  wrought 
iron  and  boxes  of  cast  iron,)  /=  0.07 ;  also  let  the  radius 
of  the  drum  B  be  four  times  that  of  the  drum  A  ;  then  will 
the  expression  (169)  for  a  single  revolution  of  the  drum  B^ 
in  which  case  ^=  2  X  3.1416  =  6.2832,  beccnne 


anantltTofwork  '^'*  ^' 

ofMettoa.         0.07  X  0.03  X  6.2832  (442.44  +  192.44)  (1  +  4)  =  41.88; 

that  is,  the  work  lost  in  consequence  of  the  fiiction  among 
the  link^  of  the  chain,  during  one  revolution  of  the  drum 
of  the  wheel  to  which  the  resistance  is  applied,  is  sufficient 
to  raise  a  weight  of  nearly  42  pounds  through  one  foot  of 
vertical  height. 


friction  OD  the 
teeth  of  wheels; 


§  239. — ^Let  us  now  suppose  the  circimiferences  of  the 
Bertatttioeftom   whcels  to  be  fomishcd  with  teeth,  which  interlock  with 
each  other,  so  that 
a  force  being  im- 
pressed upon   one  Rg.  262. 
wheel,    it    cannot 
move  without  com- 
municating motion 
to  the  other. 

The  teeth  are 
usually  curved,  and 
so  shaped  as  to 
have  a  common 
normal  Di  D^  at 
their  point  of  con- 
tact m^  where  the 
action  of  one  and 

the  reaction  of  the  other  take  place ;   and  although  the 
point  of  contact  alters  its  position,  as  the  wheels  rotate. 


eonditionsof 
eoMlnictioii  of 
Ihe  teeth; 
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oonditioni  of 
preaerTlng  m 
conataoC  normal 
at  the  point  of 
contact; 


yet  the  place    of  Kg.  268. 

this    normal    does 
not  change,  but  re- 
mains    stationary^ 
and   the  point  of 
contact   is  always 
on  it    We  will  not 
stop  to  explain  the 
constructions      by 
which    this  is  ac- 
complished ;  it  will  be  suificient  for  our  present  purpose 
to  be  assured  of  its  practicability,  and  that  we  may  pro- 
ceed on  the  supposition  that  it  has  been  executed  in  the 
case  imder  consideration. 

From  the  centres  Ci  and  Q  of  the  wheels,  let  fall  upon 
the  normal  D^D^  the  perpendiculars  (^jDi'and  C^D^ 
The  points  Di  and  D^  must,  during  the  rotation  of  the  reiattre  veioouiet 
wheels,  have  the  same  absolute  velocity,  and  therefore  the  ^^^^ 
number  of  revolutions  of  the  wheel  whose  centre  is  (7i,  in 
a  given  time,  must  be  to  that  of  the  wheel  whose  centre  is 
Q,  in  the  same  time,  inversely  as  the  perpendiculars  Ci  2^i, 
and  C2  D^ ;  or,  because  of  the  similar  triangles  (\BDi  and 
C^^D^  inversely  as  the  distances  CiB  and  C^B,    The 
circles  described  about  (^  and  CJ  as  centres,  with  radii 
Cx  B  and  Q  -B,  respectively,  are  called  the  primitive  circles,  primitive  cirdca; 
These  circles  and  their  radii  may  be  easily  found  from  the 
consideration  just  named.    It  will  be  our  object  to  find  a 
force  which,  applied  tangentially  to  these  circles  at  -B,  will 
produce  the  same  effect  as  friction  on  the  teeth. 

Denote  by  Q  the  resistance  acting  at  the  distance  R 
from  the  axis  of  the  wheel  whose  centre  is  C^  The. effect 
of  this  resistance  acting  at  D^  in  the  direction  of  the 
normal  Di  D^  will,  from  the  principles  of  the  wheel  and 
axle,  be  ^1,  given  by  the  relation 


Qx=  Q 


R 


CtDt    ' 


•    (169)'; 


effbctof  the 
rest  stance  at  tlie 
distance  <tf 


424 


NATURAL    PHILOSOPHY. 


▼tflMCfilM 

firletton  on  the 


fig.  268. 


and  this  Qi  will  be  the  pressure  at  the  point  m.    Its  fnor 
tion  will  be 

fQu 

acting  in  the  direction  qi  q^^  tangent  to  both  teeth  at  their 
point  of  contact.  The  elementary  quantity  of  work  of 
this  friction  will  be 
equal  to  its  intensi- 
ty, multiplied  into 
the  elementary  dis- 
tance by  whict  the 
rubbing  points  now 
at  m,  separate  in 
the  direction  of  this 
to  obtain  the       tangent;  which  dis- 

equal  to   that  by 
which    the   points 

qi  and  e^^)  ^^  extremities  of  the  perpendiculars  let  £eill 
from  Ci  and  0^  upon  the  common  tangent,  approach  to  or 
recede  from  each  other.  Denoting  the  elementary  path 
described  by  a  point  at  the  unit's  distance  from  (^  by  s^, 
and  that  described  at  the  same  distance  from  (^  by  s^  the 
paths  described  by  qi  and  q^  will  be,  respectively,  Q  ft  X  ^i, 
and  C^  ft  X  5a ;  and  because  the  points  ft  and  ft  must  move 
in  the  same  direction  when  the  tangent  ft  ft  passes  between 
the  centres  Q  and  0^  the  elementary  path  of  friction  will 
be  equal  to  the  difference  of  these  paths,  and  its  elemen- 
tary quantity  of  work  will  equal 


/A 


tlwTalaeofflifs 
work; 


/ft  [Qift  X  «a  -    Qft   X  sj. 

Designating  the  radii  of  the  primitive  circles  whose  cen- 
tres are  Q  and  Q  by  J^  and  B^  respectively,  we  have, 
because  of  the  equal  velocities  of  the  circumferences  of 
these  circles, 
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J%«1  =  i^«8; 

relation  of  Uia 

whence  ^"T^'^^ 

distance  from  the 
two  oentrei ; 

Moreoyer,  drawing  through  the  point  B  the  line  z^  Zi, 
parallel  to  the  tangent  ^g  ^j,  and  denoting  the  angle  mBGi, 
which  is  the  complement  of  the  angle  CiBz^  by  9,  and 
the  distance  mBhj  h,  we  find 

CLOi  =  A  COS©  +  h, 

"^*  -31         T  ;  leTerannsofthe 

friction; 

Ciqi  =  ItiCO&(p  ^  h; 

these  values  of  s^t  O2  qa,  and  Ci  gi,  substituted  in  the  ex- 
pression for  the  elementary  work  of  friction,  give 

/Qlh   81  (-^   +   lY  work  of  friction; 

Denote  by  «  the  intensity  of  a  force  which,  applied 
tangentiaUy  to  the  primitive  circles  at  J?,  will  produce  the 
same  effect  as  the  friction.  Its  elementary  work  will  be 
u  J^  ^  and  hence 


«.A«i=/«»A.,(^-^); 


or 


P      I      I?  tangential  force 

IMimitlTC  drcle ; 

Bepiesent  the  angle  B  Cim  hj  6.  In  practice,  the 
angle  mBCi  does  not  differ  much  from  90^,  and  we  may 
take 

h  =  i2itan4; 
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and  because  6  is  generally  very  small,  tke  tangent  may  be 
replaced  by  the  arc,  and 


which,  substituted  above,  gives 


another  form  for 
tangential  force 
at  prlmltiye 
ciKnmference ; 


to  And  the  mean 
value  of  the 
mnffular  distance 
of  point  of 
eontaot; 


CO 


=  fQ, 


Hi  R% 


X  Rib   .    .    (171). 


altitude  of  m  mean 
triangle; 


The  value  of  6  varies  from  a  maximum  to  zero  on  one 
side  of  the  line  of  the  centres  CJ  G^  and  from  zero  to  a 
second  maximum  on  the  opposite  side  of  this  line;  the 
first  maximum  corresponds  to  that  position  oi  min  which 
any  two  teeth  come  first  in  contact,  and  the  second  to  that 
in  which  the  contact  ceases ;  the  intermediate  or  zero  value 
occurs  when  m  is  on  the  line  of  the  centres.  The  quantity 
d  being  thus  variable,  it  must  be  replaced  by  a  constant, 
and  this  constant  must  be  a  mean  of  all  the  values  between 
the  two  maxima.  Designating  the  first  of  these  by  ^i,  and 
the  second  by  ^j,  lay 
off  the  distance  A  E 

=  4i;   erect  at  A  the  Fig.  264 

perpendicular  J.  (?  = 
^i;  draw  OE:  then 
will  the  ordinates  of 
this  line  which  are 
parallel  XoAO  repre- 
sent the  different  val- 
ues of  by  and  the  area 

of  the  triangle  EA  G  will  be  the  sum  of  all  the  values  of 
b  between  tfj  and  zero.  Again,  make  EB  =  tfj ;  erect  at 
B  the  perpendicular  5G^'"  =  4,;  draw  0'"E:  the  area 
of  the  triangle  EB  0'"  wiU  be  the  sum  of  all  values  of 
b  between  zero  and  ^3.    Make 

50  =  ?L+A" 
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complete  the  rectangle  B0\  and  draw  AO;  then  will  the  oonBtmctton; 
triangle  ABO  \)^  equivalent  to  the  sum  of  the  triangles 
AEQ  and  EBO"\  and  therefore  equivalent  to  the  sum 
of  all  values  of  ^  between  ^i  and  4^,  the  mean  of  which  is 
obviously  the  middle  ordinate. 

2(^1  +  ^2)  2(^1  +^a)  2  ^1  +  ^8*  angular dtatance 

of  point  of 
contact; 

Neglecting  the  last  term  as  insignificant, 


Multiplying  by  iZi,  we  find  that  R^  (di  +  d^  is  the  interval 
between  the  place  of  the  first  and  last  point  of  contact  of 
the  same  pair  of  teeth,  estimated  on  the  circumference  of 
the  primitive  circle ;  denoting  this  interval  by  a,  and  sub- 
stituting in  Eq.  (171),  we  find 


"    ""  -^  Vl  — »~P —    ^    "O"    ~"  /  Vl      o   Q      +     0   g    )•         **  primitive 


Denote  the  number  of  teeth  on  the  wheel  whose  centre  is 
Ox  by  Wi,  and  the  number  on  the  wheel  whose  centre  is  0^ 
by  n^ ;  then,  because  the  teeth  and  intervals  between  them 
must  be  the  same  on  each  circumference,  in  order  to  work 
freely, 

dlilanee  from  the 

2  «'  R^    2  «*  R^  place  of  lint  to 

5  that  of  last  point 


a  = 


of  contact; 


which,  substituted  above,  gives 


Beplacmg  (^  ^J  ^  value  given  in  Eq.  (169)',  and  recollect- 
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work; 
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ing  that,  within  the  limits  supposed,  C^D^  becomes  R^  we 
finally  have 


"=/'-«i(=i^)-  •  o'^^ 


work; 


To  find  the  quantity  of  work,  multiply  both  members  of 
this  equation  by  B^s^  which  will  give 

"iJi..  =/r^(2ii;.!?L±^   .    .    (178> 

Example,  Required  the  work  consumed  in  each  revo- 
lution by  Motion  on  the  teeth  of  a  wheel  whose  arbor  is 
subjected  to  a  resistance  equivalent  to  1000  pounds,  the 
number  of  teeth  on  the  wheel  being  64,  and  that  of  the 
connecting  wheel  being  192 ;  let  the  teeth  be  of  cast  iron^ 
and  suppose  the  radius  of  the  arbor  equal  to  0.8  foot 

Here,  i?  =  0.8;  ^  =  1000  lbs.;  5,  =  2x8.U16;  f  = 
8.1416 ;  /=  0.152 ;  n,  =  64 ;  rii  =  192 ;  and,  therefore, 

a«.  64+192 

biR^%^=^  0.162  X  8.1416  X  6.2882  X  1000  X  0.8  ,,       ,^^  =  60; 

o4  X  192 


I'OfOlt. 


that  is  to  say,  the  quantity  of  work  consumed  in  one  revo- 
lution by  friction  on  the  teeth,  in  the  case  supposed,  is  suf- 
ficient to  raise  50  pounds  through  a  vertical  distance  of  one 
foot 


XX. 


Theicnw. 


1 


THB     SCREW. 


The  Screw^  regarded  as  a  mechanical  power,  is  a  device 
by  which  the  principles  of  the  inclined  plane  are  so 
applied  as  to  produce  considerable  pressures  with  great 
steadiness  and  regularity  of  motion. 
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¥ig.  265. 


mode  of 
generating; 


§  240. — To  fonn  a  dear  idea  of  the  figure  of  the  screw  serewwith 
and  its  mode  of  action,  oonoeiire  a  right  cylinder  a  A,  with  ■*i"^™**5 
ciicalar  base,  and  a  rectangle  abcm  having  one  of  its  aides 
ab  coincident  with  a  sur&ce  element,  while  its  plane  passes 
thiongh  the  axis  of  this  cylinder. 
Next,  suppose  the  plane  of  the  rect- 
angle  to   rotate    uniformly  about 
the  axis,  and  the  rectangle  itself 
to  move  also  uniformly  in  the  di- 
rection of  that  line ;   and  let  this 
twofold  motion  of  rotation  and  of 
translation  be  so  regulated,  that  in 
one  entire  revolution  of  the  plane, 
the  rectangle  shall  progress  in  the 
direction  of  the  axis  over  a  distance 
greater  than   the  side  ab,  which 
IS  in  the  surface  of  the  cylinder. 
The  rectangle  will  thus  generate  a  projecting  and  winding 
solid  called  SkJUlet,  leaving  between  its  turns  a  similarly  the  ffliei,obaiuiei, 
shaped  groove  called  the  channel    Each  point  as  m  in  the  ■»*  '"••'"•"^J 
perimeter  of  the  moving  rectangle,  will  generate  a  curve 
called  a  Jielix,  and  it  is  obvious,  from  what  has  been  said, 
that  every  helix  will  enjoy  this  property,  viz. :  any  one  of 
its  points  as  m,  being  taken  as  an  origin  of  reference,  as 
well  for  the  curve  itself  as  for  its  projection  on  a  plane 
through  this  point  and  at  right  angles  to  the  axis,  the  dis- 
tances d'  m',  d"  m",  &c.,  of  the  several  points  of  the  helix 
firom  this  plane,  are  respectively  proportional  to  the  circu-  propertieiora 
lar  arcs  md',  md",  4c,  into  which  the  portions  mm',  mm'^  ^'^'^ 
&c.  of  the  helix,  between  the  origin  and  these  points,  are 
projected. 

The  solid  cylinder  about  which  the  fillet  is  wound,  is 
called  the  newd  of  the  screw ;  the  distance  mm"',  between  aewei; 
the  consecutive  turns  of  the  same  helix,  estimated  in  the 
direction  of  the  axis,  is  called  the  hdicdl  interval.    ThebeUMaimervai; 
sur&ces  of  the  fillet  which  are  generated  by  the  sides  of 
the  rectangle  perpendicular  to  the  axis,  are  each  made  up 
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Fig.  266. 


of  a  series  of  helices,  all  of  which  have  the  same  interval^ 
though  the  helices  themselves  are  at  different  distances  from 
reiatire  posttion  the  axis.     The  inclination  of  the  different  helices  to  the 
^tt^^ewn"   *™  ^^  *^®  screw,  increases,  therefore,  from  the  newel  to 
iieuoec;  the  cxtcrior  aur&jce  of  the  fillet,  the  same  helix  preserving 

its  inclination  un- 
changed throughout 
The  screw  is  re- 
ceived into  a  hole  in 
a  solid  piece  B  of 
metal  or  wood,  called 
the  oat;  a  niU  OT  buTT.     The 

sur&ce  of  the  hole 
through  the  nut  is 
furnished  with  a  wind- 
iDtotofthaiiat;  ing  fillet  of  the  samc 
shape  ^nd  size  as  the 
channel  of  the  screw, 
which  it  occupies ; 
while  the  fillet  of  the 
latter  fills  up  the 
channel  of  the  nut, 
formed  by  the  turns 
of  its  fillet,  whose 
inner  surface  is  thus 
brought  in  contact 
with  the  newel. 

From  this  arrangement  it  is  obvious  that  when  the  nut 
niatiTe  motion  of  is  Stationary,  and  a  rotary  motion  is  communicated  to  the 
•orsw  and  nut ;  g^^^^  ^j^^  latter  wiU  movc  in  the  direction  of  its  axis ;  also 
when  the  screw  is  stationary  and  the  nut  is  turned,  the  nut 
must  move  in  the  direction  of  the  length  of  the  screw.  In 
the  first  case,  one  entire  revolution  of  the  screw  will  carry  it 
longitudinally  through  a  distance  equal  to  the  helical  inter- 
val, and  any  fractional  portion  of  an  entire  revolution  will 
carry  it  through  a  proportional  distance ;  the  same  of  the 
nut^  when  the  latter  is  moveable  and  the  screw  stationary. 
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The  resistance  Q  is  applied  either  to  the  head  of  the  screw, 
or  to  the  nut,  depending  upon  which  is  the  moveable  ele- 
ment; in  either  case  it  acts  in  the  direction  D  0  of  the 
axis.    The  power  F  is  applied  at  the  extremity  of  a  bar  mppitcaUonoftiM 
&^  connected  with  the  screw  or  nut,  and  acts  in  a  plane  "**■'■"**»  "^ 

^  *  power ; 

at  right  angles  to  the  axid  of  the  screw.  Denote  the  per- 
pendicular distance  of  the  line  of  direction  of  F  from  the 
axis  of  the  screw  by  iZ,  and  the  helical  interval  by  h  ;  then 
will  the  quantity  of  work  of  the  power  F^  in  one  revolu- 
tion, supposing  it  to  retain  the  same  distance  from  the  axis, 
be 

work  of  the 
JP    ^    A  ^  JtC  f  power  In  ono 

revolution ; 

and  the  quantity  of  work  of  the  resistance  will  be 


Q  X  h. 


work  of  the 
rMlttanoe; 


The  power  F  and  resistance  Q,  both  act  to  press  the  fillet 
of  the  screw  and  that  of  the  nut  together,  the  first  acting 
at  right  angles  to,  and  the  latter  in  the  direction  of  the 
axis.  To  find  the  work  of  friction  thence  arising,  it  will 
be  necessary  to  find  a  force  jPi,  parallel  to  jP,  whose  effect 
at  the  fillet  is  the  same  as  that  of  F^  acting  at  the  distance 
12  fix>m  the  axis,  and  to  resolve  both  j^i  and  Q  into  two 
components,  one  normal  and  the  other  parallel  to  the 
common  sur&ce  of  the  pressing  fillets.  But  the  sur&ces 
bemg  warped,  the  normals  at  their  different  points  will  be 
oblique  to  each  other,  and  so  inclined  to  the  axis  that  the 
normal  components  of  the  resistance  Q,  near  the  newel; 
will  be  less  than  those  towards  the  outer  surface  of  the  intermediirte 
fillet,  while  the  reverse  will  be  the  case  with  the  power  Fi,  ******* 
The  resolution  must,  therefore,  be  made  with  reference  to  a 
normal  at  a  helix  midway  between  the  newel  and  outer  sur- 
fioe.  This  helix,  like  all  others,  is  situated  upon  the  sur- 
face of  a  cylinder  of  which  the  axis  coincides  with  that  of 
the  screw.    Denote  the  radius  of  this  cylinder  Cm^  by  r 


482 


NATUBAL    PHILOSOPHY. 


eonrtniottoii;      Conoeive  a  tangent  plane  to  this  cylinder  at  any  pointy  as 
m*^,  and  two  cutting-planes  normal  to  the  axis,  and  at  a 


projectfonof 
Intermedlile 
helix; 


Rg.  261 


3 


distance  jfrom  each  other  equal  to  a  helical  intervalf  and 
equally  distant  fix)m  m^.  If  we  now  develop  the  portion 
of  the  cylindrical  surfiwje,  included  between  the  cutting- 
planes,   on   the   tan- 


gent plane,  the  sur- 
face of  the  cylinder 
will  become  a  rectan- 
gle whose  base  A  E 
deToiopment  of  is  equal  to  2  «'  r,  and 
helix;  whose  altitude  EB  is 

equal  to  A;  and  the 
helix  will  become  the 
diagonal  A  B.  De- 
note the  length  of  the 
iMointioiiorthe  hclix -A  ji5  by  Z.  Then 


Fig.  268. 


power  and 

naiameeinto 

eomponenle; 


draw  the  normal  rri"  2/,  and  resolve  Q  and  Fi  as  before 
stated.  Since  Q  =  m'^  K  is  perpendicular  io  AEj  and 
L  m^  perpendicular  toAB,  the  angles  L  m'^  K  and  EA  B 
are  equal ;  also,  since  F^  =  /m<^  is  perpendicular  ix>  BE^ 
the  angles  Im^  L  and  A  BE  dx%  equal,  and  the  triangles 
ABEj  Im^  Oy  and  L  m^JST,  being  right  angled,  are  similar, 
and  give  the  proportions 


I 


2^r 


Q 


Lrri} 


Vf 


I 


Fi   :    vnF'O; 
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wheooe 


Bomial 
oompoiieiit  of 


Vtr  U  =   = ;  eomponent  of 

'  power; 


» 


and  the  total  pressure,  whicli  is  equal  to  the  sum  of  m^  0 
and  mF'  L,  becomes 

V 

^*^Q     ,        f^^i  toMnomal 

and  the  friction 


J  1  1 


I 

and  since  in  one  reyolntion  the  path  described  by  this 
friction  IB  the  diagonal  A  B  ^  2^  its  quantity  of  work 
inUbe 

its  qutttltj  of 

f&^rO  +  hF;);  wotklnoBa 

KTolnttoB; 

and  because  the  work  of  the  power  F  must  equal  the 
work  of  the  resistance  Q,  increased  bj  that  of  the  fiictioui 
wehaye 

woricofpowor 
eqinl  tlul  of 

2^1t.F  ^  Qh  +/(2irr  ^  +  Fih).  rM^nee 

iaeniiedby 
workofMetloB; 

But  the  eflEbot  of  i^  and  Fi  being  the  same,  their  quantities 
of  work  must  be  equal,  and  hence 

4 

i^BF  =  2*rFi; 
whence 

T 
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which  substituted    in   the  preceding  general   equation, 
we  get 

workofpower;  2^BF  =   Qh  +f{2*rQ  +  F  —  h); 


and  finding  the  value  of  F^ 

:^"''^  ^=  Qp^-^^^^'  •  •  (174). 

P«™;  ^  2*Rr  —fRh  ^      ' 

Multiplying  both  members  by  2  ^  R;  then  adding  and 
subtracting  Qh,  in  the  second  member  of  this  equation, 
we  find 

wwtofpowr;  2^ B .F  =^  Qh  +  fQj^^^^  .     .     (175), 

in  which  the  work  absorbed  by  friction  is  given  by  the 
last  term ;  that  is  to  say,  by 

wukalMorbedbj  Jt  q       A'  +  4  <^  r* 

Mctton;  J^   '     2«'r  — /A  ' 

If  we  neglect  the  consideration  of  friction,  or  make  /  =  0, 
we  find,  from  Eq.  (174),  simply 

nlfttioii  of  power  i 

and  resisUnoe  F  ^    Q   X    { 

wltlMMil  friction ;  2  *  M 


that  is,  the  power  is  to  the  resistance  as  the  helical  interval 
is  to  the  circumference  described  by  the  extremity  of  the 
perpendicular,  drawn  from  the  axis  to  the  direction  of 
the  power*  Prom  which  it  is  obvious  that  the  power  of 
the  screw  may  be  increased,  either  by  diminishing  the 
uttodinwoidf;  distance  between  the  thread  or  fillet,  or  by  increasing  the 
distance  of  the  power  from  the  axis. 
K  we  examine  the  expression 
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intermediBte 
helix  ahonkllM 
small; 


Fig.  269. 


we  shall  find  tliat  the  numerator  of  the  fractional  &ctor 
increases  more  rapidly  than   the  denominator   for   any 
increment  in  the  value  of  r,  the  radius  of  the  mean  helix. 
For  this  reason,  r  should  be  made  as  small  as  possible  nuunsof 
consistently  with  sufficient  strength. 

Let  6  0  be  the  radius  of 
the  interior  helix,  or  that 
of  the  newel,  and  a  0  that 
of  the  exterior  helix;  it  is 
usual  to  make  the  projection 
a  6,  of  the  fillet,  equal  to  the 
thickness  ad,  measured  in 
the  direction  of  the  axis; 
and  for  facility  of  execution, 
the  dimensions  of  the  chan- 
nel are  made  equal  to  those 
of  the  fillet,  that  is  to  say, 
a&is  made  equal  to  ad;  in 
which  case,  the  helical  in- 
terval aa'  will  be  equal  to 
2  a (2  ==  2  a&,  when  there  is 
but  a  single  fillet  Should 
there  be  two  fillets,  which 

are  often  employed  to  increase  the  helical  interval  without 
changing  the  size  of  the  newel,  and  therefore  of  r,  then  nue; 
will  the  helical  interval  be  4  a  &.  Considerations  affecting 
the  union  of  sufficient  strength  with  least  friction,  have 
suggested  this  general  rule  in  regard  to  the  projection  of 
the  fillet)  viz. :  make  the  projection  ab  equal  to  one  third 
of  the  radius  Ob  of  the  newel^  or 


proportion  of  the 
different  parte  of 
the  ecrew ; 


ab  =  I  Ob. 


This  will  give 


Ob  =  Bab; 


ndlnaoftks 
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and 

Ob  +  ^ab  =  r  =  Sab  +  JaJ  =  JaJ; 

and  because  h  ^  2ab, 

radioiof 

which  sabstituted  for  r,  in  the  expression  for  the  friction, 
gives 

woikorMotton;  /•    VfA = j] 

#  .  1  — / 

22 

and  making  ^^  =-^  to  which  it  is  very  nearly  equal,  the 
expression  reduces  to 

122 


ItofliMlTaliw;  f  X    Qh 


11-/ 


To  apply  this  to  a  particular  example,  let  the  screw  be 
ipie;  made  of  wrought  iron,  and  the  nut  of  brass,  and  suppose 

an  unguent  of  tallow,  in  which  case  /=:  0.103,  see  Table 
m,  §  212 ;  hence  the  value  of  the  friction  becomes 

1.152  X   Qh; 
which,  substituted  in  Eq.  (176),  gives 

wwit  2*B.F  =  ^A  +  1.152  Qh  =  2.152  Qh; 

whence  we  see,  that  friction  occasions  a  loss  of  work 
greater  than  the  whole  work  performed  by  the  resistance. 

;  §  241. — ^The  endleaa  screw  is  employed  to  transmit  a 
very  slow  motion,  and,  at  the  same  time,  to  overcome  con- 
siderable resistance.    It  is  a  short  screw,  with  square  fillet^ 
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■QiflMe  of  teeth 
IneUned  to  aadB 
oT  motion; 


and  so  supported  as  to  revolve  freely  about  its  axis,  with  use  and 
no  motion  of  translation.  It  is  usually  turned  by  means  **®^^p**®"» 
of  a  crank.  The  fillet  pass- 
es between  teeth  on  the 
circumference  of  a  wheel 
of  which  the  axis  is  per- 
pendicular to  that  of  the 
screw.  The  resistance  Q 
is  applied  to  the  circum- 
ference of  the  arbor  of  the 
wheel.  The  rubbing  faces 
of  the  teeth,  instead  of  be- 
ing parallel  to  the  axis  of 
the  wheel,  axe  slightly  in- 
clined to  that  line,  so  as 
to  make  them  parallel  to 
the  sur&ce  of  the  fillet 
when  the  latter  is  brought 
in  contact  with  the  teeth. 

A  rotary  motion  being  communicated  to  the  screw,  its  fillet 
presses  against  the  teeth  of  the  wheel ;  and  as  the  screw 
can  have  no  longitudinal  motion,  the  wheel  must  turn 
about  its  axis.    As  the  teeth  are  withdrawn  towards  one  operation  and 
end  of  the  screw,  others  are  interposed  towards  the  other  "**>*' 'o'*^ 
end,  and  thus  an  endless  motion  may  be  kept  up ;  hence 
the  name  of  the  machine. 
A  plane  through  the 
axis  of  the  screw  and  per- 
pendicular to  that  of  the 
wheel,  will  cut  from  the 
rubbing   surfaces  of  the 
fillet  and  teeth  a  profile; 
and  if  we   confine   our- 
selves  to  what  takes  place 
in  this  plane  during  the 
motion,  we  shall  find  that 
the  circumstances  wiU  be 


name; 


Rg.  271. 


aectionbyaplane 
fhrongh  the  aada 
oftheacrew 
perpendicular  to 
theazlaofthe 
wheel; 
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the  same  as  those  of  two 
cireamBtanoesof  wheels  acting  upon   One 

aotioo  881116  M  1  1  1        1         •    < 

thoM  of  two       another  through  the  inter- 

wheeb  with 
teeth; 


Fig.  211, 


vention  of  teeth ;  for,  as 
the  screw  turns  about  its 
axis  to  bring  different 
parts  of  the  fillet  in  this 
cutting  plane,  the  section 
ab  will  move  in  the  direc- 
tion firom  A  to  By  driving 
the  section  be  of  the  tooth 
before  it 

Let  Q^  be  the  force  applied  at  b  in  the  direction  A  -B, 
which  is  tangent  to  the  circumference  whose  centre  is  on 
the  axis  of  the  wheel,  and  whose  radius  is  (7e  =  B^j  and 
which  will  sustain  the  resistance  Q  in  equilibrio :  then  de- 
noting by  N  the  resultant  of  Q^  and  Qy  by  r  the  radius 
of  the  arbor,  and  by  r,  that  of  the  trunnion,  wiU 


qnantitjof  work; 


Q,R,s,  =  Qrs,  +/N'r,8,,' 


Talueofthe 
power; 


Metlon; 


in  which  s^  is  the  arc  described  at  the  unit's  distance  fix)m 
the  axis  of  the  wheel. 
Dividing  by  Bj8,y 


Qs  =  «|-+/^J^  • 


(176). 


Find,  by  the  process  explained  in  §  234,  Eqs.  (157)  to  (160), 
the  value  of  Q^  and  K  The  pressure  upon  the  tooth  at  6 
will  thus  be  known,  being  equal  to  Q^,  This  pressure  pro- 
duces a  friction  upon  the  teeth  of  which  the  value  is 

^     ^  w  +  n'  -^      /I     ,     1\ 

nn  \n         n/ 


wherein  n  denotes  the  number  of  teeth  on  the  wheel  whose 
centre  is  Cy  and  n'  the  number  on  the  other.    But  the  cir- 
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cumfeTence  of  this  latter  wheel  being  a  right  line,  is  in- 
finite as  well  as  the  number  of  its  teeth;  hence 


^  redprocalofthe 

^    __    A.  number  of  toeth 

fl'  '  on  section  of 


screw: 


» 


and  the  foregoing  becomes 


-'■  value  of  tlie 


which  mnst  be  added  to  ^^  to  obtain  the  force  necessary 
to  turn  the  wheel  and  to  obtain  the  total  pressure  on  the 
fillet  of  the  screw.     This  sum,  which  is 


total  preeaure  on 
theffllet; 


C.+/f  Q.=  Q,{l+/l), 


being  substituted  for  Q  in  Eq.  (175),  will  give 


or 
2.EF=.  Q^{l  +/1)  [k+f.!^±^  .  .  (177).  STr*" 


In  the  difiCQBsion  of  the  screw,  no  reference  haa  been 
made  to  the  friction  on  the  pivots  and  collars  by  which  MeUmoapiTata 
the  screw  is  kept  in  position.    It  will  always  be  easy  to  ^^1^ 
find  this,  in  any  particular  case,  by  the  rules  for  finding  "* 
the  Son  npon  pivoH  socket^  .^d  shoulders  or  xing^ 
explained  in  §  228. 
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THE    LEYEB. 


loTen  divided 
Into  diflRnreat 
Olden; 

ftst  Older: 


nwtever;  §  242. — ^The  Lever  is  a 

solid  bar  A  B,  of  any  form, 
supported  by  a  fixed  point 
0,  about  which  it  may  freely 

Aiienim;  tum,    Called    the   fulcrum. 

Sometimes  it  is  supported 
upon  trunnions,  and  fre- 
quently upon  a  knife-edge. 
Levers  have  been  divided 
into  three  different  classes, 
called  orders. 

Li  levers  of  the  first 
order,  the  power  F  and  re- 
sistance Q  are  applied  on 
opposite  sides  of  the  ftd- 
crum  0;  in  levers  of  the 

■eoond;  sccond  Order,  the  resistance 

Q  is  applied  to  some  point 
between  the  fulcrum  0  and 
point  of  application  of  the 

tt>>ni;  power  F;  and  in  the  third 

order  of  levers,  the  power 
F  is  applied  between  the 
frdcrum  0  and  point  of 
application  of  the  resist- 
ance Q. 

enmpieiof  The  commou  shears  fur- 

dUbranl  orden  of     •  v  in 

,0^0^  msh  an  example  of  a  pair 

of  levers  of  the  first  order; 
ihe  nut-crackers  of  the  seo- 


Fig.  272. 


I 
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ond;  and  fire-tongs 
of  the  third.  In  all 
ciders,  the  conditions 
of  eqmlibrixuu  are  the 
same. 


§  248. — ^When  the  lever  is  supported  upon  a  point,  the  Eqauibrimn  or 
equilibrium  requires  that  the  resultant  of  the  power  and  ^^j^^*" 
resistance  shall  pass  through  this  point  in  order  to  beftiioramtoa 
destroyed  by  its  reaction ;  to  have  a  resultant,  the  power  ^  *' 
and  resistance  must  lie  in  the  same  plane,  and  as  the  re- 
sultant will  also  be  in 
this  plane,  the  power, 
resistance,    and    fal- 
crum,  must  be  in  the 
same.    If  the  result- 
ant pass  through  the 
fulcrum,  its  moment 
taken    in    reference 
thereto  must  be  2sero, 
which   requires  that 
the  moment  of  the 
power  shall  be  equal 
to  that  of  the  resist- 
ance.   That  is,  when 

a  lever  -4 -B  is  in  equilibrio  and  solicited  by  the  power  i?*  moment  of  pow«e 
and  resistance  Q,  0  being  the  fulcrum,  if  we  draw  from  "^^  ** 
this  latter  point  Om  and  On,  perpendicular  respectively 
to  the  direction  of  the  power  and  resistance,  then  will 


power,  rMistancOy 
■ad  fulcrum  in 
nme  plane; 


F  X   Om  =  Q  X  On. 


If  the  lever  turn  upon  trunnions,  then  will  the  moment  of  when  lerer  it 
the  power  Fj  be  equal  to  that  of  the  resistance  increased  ^^ons;^ 
by  the  moment  of  the  friction  on  tbe  trunnion.    Designa- 
lang  the  radius  of  the  latter  by  r,  then  will 
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moment  of  power  F  X   Om  =z  Q  X   On  +  fN.r; 

equal  to  that  of 
wlitmcifl,  pine 

tiMt  of  fHcUon;    in  wUch  N  is  the  resultant  of  F  and  Q. 

Multiplying  both  members  by  .5^,  we  have 


work  of  the 
power. 


F  X   Om  X  8,  =  Q  X   On  X  8^  +  fNr.  8,; 

that  is  to  say,  the  quantity  of  work  of  the  power  F^  must  le 
equal  to  that  of  the  resistance  Q,  increased  by  the  quantity  of 
work  of  the  friction. 


Uaeead 

ednntagee  of  the 
lerer; 


§  244. — ^The  lever  is  not  intended  to  produce  a  con- 
tinuous rotation,  but  is  usually  employed  to  move  a  heavy 
burden  or  great  resistance  through  a  short  distance  during 
each  separate  eflTort  of  the  power. 

It  is  not,  therefore,  always  necessary  to  make  it  turn 
about  trunnions  which  generally  operate  to  disadvantage; 
since  these,  to  afford 
sufficient  resistance, 
must  be  large,  which 
increases  the  term 
fNrs^  or  the  quan- 
tity of  work  absorbed 
by  friction.  If  the 
lever  be  laid  upon  a 
simple  knife-edge,  r 
becomes  zero,  and  the 
foregoing  equation  be- 


Fig.  2T4. 


comes 


relation  of  power 
to  reaittanoe  on 
an  edge  for  a 
fulomm; 


F  X   Om  X  8,  =   Q  X   On  X  8 


n 


making  the  quantity  of  work  of  the  power  equal  to  that 

of  the  resistance.    The  advantage  of  this  machine,  the 

twoauy  the  lerer  most  simplc  of  all,  is,  that  it  transmits  without  loss,  the 

loe^ttepower^to  ^^rk  of  the  powcr  to  the  resistance.    But  this  is  not  all, 

a  simple  change  in  the  point  of  support  or  Ailcrum,  which 
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may  be  made  at  pleasure,  gives  the  means  of  establishing 
any  desired  relation  between  the  power  and  resistance. 
I^  for  example,  the  point  of  support  0  is  placed  so  that 
the  distance  On  is  one  thousandth  part  of  Om^  then  will 

1000  ' 

whence  we  see  that  with  a  very  small  power  we  may  hold  toeHbetftgiTwi 
in  equilibrio  an  enormous  resistance ;  but  as  the  quantity  J^?"*!?  *  ^ 
of  work  of  the  resistance  must  equal  that  of  the  power,  power  incnaM 
the  path  described  by  the  point  of  application  of  the  latter  *"  ***"*  * 
must  increase  in  the  same  proportion. 

To  give  an  idea  of  the  time  necessary  to  raise  a  heavy 

burden  through  a  moderate  height  with  the  lever,  suppose 

« 

the  weight  to  be  raised  is  2000000  pounds,  and  that  it  is 

to  be  elevated  five  feet.     The  quantity  of  work  will  be 

2000000  lbs.  X  5  ft.  =  10000000  lbs.    Supposing  a  man  to 

act  by  his  weight  =  150  lbs.  at  the  end  of  a  lever,  he  would  example  to 

10000000      "»°»^"^5 
have  to  describe  a  path  equal  in  length  to  — =-^^r —  = 

66666  feet,  nearly.    If  in  each  second  of  time  he  move  the 

point  of  the  lever  at  which  he  applies  his  weight,  through  , 

a  distance  of  0.2  ft.,  he  will  require       .^     =  83888S 

seconds  nearly,  =  92.6  hours  nearly,  =  9.26  days,  suppo- 
ang  the  man  to  labor  10  hours  a  day :  in  fact  a  man  left 
to  his  individual  eflforts  would  never  accomplish  such  a 
task. 

This  example  shows  us  that  the  lever  is  only  useful  for  practical  nae  of 
momentary  efforts,  and  when  the  burden,  being  considera-  ^^  '®^"* 
ble,  is  to  be  moved  through  a  very  small  distance. 
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atwood's  machine. 


Atwood*fe 


objects  of  the 
madiioe; 


§  245. — ^We  shall  terminate  this  branch  of  our  subject 
with  a  discussion  of  an  instrument  whose  object  is  an  ex- 
perimental verification  of  the  laws  of  constant  forces.    This 
instrument  is  the  invention  of  Atwood,  an  English  philoso- 
pher, and  bears  his  name.    Before  proceeding  to  describe 
it,  let  us  first  find  the  circumstances  of  motion  under  the 
general  case  of  which  the  machine  in  question  is  but  a 
particular  instance.    For  this  purpose,  let  A  B  and  AD  he 
two  inclined  planes 
having  a  common 
altitude    AE;    H 
and  n\  two  wheels 
of  different  diame- 
the  graena  oaM   tcrs  mountcd  upou 
the  same  arbor,  to 
which     they     are 
firmly       attached, 
and  of  which  the 
azJs   is   supported 
upon  trunnions  par- 
allel to    the  com- 
mon intersection  of 
the  two  planes ;  W 

and  W  two  weights  supported  upon  the  inclined  planes 

by  means  of  cords  c  and  c '  wound,  the  first  about  the 

one  body  Moends  whccl  H  and  the  secoud  about  the  wheel  n\  the  cords  be- 

whiie  the  other    j^g  parallel  to  the  inclined  planes.    Now  if  the  weight 

W  be   made    sufficiently  heavy,   it  will   overcome  all 
opposition  to  motion  and  slide  down  the  plane  AB^  while 


of  which  thii 
maehine  it  a 
pertioolar 
example; 
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tihe  weight  TT'  must 

from  its  comiection 

move  up  the  plane  /""^V^iWA  *"  in^MUgrte  tbe 

-AD.  It  is  required  ^>^AftvL^  motion; 


to  find  the  (Srcum- 

stances  of  motion. 

Denote   the  angle 

which    the  planes 

^^  and  Jl  i?  make 

respectiyelj  with  the  vertical ^^,  by  9  and  9' ;  the  radius 

of  the  wheel  H  by  J?,  that  of  H'  by  R^  and  that  of  the 

trunnion  by  r.    The  pressure  of  TTupon  the  plane  AB 

we  have  seen,  is 

TTsLn  (p; 

oomponento  of 

that  of  W  on  the  plane  AD  is  ^r^l^e 

pluM; 

TT'.  sinq)'; 

and  the  friction  on  the  planes  A  B  and  AD  will  be,  re- 
spectively, 

/Tr.sin?,      and     /H^'sin?'.  ST^, 

The  stifihess  of  the  cord  c\  whi6h  alone  opposes  the  mo- 
tion since  the  cord  c  imwii^ds,  is,  §  229, 

d  —J^LzjJSl'  fttftieMofooiil 

'  2,R  '  whlGhwiiMb; 

in  which  d,  represents  (2*,  (2^'  n,  or  d  in  Eqs.  (127)  to  (180), 

indusiye,  according  to  the  cord  or  rope  used,  and  {Q) 
the  tension  of  the  cord  c'.  This  latter  is  equal  to  the 
component  of  W*  parallel  to  the  plane  AD^  W cos 9', 
increased  by  the  friction  due  to  its  normal  component 
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^fW  sill  (p' ;  that  is  to  say, 
'^^^;    iQ)  =  W'cos^'  +fW'ajx<,'  =  Tr'(oo8^'  +/sm9'); 

wliicli,  substitated  in  the  expression  above,  for  the  stifGaess 
of  the  cord  c',  gives 

,  K  +  I.  W  (cos  (p'  +  /.  sin  (p") 

2R 


At  the  instant  motion  be- 
gins, let  the  centres  of  grav- 
ity of  W  and  W  be  at  (?' 
and  (?^,  respectively,  and  in 
any  subsequent  instant  at 
6?"  and  G^,;  denote  the  dis- 
tance G^'(?"  by  X,  and  G^G,, 
by  x'j  then  will  x  and  sc'  be 
the  paths  described  by  the 

centres  of  gravity  parallel  to  the  planes  in  the  interval; 
and 

length  of  patba  in 

direetion  of  X  COS  9,         and        x'  COS  (p', 

mlghto; 

will  be  the  corresponding  distances  in  the  direction  of  the 
weights. 

The  quantity  of  work  performed  by  Wwill  be 

qnantftj  of  work ;  Wx  COS  9, 

and  that  performed  by  W  in  the  same  timei 

qutttttrofwork;  —    TT' 05' COS  9', 

and  the  total  quantity  of  work  of  both  will  be 

tolriq[oaBttt7;  WxQOB(p   —    W  x' COS  9'. 


HECHANIC8    OF    SOLIDS.  «  447 


The  quantity  of  work  absorbed  hj  friction  on  the  plane 
il^is 

work  ibMrbed  by 
/  •  W,  X  Sin  9,  IHctton  on  one 

plane; 

and  that  absorbed  by  friction  on  the  plane  ^  2>  is 


/.  W  X'  sin  9',  tlMi on tbe other; 

and  the  total  quantity  absorbed  by  friction  will  be,  sup- 
posing the  unit  of  friction  the  same  on  both  planes, 


/(Wxeamp    +   W'x'Bmm\  workrt»ort»edby 

•'.^  ^  ^'  aU  the  Motions; 

The  quantity  of  work  absorbed  by  the  stifihess  of  the  cord 
e' will  be 


^   X:  +   I.W  (cos  <p'    +  /sin  (pQ     ,  ^ork abaorbedby 

'  2Ii'  atUtoeaaofoowl; 


The  work  consumed  by  friction  on  the  trunnions  will  be 

.  _.  woik  abaorbadby 

J  -^  *  T  •  8f  f  friction  on 

tmnniona; 

in  whicb  N  is  the  resultant  of  the  tensions  of  the  cords  c 
and  c'/  in  other  words,  is  the  diagonal  of  a  parallelogram, 
of  which  the  contiguous  sides  have 

eonponents  of 

ITcos  9  —  /  TTsin  9,    and     TT' cos  9'  +  /  F"' sin  9',    the  pre-ow  on 

tmnniona; 

for  their  values,  and  9  +  9'  for  their  inclination  to  each 
other.  5^  is  the  arc  described  at  the  unit's  distance  from 
the  axis. 

The  work  absorbed  by  the  inertia  of  the  wheels  and 
aibori  or,  which  is  the  same  thing,  half  the  living  force  of 
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worktlMorbad 
b^  the  ineiiiA  ot 
wheels  and 
•rbor; 


liTing  Ibrae  of 
body; 


the  wheels  and  arbor  will,  §  169,  Eq.  (60)",  be 

2  2(7    ' 

in  which  Vi  is  the  angular  velocity,  and  I  the  moment  of 
inertia. 

Denote  by  Fthe  velocity  of  the  body  whose  weight  is 
W^  and  by  F'  that  of  the  body  whose  weight  is  W  ;  the 
living  force  of  the  first  will  be 


and  that  of  the  second, 


Out  oflhe  other; 


W'V^ 


<t1UHltttjOfMtiflll 

in  the  two 
bodiMi 


and  the  quantity  of  action  in  the  two  bodies,  will  be 


^9 

The  quantity  of  work  of  the  weights  produces  the 
living  force  of  the  bodies,  that  of  the  wheels  and  arbor, 
as  well  as  the  work  of  Motion  and  that  of  the  stiffiiess  of 
cordage;  hence 


r      irF*+  TTF* 


work  of  the 

weights  equal  to 

the  llYlng  forces 

of  moTlng  parts     Wm  COS  ^  —  TF'  0'  000  ^'  ss  ■> 

and  the  work  of 

Metionaad 


.    ,_,jr+/ir(co.»'+/sii»»0 


+/yr*,  + 


8 


(1W> 


The  yambles  in  this  equation,  for  the  same  indination  of 
the  planes,  are  1^  F',  F^  ^  ""'t  *^  *i !  ^^  tiiesei  by  the 
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lutnre  of  the  system,  are  connected  by  the  following  rela- 
tions, viz.: 


F  :    V  : ',  It  I  R  .:   F'  = 


X  I  of  : :  B  :  B^  .'.    a/  — 


1  :  B  x:  »f   :   X    .'.    8,   — 


B  :    V  ::   1   :  Vi  .'.   Vi  = 


VB 


f-  .  .  (179X 


xB' 
B 

X 

~B~ 

V 
B 


.  (180), 


.  (181X 


.  (182). 


relattoB 
ttMngolar 

TBlodtlM 


These  values  of  '^  V\  x',  and  s^^  being  snbstitated  in 
Eq.  (178),  win  give 


2g 
+/(]ra;  Bin  ^ +Tr«^'aii  ^0 


eqvalloiii  (178)  la 
dUtannt 


R 


S^g  ' 


and  solving  this  equation  with  respect  to  F", 


P=«. 


2pr 


IT+IP 


JK'* 


• « 


J2* 


f^-;g 


IT.  008^—  TP  •  jr-  •  OM  ^' 


— /(Tr.rin^—  TP.  :§.' .  rin  fO 


▼aliw  Ibr  the 
■qwreofthe 


^R' 


^f.N 


The  coefficient  of  x  containing  no  variable,  we  find 
that  the  space  described  by  the  body  on  the  plane  AB^ 
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varies  as  the  square  of  its  velocity.    Hence  the  motion  is, 
motion  oniformij  §  68,  Eq.  (8),  uniformlj  varied ;  and  the  coefficient  of  a;  is 
twice  the  velocity  which  the  force  producing  this  motion 
is  capable  of  generating  in  a  unit  of  time.    Making 


TWled; 


Tilneofthe 
velocity 


9 


InamiitorflnM; 


TT.oofif— ^'•'=-•008^ 


— /(TTrin^  —  TP  j5-  .Bin^O 

.    R'   ir+/.Tr'.(co8^'+/8mfO 
'    R  2J2' 


-/■^'-g 


the  foregoing  equation  may  be  written 


fquiraoTflie 
Telodty; 


V^  =z  X.2A    .    .    .    .     (183). 

Since  the  motion  is  uniformly  varied,  if  7  denote  the  time 
of  describing  the  space  x,  then  will  Eq.  (7)  become 


ipiM  daioibed ; 


X  =  ^AT* 


(184); 


writing  A  for  V^  and  x  for  s:  substituting  this  for  x 
above,  we  find 


or 


▼Bine  of  Telocity; 


r  =  AT 


(186). 


Eqs.  (183),  (184),  and  (185),  give  the  laws  of  uni- 
lawt  ofimiroriiiiy  formly  varied  motion,  or,  as  it  is  usually  expressed,  the 
Tilted  mottoo;    ^^^  ^y.  coTistarU  foTces.    Thcsc  laws  are,  1st  The  velocities 

are  to  each  other  as  the  tCmes  in  which  the  force  produces  them; 

•2d.  The  spaces  described,  are  to  ea/Ji  other  as  the  squares  of 

the  velocities  acquired  in  describing  them;  or  as  the  squares  of 

the  times  in  which  they  are  described. 
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Any  device  that  -will 
make  the  time  in  -vrhich  the 
motion  takes  place  com- 
paratively  great,  while  the 
velocity  acquired  shall  be 
small,  will  enable  us  to 
Terify  these  laws  &om  ob- 
'  seryation.  For  this  pur-  I 
pose,  A  nmst  be  smaU.  By  ^ 
reference  to  Eq.  (182),  we  '^ — 
find  that  A  may  be  dimin-  =0= 
ished  at  pleasnre  by  increas- 
ing the  angle  ip,  or  decreasing 
f  ;  this  will  increase  the 
effect  of  friction,  which  op- 
poses, while  it  will  diminish 
the  component  of  W,  which 
aida  the  motion.  Or  A  may 
be  diminished,  by  diminish- 
ing the  angles  f  and  9', 
the  difference  between  the 
weights  PTand  W  and  that 
between  B  and  S'.  Owing 
to  the  uncertainty  of  friction 
it  ia  better  to  accomplish  the 
object  by  the  latter  method, 
and  this  Atwood  has  done. 

His  machine  consists  es- 
sentially of  a  fixed  pulley 
ff,  oTer  which  passes  a  cord 
having  attached  to  each  ex- 
tremity a  basin  s,  for  the 
reception  of  weights ;  a  vei^ 
tical  graduated  scale  r  of 
equal  parts,  say  inches,  to 
measure  spaces ;  and  a  pen- 
dulum clock  k  wltich  beats 
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seoonda,  to  mark  the  time. 
The  baaios  ftre  short  cylia- 
ders  of  brass,  having  a  wire 
e  coincident  with  the  axis 
and  projecting  some  three 
or  four  inches  bejoad  the 
upper  bases ;  the  cord  is  at- 
tached to  the  ends  of  these 
wires.  The  weights  are  either 
circular  plates  m,  or  bars  n, 
of  greater  or  lees  thickness, 
depending  upon  the  purpose 
for  whioh  thej  are  employed. 
Both  are  perforated  at  the 
centre,  and  a  channel  is  cut 
from  the  hole  to  the  maigin 
to  permit  the  cord /to  enter, 
that  the  weights  may  be 
dropped  upon  the  basins. 

The  scale  piece  r  is  pro- 
Tided  with  three  sliding 
stages,  two  of  which  a  and 
a'  are  rings,  and  the  third  c 
is  plane.  The  rings,  whose 
diameters  are  less  than  the 
length  of  the  bar-weights, 
serve  to  take  the  latter  from 
a  descending,  or  to  add  them 
to  an  ascending  basin.  The 
office  of  the  plane  stage,  is 
to  arrest  the  motion  of  a 
descending  basin. 

A  fourth  and  revolving 
stage  0,  connected  bj  an  arm 
d  with  an  arbor  k,  in  front, 
is  used  to  support  the  baoQ 
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bearing  the  greater  load  opposite  the  zero  point  of  the  device  for 
scale.    The  arbor  is  also  connected  by  means  of  a  second  JiiJfto*tiie*aero 
arm  with  the  escapement-wheel  of  the  clock.    This  stage  of  scale; 
may  be  thrown  from  under  the  basin  when  the  seconds' 
hand  reaches  a  particxdar  point  on  the  dial  plate;   thus 
causing  the  motion  to  begin  at  a  particular  instant,  and 
from  the  zero  of  the  scale. 

K  we  examine  the  value  of  A,  we  shall  find  that  for 
Atwood's  machine,  9  and  9'  are  both  zero,  and  therefore 


totheeifleof 
Atwood*t 


moreoyer  iSis  equal  to  B\  and  hence 


The  cord  is  very  fine,  and  usually  made  of  raw  silk  but 
slightly  twisted,  so  that  the  term  involving  the  stiffiiess  of  omSMtoBs; 
cordage  has  no  appreciable  value,  and  may  be  neglected. 
The  arbor  of  the  pulley  or  wheel  rests  upon  circumferences 
of  four  other  wheels  of  large  radii  compared  with  the  radii 
of  their  trunnions,  after  the  ma^nner  explained  in  §  228,  so 
that  the  term  involvmg  the  friction  on  the  trunnions  may 
also  be  neglected  without  appreciable  error. 

Making  the  foregoing  substitutions  and  omissions  in  the 
value  for  Aj  we  find 

.    __  W  —     W  correBponding 

'O.    —  g   '  J.  naneofthe 

W  +    W   +  g-^  ge»ena 

J^  ooelBcieiit; 

Tie  circumference  of  the  wheel  has  the  same  velocity 
as  the  points  of  the  cord,  and  therefore  the  same  as  the 
basins.  Designate  by  if",  the  mass  which  if  concentrated 
in  the  circumference  of  the  wheel  would  have  a  moment 
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of  inertia  equal  to  that  of  the  wheel,  then 


momeot  of  inertia 
of  the  wheel ; 


Jf "  IP  =  I; 


whence 


M"  =  — -• 
it?' 


and  this,  substituted  above,  gives 


▼eloclty  jy   _»     J^f  "PIT  —     T/fT' 

generatedin  A    =    g    w  _i_     T^/    ^    ^  ir^i    =    ? 

unit  of  time; 


W+  TT'  +  gM" 


W  +  W  +  W 


in 


•|woe; 


in  which  W"  denotes  the  weight  of  the  mass  M", 

This  value  of  J.,  substituted  in  Eqs.  (184)  and  (185), 
gives 


X  = 


W  -  W 


W  +  W  -{•  W 


r.^gT^.    .    (186), 


velocity; 


F  = 


TT-   TT' 


W  +  W  +  W 


tt 


gT.    .    (187). 


eacperimental 
determioation  of 
the  weight  IT"; 


Before  proceeding  to  verify  the  laws  expressed  by  theae 
equations,  it  will  be  necessary  to  determine  the  constant 
weight  W".  For  this  purpose  load  the  machine  by  placing 
the  same  number  of  circular  weights  in  each  basin;  then 
add  a  bar- weight  to  the  basin,  which  moves  in  front  of  the 
scale.  The  basins  being  of  the  same  weight,  the  difference 
TT-  W  wiU  be  the  weight  of  the  bar ;  the  sum  1^+  W\ 
will  be  the  sum  of  the  weights  of  the  basins,  increased  by 
that  of  the  circular  weights  added,  and  that  of  the  bar,  all 
of  which  are  known.  Now  place  the  basin  which  cairies 
the  bar  at  the  zero  of  the  scale,  by  means  of  the  revolving 
stage ;  set  the  clock  in  motion,  and,  supposing  the  bar  to 
commence  its  descent  at  a  particular  beat  of  the  clock, 
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note  whether  the  bar  is  taken  o^by  the  upper  ring  stage, 
ooincidentlj  with  any  subsequent  beat  of  the  dock ;  if  it 
is,  then  the  distance  of  the  ring  below  the  zero  of  the  scale 
being  substituted  for  as,  and  the  number  of  seconds  elapsed  the  ezperimem 
from  the  beginning  of  motion  till  the  bar  is  removed,  be-  ^^JJ^J^^f 
ing  substituted  for  T  in  Eq.  (186),  will  enable  us  to  find  TT",  clock  beat  with 
since  all  the  other  quantities  in  that  equation  are  known,  i.  obtained - 
If  the  removal  of  the  bar  and  the  beat  of  the  clock  be  not 
coincident^  the  ring  stage  must  be  shifted,  and  the  experi- 
ment repeated  till  the  coincidence  is  obtained. 

Example.    Let  each  basin  weigh  11  units,  and  suppose 
14  units  of  weight  to  be  placed  in  each  basin,  and  a  bar  ozampie; 
weighing  1  unit  to  be  added  to  the  basin  in  front  of  the 
scale,  then  will 

TT  -   TT'  =  1,  am.; 

W  +   TT'  =  51 ; 

making  gr  =  82  feet  =  884  inches ;  \g  =  192  inches.    Sub- 
stituting these  values  in  Eq.  (186),  we  find 


—  ^  .109    V    T^'  correqwndlag 


whence 


TT"    =   —   .   T«   -    51.  nJneofir"; 


X 


Now  supposing  the  bar  to  be  removed  at  the  end  of  the 
third  second,  and  that  we  find  x,  or  the  space  described  by 
the  bar  to  be  27  inches,  then  will 


TT"  =  ^  X  (Sy  -  51  =  64  -  51  =  18;  ''^;;^^^ 


that  is  to  say,  the  moment  of  inertia  of  the  wheel  will  have 


456 


oonolDrtoii; 


■pace  for  the 

particular 

machlnos 


NATITRAL    PHILOSOPHY. 

the  same  effect  to  resist  qiotion  as  the  inertia  of  thirteen 
tmits  of  weight  placed  in  the  basins. 

Substituting  this  value  for  TT"  in  Eqs.  (186)  and  (187X 
ihey  become 


X  = 


W+  TT'  +  IS 


iyr».    .    (188X 


▼•lodty  In  the 


7  = 


W-  W 


W+W'  +  U 


gT.    .    .    (189); 


and,  loading  the  machine  as  before, 


azperimeiital 
Tarlflcatton; 


X 


=  A  X   192  X   r*  =  S  T«, 


F=A^X884X?'=62! 


Making  T' equal  to 


times; 


1,    2,    8,    4,    &C.  seconds ; 


the  corresponding  spaces  will  be 


•paoeii 


8,    12,    27,    48,    &o.  inches; 


and  the  corresponding  velocities. 


▼eloeitiei; 


6,    12,    18,    24,    &a  inches. 


Place  the  basin  with  the  bar-weight  at  the  zero  of  the 
scale,  and  connect  with  the  clock ;  adjust  the  ring  so  as 
to  remove  the  bar  when  its  basin  reaches  the  8  inch 
mark,  and  place  the  plane  stage  at  the  9  inch  mark 
=  8  +  6.  The  clock  being  put  in  motion,  the  bar  will 
strike  the  ring  at  the  first  beat  of  the  clock  after  it  begins 
to  descend,  and  its  basin  will  strike  the  plane  stage  at  the 
second  beat    The  bar  being  removed,  there  will  be  no 
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excess  of  weight  in  either  basin,  and  the  motion  will  be-  motion  nnubmi 

come  ^orm,  there  being  no  reason  why  it  should  be  ::;:;--'• 

aooelerated  rather  than  retardepl.    To  show  that  the  motion 

will  be  nniform,  repeat  the  experiment,  placing  the  plane 

stage  first  at  1  foot  8  inches,  then  at  1  foot  9,  then  at 

2  feet  3  inches,  and  so  on,  adding  6  inches  each  time, 

and  it  will  be  found  that  the  basin  wiU  be  arrested  at  the  its  proof; 

third,  fourth,  fifth,  &c.,  beats  of  the  clock  after  its  motion 

begins;  thus  showing  that  the  spaces  described  are  pro- 

portional  to  the  times,  which  is  the  characteristic  of  uni- 

form  motion.    Next  adjust  the  ring  so  as  to  remove  the 

bar  when  its  basin  reaches  the  12  inch  or  1  foot  mark,  and 

place  the  plane  stage  at  the  2  feet  mark,  it  will  be  ropemionofthe 

found  that  the  bar  wiU  strike  the  ring  at  the  second  beat  **p*'*°*®"*» 

after  its  motion  begins,  and  that  the  scale  will  be  arrested 

at  the  third  beat    That  the  motion  is  uniform  after  the 

removal  of  the  bar  may  be  shown,  as  before,  by  repeating 

the  experiment,  and  addiog  12  inches  each  time  to  the 

space  to  be  described  aftS  the  bar  is  arrested.    In  the 

same  way  all  the  other  results  may  be  verified. 

If  a  bar- weight  be  placed  upon  the  second  ring^  and  the  uinBtratioii  of 
latter  be  so  adjusted  that  the  ascending  basin  shall  take  "'"^^^^^^^^^^^^ 
it  up  at  the  moment  the  bar  on  the  descending  basin  is 
removed,  the  motion  wiU  become  retarded,  and  we  shall 
have  the  case  of  a  body  projected  vertically  upward  fi'om 
rest  with  a  velocity  equal  to  that  of  the  basins.    The 
plane  stage  being  placed  at  a  distance  from  the  ring 
wLicli  takes  up  the  descending  bar,  equal  to  that  through 
which  the  latter  has  descended,  it  will  be  found  that  the  aiitheiawt 
scale  will  just  reach  this  stage  at  the  instant  the  motion  ^Jfeii^ili^ 
is  destroyed  by  the  action  of  the  ascending  bar.    AH  the  bodies  may  be 
laws  which  regulate  the  fidl  of  heavy  bodies  may  be^j^^^jj^^ 
verified  by  means  of  Atwood's  instrument. 


^ 
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XXIIL 
IMPACT    OF    BODIES. 

impMt  of  bodies;  §  246. — ^When  a  body  in  motion  comes  into  collision 
with  another,  either  at  rest  or  in  motion,  an  impa^  is 
said  to  arise. 

We  have  seen,  §  204,  that  the  action  and  reaction 
which  take  place  between  two  bodies,  when  pressed  to- 
gether, are  exerted  along  the  same  right  line,  perpendicu- 
lar to  the  snr&ces  of  both,  at  their  common  point  of 
contact 

When  the  motions  of  the  centres  of  gravity  of  the  two 
direct  impMi;     bodics  are  parallel  to  this  normal  before  collision,  the  im- 
pact is  said  to  be  direct 

When  this  normal  passes  f&rough  the  centres  of  grav- 
ity of  two  bodies  which  come 
into  collision,  and  the  mo- 

direct  and  central  tions    of    thcSC    CCntrcS    are  Fig.  278. 

*™'***''  along  that  line,  the  impact  is 

said  to  be  direct  and  central. 
When  the  motion  of  the 

centre  of  gravity  of  one  of 

the  bodies  is  along  the  com-  ^* 

mon  normal,  and  the  normal 

does  not  pass  through  the 

centre  of  gravity  of  the  oth- 
directand  cr,  the  impact  is  said  to  be 

eccealric  lmp«:t;  ^^^  ^^  eCCentric. 

When  the  path  described 

by  the  centre  of  gravity  of 

one  of  the  bodies,  makes  an 

oblique  impeet;  angle  with  this  normal,  the 

impact  is  said  to  be  cbUque. 


Fig.  280. 
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Bodies  resist,  by  their  inertia,  all  effort  to  change  drcumstMicee  or 
either  the  quantity  or  the  direction  of  their  motion.  J^^Jj^  *^ 
When,  therefore,  two  bodies  come  into  collision,  each  wUl 
experience  a  pressure  from  the  reaction  of  the  other;  and 
as  all  bodies  are  more  or  less  compressible,  this  pressure 
will  produce  a  change  in  the  figure  of  both;  the  change 
of  figure  will  increase  till  the  instant  the  bodies  cease  to 
approach  each  other,  when  it  will  have  attained  its 
maximum,  and  the  bodies  will  have  the  same  velocity. 
The  molecular  spring  of  each  will  now  act  to  restore  the 
former  figures,  the  bodies  will  repel  each  other,  and  finally 
separate. 

In  the  impact  of  bodies,  three  periods  must  therefore  three  period,  or 
be  distinguished,  viz.:  1st.,  that  occupied  by  the  process"***™**^' 
of  comprLion72d.,  that  during  which  Ihe  greatest  com- 
pression  exists,  and  in  which  it  is  obvious  the  bodies  have 
the  same  velocity;  Sd.,  that  occupied  by  the  process,  as 
far  as  it  extends,  of  restoring  the  figures.    We  are  also 
carefiilly  to  distinguish  IAmq  force  of  restitution  from  the  force  foree  or 
of  distortion;  the  latter  denoting  the  reciprocal  action  ex-  ^^<^. 
erted  between  the  bodies  in  the  first,  and  the  former  that 
exerted  in  the  third  period. 

The  greater  or  less  capacity  of  the  molecular  springs 
of  a  body  to  restore  to  it  the  figure  of  which  it  has  been 
deprived  by  the  application  of  some  extraneous  force 
when  the  latter  ceases  to  act,  is  called  its  elasticity.  elasticity  deflned; 

The  ratio  of  the  force  of  distortion  to  the  force  of  resti- 
tution, is  the  measure  of  a  body's  elasticity.    This  ratio  is 
sometimes  called  the  coefficient  of  elasticity.    When  these  coefficient  or 
two  forces  are  equal,  the  ratio  is  unity,  and  the  body  is®***"*^"^* 
said  to  he  perfectly  elastic;  when  the  ratio  is  zero,  the  body  perfect  eiarticity; 
is  said  to  be  non-elastic.    There  are  no  bodies  that  satisfy  non-eiaauc 
these  extreme  conditions,  all  being  more  or  less  elastic, 
but  none  perfectly  so. 

§  247. — Suppose  two  bodies  A  and  B  to  move  in  the 
same  direction,  the  body  A  to  overtake  J?,  and  the  impact 
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DtawtimpMtoT  to  be  direct  The  forces  of  distortion  and  of  lestitotion, 
*^*'*"*'*  ttrising  as  they  do  from  the  reciprocal  action  of  the  bodies 
upon  each  other,  are  real  pressures,  measurable  in  pounds, 
and  are  capable  of  generating  in  each  body,  in  a  given 
time,  a  certain  quantity  of  motion.  Denote  the  intensity 
of  this  force,  at  any  instant  of  the  impact,  by  F;  the 
small  velocity  lost  by 
the  body  A,  in  the 

short     time     during  ^'  ^^ 

which  F  may  be  re- 
■oution;  garded   as   constant^ 

by  V ;  and  the  small 
velocity  gaiued  by  B^ 
in  the  same  time,  by 
the  action  of  the  same 

force,  by  v' ;  also  denote  the  mass  of  J.  by  Jb^  and  that  of 
B  by  M' ;  then  will  F^  which  may  be  called  indiflFerently 
the  action  of  one  body  or  the  reaction  of  the  other,  be 
measured  by  Jfv,  or  M'v' ;  and,  because  of  the  equality 
of  action  and  reaction, 

equiUtj  of  acUon  MY  =■    M*  V\ 

and  reMtton ; 

•  That  is  to  say,  the  quantity  of  motion  lost  or  gained  by  each  cf 
the  bodies^  during  eouh  indefinitely  small  portion  of  Ume^  will 
he  equal  to  each,  other ;  and  if  we  take  the  sum  of  all  the 
quantities  of  motion  lost  or  gained  by  each  of  the  bodies, 
we  shall  have  the  whole  quantity  of  motion  gained  or  lost 
by  the  on^  equal  to  that  gained  or  lost  by  the  other. 
Denoting  the  entire  gain  or  loss  of  velocity  of  the  body  A 
by  F^,  that  of  the  body  B  by  F^,,  we  shall  have 

gila  and  Ion  of  TLTV    —     If  V 

motkmaqul;  jo.  y ,    —    jxl     r^,. 

But  the  force  F  acts  in  opposite  directions  upon  the  two 
bodies,  and  hence,  if  we  give  the  positive  sign  to  the 
velocity  generated  in  one  body,  that  of  the  other  must  be 
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native;  that  is,  if  7]  be  counted  podtiye,  V,,  must  be 
negatiye,  which  will  make 

foroM  produoing 

JO.   Y  f    -^  JXL    Y  f^j  oppodte 

direotlou; 

or 

MV,  +  if'  F,,  =  0. 

That  is  to  say,  the  algebraic  sum,  or  the  whole  quantity  of  qoaatity  of 
motion  lost  and  gained  vnU  he  zero  ;  and  in  every  stage  of  the  "^^]^^^ 
impact  the  quantity  of  motion  in  the  entire  system,  ioiU^  there- 
ybre,  be  the  same  as  before  the  impact  began. 

§  248. — ^At  the  instant  the  bodies  have  ceased  to  ap-  Tbunduie 
preach  each  other,  they  will  have  attained  their  greatest  ^  mo^*^*^ 
compression,  and,  considering  their  condition  before  the8K«t««t 
retrocession  begins  under  the  action  of  the  molecular  ***"**     "*' 
springs,  it  is  obvious  that  they  may  be  regarded  as  a  single 
body,  having  a  common  velocity.    Denote  this  velocity  by 
U;  also  denote  the  velocity  of  the  body  A,  before  the 
impact,  by  V;  that  of  the  body  B,  before  the  impact,  by 
F',  the  masses  being  M  and  M'  as  before.    The  whole 
quantity  of  motion  before  the  impact  will  be 

MV  +  M'r\ 

and  that  at  the  instant  of  greatest  compression  will  be 
{M  +  if)  U.  But  these,  by  the  last  article,  must  be 
equal,  or 

(if  +  Jf)  ^7  =  MV  +  M'  T; 
whence 

u  =  ^X,'\^J,^'  .  .  .  (190).    •tLTT"'"* 

M  -{•-  M  ^        Ttloel$y; 

That  is  to  say,  when  two  bodies  moving  in  the  same 


,1  1 


^\ 
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« 


ezprettedin 
wordB; 


Talne  when 
bodies  moTB  in 
opposite 
direction!. 


direction  have  a  direct  impact,  the  common  velocity,  at  the 
instant  of  greatest  compression^  is  equal  to  the  sum  of  the  quan- 
tity of  motion  before  the  impactj  divided  by  the  sum  of  the 
masses. 

If  the  bodies  moved  in  opposite  directions,  either  V  or 
V  would  be  negative,  say  F',  and 


u=^L^.^L^.  .  .  (191). 


M  +  M' 


§  249. — ^The  velocity  lost  by  the  body  A,  up  to  the 
instant  of  greatest  compression,  is  obviously  equal  to 

V-  U, 

Veloelty  gained 

np togreatest      and  that  gained  by  the  body  B  is  equal  to 

compreMlon ; 

the  force  of  distortion  will,  therefore,  be  measured  by 


fbroeof 
diatortton; 


foreeoT 
reatitatlon; 


Jf(F-  TJ), 


or  by 


M\U  -   FO- 


Denote  by  T^  the  velocity  which  A  loses  by  the  force 
of  restitution ;  and  by  F]^,  that  which  B  gains  by  the 
action  of  the  same  force ;  the  force  of  restitution  will  be 
measured  by 

MY,    or    M'y„; 

and  if  e  denote  the  coefficient  of  elasticity,  then,  firom  the 
definition 


eoefllelent  oC 
elBillflltj; 


MY. 


M{y  -   TJ) 


\  =  ^ 
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-"^    '  a  ^..  ooeffldentof 


M'{U  -    F')    ■"    ^'  elasticity; 


whence 


r,   =  e{r  -   U)     .    .    .    (192), 

Telodties  lost 
and  gained; 

r,,  =  6(?7-  F')    .    .    .    (198). 

That  is  to  say,  the  velocity  which  A  loses  by  the  force  of 
restitution,   is  equal  to  the  coefficient  of  elasticity ^  into  £^the§ame 
vdocity  which  it  lost  by  thef/rce  of  distortion;  and  the  velocity  *»*?'•■■«*  ^ 
gained  by  B  by  the  same  force,  is  equal  to  that  which  it  gained 
by  the  force  of  distortion,  into  the  coefficient  of  elasticity. 

The  total  loss  of  velocity  which  A  will  experience  by 
the  impact  will  be  • 

F—     c7+e(F—     U) ;  the  impinging 

body* 

and  the  entire  gain  of  jS  will  be 

17  —    F'   +   e{U  —    F').  gain  of  the  other; 

Denote  by  v  the  velocity  retained  by  A,  and  by  v'  that 
which  B  has  after  the  impact;  then,  since  the  velocity 
retained  by  A,  must  be  equal  to  that  which  it  had  before 
.    the  impact,  diminished  by  its  loss, 

V  =  F-  F+  I7-.c(F-  U)  =  {l  +  e)  U-eV; 

and  as  B  must,  after  the  impact,   have  its   primitive 
velocity  increased  by  its  gain, 

t/  =  F'+  Z7-F'+c(Cr-F0  =  (l  +  e)U-er; 
and  substituting  for  U  its  value  in  Eq.  (190),  we  have 

lfV4-   W  V*  velocity  of  the 

V   =    n+  e)        [^         ,r,  -  eV.      .      (194),     impinging  body 

'       M  +  M  aflar  the  Impact; 
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other  after  th0  v'  =    (1  +  e) =j jj; eV.      .      (195). 

Impact;  M  +  M 

Thus,  ^  velocity  of  either  body  afier  impact^  is  eqiud  to  ihe 
coefficient  of  elasticity  increased  by  unity,  mvMplied  into  the 
in  words;  common  Velocity  at  the  instant  of  greatest  compression,  and 

this  product  diminished  by  the  product  of  the  coefficient  of 
elasticity  into  the  velocity  of  the  body  be/bre  impact 

If  the  body  B  move  to  meet  the  body  A,  its  velocity 
will  be  negative,  and  the  above  reduoe  to 

when  the  bodies 
meet. 

§  250.— If  the  body  5  be  at  rest  when  the  body  A 
impinges  against  it,  then  will  V  be  zero,  and 

When  one  of  the 
bodies  is  at  rest; 

*''  =  ^  +  ''>]^^'  •  •   •  •   (1^^^- 

From  the  last  equation  we  find 

eoeffldentof                                                   _   v'  {M  +  M')        -  .^^^. 

eiastioity;  ^ Jfy 1  .      .      •      K^W), 

and  when  the  masses  of  the  bodies  are  equal,  or  M=  M', 

its  value  when  2  v' 

the  masses  are  e   =    -=-  —  1       •      .      •      .      (201)^ 

equal;  ^ 

which  suggests  a  very  easy  method  of  finding  the  co- 
efficient of  elasticity  of  any  solid  body.    For  this  purpose^ 
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Fig.  282. 


turn  a  pair  of  spherical  balls  of  the  same  weight  from  the  experimental 
body  whose  coefficient  of  elasticity  is  to  be  found ;  suspend  ^^^^16^  of 
them  by  silken  strings,  so  that  when  the  latter  are  vertical  euaticity; 
the  balls  shall  just  touch  each  other,  be  upon  the  same 
level,  and  have  their  centres  opposite  the  zeros  of  two  cir- 
cular graduated  arcs  whose 
centres  of  curvature  ^e  at 
the    points    of   suspension. 
The  body  A  being  drawn 
back  to  any  given  degree 
upon  its  scale  and  abandon- 
ed, will  descend  and  impinge 
against  the  body  B  with  a 
velocity  .due    to    a   height 
equal  to  the  versed  sine  of 
the  arc  which  it  describes 
before  the  impact ;  the  body 
B  win  ascend  on  the  oppo- 
site arc  to  a  height  due  to  the  velocity  with  which  it 
leaves  A;  this  height  will  be  the  versed  sine  of  the  arc 
described  by  B  before  it  begins  to  descend  again.    The 
arcs  being  known,  their  versed  sines  are  easily  computed 
from  the  properties  of  the  circles.    Denoting  these  versed 
sines  by  h  and  A',  then  will 


description  of 
instrument)  and 
mode  of  using  it; 


F=  VTgh, 


v'  =  V2gh'; 


▼elodty  of 
impinging  bod> 
and  that  of  the 
bodjatmck; 


which,  substituted  in  the  value  of  e,  gives 


=  2  \/|^-  1    .    .    .    (202). 


ooefBdent  of 
eiaatioitjr; 


Mcamph.  Two  ivory  balls  of  equal  weights,  and  there- 
fore of  equal  masses,  were  made  to  collide  in  the  manner 


>• 
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above  described.  One  descended  through  an  arc  of  20 
example  of  two  degrees,  and  the  other  ascended  through  an  arc  of  18 
iTory  tMiiB;        degrees  and  80  minutes ;  required  the  value  of  c. 

By  tables  of  natural  sines  and  cosines,  we  find 

nat  cos  20°  =  0.9396926 ; 

versed  sin  20*^  =  1  -  0.9396926  =  0.0603074; 

and  denoting  the  radius  of  the  circular  scale  by  -B,  we 
have 

height  of  fbU  of  -  /v  /^/,/^«./^•,^     r» 

thTcomdiiig  h  =  0.0603074  A 

body; 

Again, 

nat.  cos  18°  80'  =  0.9488236 ; 


versed  sin  18°  30'  =  1  -  0.9483236  =  0.0516764; 

height  due  to  the 

yeiodtjofth,  }^>  -  0.05167645/ 

bodyetruck; 

and 


nnmericalraloe  0/00516764:^/0.0516764 

of  the  coefficient ;        ^  V  0.0603074.i?  V  0.0603074         ~  ^-ooioo , 


whence  we  conclude  that  the  coefficient  of  elasticity  of 
the  specimen  of  ivory  employed,  is  about  0.85;  that  of 
glass  will  be  found  to  be  about  0.93,  and  that  of  steel 
about  0.56. 

JExampk.  Two  ivory  balls,  whose  masses  are  repre- 
exampieofthe  scutcd  by  6  and  4,  move  in  the  same  direction  with 
TO^a  on  0  TOI7  ygj^|.j[^  ^f  ]^Q  qj^^  fj  f^^^  g^  sccoud  respectively.    What 

is  the  velocity  of  each  after  impact?  The  conditions 
of  the  question  require  that  the  larger  mass  6  shall  over- 
take the  smaller  mass  4,  because  the  former  has  the  greater 
velocity.    Hence 
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if  =  6;       F  =  10; 
M'=  4;       F'=     7; 


e  =  0.85i 


glTen  data ; 


These  data,  in  Eqs.  (194)  and  (195),  give 


t;  =  1,86  ^^—  -  0.86  X  10  =  -T^S, 


»'  =  1.86 


10 

60  +  28 
10 


A 


-  0.85  X  7  =  10.33. 


TolociUes  after 
Impact; 


Example,  Let  the  same  balls  move  in  opposite  direc-  another  example, 
tions  so  as  to  meet,  each  with  the  same  velocity  as  before. 
The  same  data,  substituted  in  Eqs.  (196)  and  (197),  give 


V  =  1.85  — jQ-^  -  0.85  X  10  = 


-  2.58, 


v'  =  1.85  ^^  ,^  ^^  +  0.85  X  7  =  1L87. 


deflcription  and 
notation ; 


§  251. — ^Now  suppose  the  bodies  A  and  B  to  move,  obiiqueimpa«st; 
the  first  with  a  velocity  V  in  the  direction  from  E  towards 
F^  and  the  second  with  a 
velocity  V  in  the  direction 
from  G  towards  D;  and  let 
the  collision  take  place  at^. 
Through  the  point  H^  draw 
the  common  normal  HN^ 
and  resolve  each  of  the  ve- 
locities V  and  F'  into  two 
components,  one  in  the  di- 
rection of  the  normal  and 
the  other  in  the  direction  of 
the  tangent  plane  at  H.  For 
this  purpose  designate  the  an- 
gle J?' Oi\r  by  (p,  ^diDO^N 
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22  by  9' ;   the  components  in  the  direction  of  the  normal, 
will  be 

nonnal  FcOS  (p,        and        F'  COS  9' ; 

velocities ; 

and  those  parallel  to  the  tangent  plane,  will  be 
*«^°«"*  Fsin(p,     and      F' sin  9'. 

reloclUes;  '  ^ 

If  the  bodies  were  animated  by  these  last  velocities 
alone,  they  would  not  collide,  but  would  in  general  move 
by  one  another  without  exerting  any  pressure ;  and  hence 
the  impact  will  be  wholly  due  to  the  components  in  the 
direction  of  the  normal ;  but  these  acting  along  the  same 
line  perpendicular  to  the  surfaces  at  their  common  point 
of  contact,  will  give  rise  to  a  direct  impact,  and  denoting 
the  velocities  of  the  bodies  A  and  B  after  impact  by  v  and 
v\  and  the  angles  which  their  directions  make  with  the 
normal  by  A  and  d',  respectively,  we  shall  have,  from  Eqs. 
(194)  and  (195), 


componeDtoof  *  ooeO  =  (l+«) m+W ^  -  «  Fcoa  ^.  .  .  (208), 

Telocity  tu  • 

direction  of  the 

normal  after  a^  rr  .1     -an  m  .  t 

lmp«.;  .' 00.  «' =  (1  +  .)    ^^'"'t-t^  *    -eV^^'..  (80i> 

Moreover,  because  the  effects  of  the  impact  arising  from 
the  components  of  the  velocities  in  'the  direction  of  the 
normal  wiU  be  wholly  in  that  direction,  the  components 
of  the  velocities  of  each  body  before  and  after  the  impact 
at  right  angles  to  the  normal,  wiU  be  the  same,  and  hence 

tangential  V   fliu  ^     =     F  sin  (p       .      .      .      (206), 

components  of 
velocity  after  the 

impact;  v'  Sin  ^'  =   F'  sin  9'    .    .    .    (206). 

Squaring  Eqs.  (208)  and  (205),  adding,  extracting  the 
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square  root,  and  reducing  by  the  relation, 

cos*^  +  sin^^  =  1, 
we  find 


r       ;       J/rcosA-fifT'.coetft'  ,,  .  ^  .  ,        ,     ^     velocity  of  the 

=  \/[U  +  <^)= |vT^   .:,    ^  -  c Fcos ^]'  +  r« sin'' ^..  (207) ;impiiigiug body 


and  treating  Eqs.  (204)  and  (206)  in  the  same  way, 


r' 


*  the  impact ; 

Again,  dividing  Eq.  (205)  by  Eq.  (208),  we  have 

Fain  9  ,^^^,    dlrectton  of  the 

tand  =  r^r= TTTTTt ? •  •  (209);  fl«t  body's 

J/  +  Ji 

and,  dividing  Eq.  (206)  by  (204), 

to^« TrVr ^It^^r' 1 •  •  (210).  '^'''"'* 

,^   ,    .MVcos(p  +  M'V  cost)'       ™         ,      ^      ■'  '«<»n<'! 

^^  +  '^ F+IS^^ ^^"^'^ 

The  Eqs.  (207)  and  (208)  will  make  known  the  velocities, 
and  (209)  and  (210)  will  give  the  directions  in  which  the 
bodies  will  move,  after  the  impact. 

Now  suppose  the  body  B  at  rest,  and  its  mass  so  great  sappoae  one  body 
that  the  maasof  4  i3  insignificant  in  comparison,  then  ^^j^,--*— - 
will  V  be  zer6,  M^  may  be  written  for  M  +  M\  and 

M 

-TjT  will  be  a  fraction  so  small  that  all  the  terms  into  reducttoM; 

which  it  enters  as  a  factor  may  be  neglected.  Applying 
these  considerations  to  Eq.  (207),  we  find 

▼elodtyJUbe 
^________^_^_______  impiogiiTbody 

V   =    V  V  ^  COS*  9    +   sin*  9 ;  afterUnpact; 
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and  to  Eq.  (209), 


direction  of  the 
ImpiBgliig  body's 
motion  after 
Impact; 


tan  d  =  — 


tan  9 


e 


(211). 


Fig.  284. 


graphicul 

fUtutrationorthis 

reeolt; 


body  will  not 
rebound  when 
non^laatie ; 


The  tangent  of  ^  being  negative,  shows  tliat  the  angle 
NHK^  which  the  direction 
of  J.'s  motion  makes  with 
the  normal  NN'  after  the 
impact,  is  greater  than  90 
degrees;  in  other  words, 
that  the  body  A  is  driven 
back  or  reflected  from  B, 
This  explains  why  it  is  that 
a  cannon-ball,  stone,  or  oth- 
er body  thrown  obliquely 
against  the  surface  of  the 
earth,  will  rebound  several 
times  before  it  comes  to  rest. 

K  the  bodies  be  non-elastic,  or,  which  is  the  same  thing, 
if  c  be  zero,  the  tangent  of  d  becomes  infinite ;  that  is  to 
say,  the  body  A  will  move  along  the  tangent  plane,  or  if 
the  body  B  were  reduced  at  the  place  of  impact  to  a  smooth 
plane,  the  body  A  would  move  along  this  plane. 

K  the  body  were  perfectly  elastic,  or  if  e  were  equal  to 
unity,  which  expresses  this  condition,  then  would  Eq. 
(211)  become 


tan  d  =  —  tan  (p  . 


(212) ; 


in  perfectly 
elastic  bodies  the 
angle  of 
incidence  eqoal 
to  angle  of 
reflection; 


which  means  that  the  angle  N'ffF=  EHN'  becomes  equal 
to  KEN'.  Tha  angle  EHN'  is  called  tBe  angle  of  inci- 
dence, the  angle  KHN\  commonly,  the  angle  of  reflection. 
Whence  we  see,  that  when  a  perfectly  elastic  body  is 
thrown  against  a  smooth,  hard,  and  fixed  plane,  the  angle 
of  incidence  wiU  be  equal  to  the  angle  of  reflection. 

If  the  angles  9  and  9'  be  zero,  then  will  cos  9  =  1,  cos 
9'  =  1,  sin  9  =  0,  and  sin  9'  =  0,  and  Eqs.  (207)  and  (208) 
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become 


f  =  (1  +  «)  -M^^rw-  -  '  ^ 


'>  =  (!  +  «)      M+M'       -'^' 


OMe  of  direct 
Impact ; 


the  same  as  Eqs.  (194)  and  (195);  and  passing  to  the 
limits,  non-elasticity  on  the  one  hand  and  perfect  elasticity 
on  the  other,  we  have,  in  the  first  case,  e  =  0,  and 


=  MV+M'V  . 

M+M'        '    '    '    ^      '' 


bodies 
ooDrelaBtlc; 


and  in  the  second,  e  =  1,  consequently 


bodies  perfectly^ 
elastic. 


MV+M'V 
V  -  I      if+if> y  •    -   (215), 


MV  +  M'  V 
^'=^      M+M'       -  ^'-   •  ^216). 


§  252. — ^The  equations  which  have  just  been  deduced, 
are  sufficient  to  make  known  the  circumstances  of  motion  obiiqu©  and 
of  the  centres  of  gravity  of  the  colliding  bodies,  for  we  ^"^^"^  ^^"^^ 
have  seen,  §  146,  that  whenever  a  body  is  acted  upon  in  a 
direction  normal  to  its  surfece,  its  centre  of  gravity  will 
move  as  though  the  force  were  applied  directly  to  that 
point.     But  we  have   also  seen,  in  the   same  article, 
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that  when  the  direction  of 
In  the  eccentric  the  foice  does  not  pass 
imvB^i^Mim  through  the  centre  of  grav- 
ity, which  is  the  case  in 
the  eccentric  impact,  the 
body  will  also  have  a  ro- 
tary motion. 

Employing  the  same  no- 
tation as  before,  and  sub- 
tracting Eq.  (203)  from  the 
identical  equation, 

F  cos  9  =  FcoB  9, 

we  And 


y    . 


loeeofvelodtyof 
one  body  in 
direction  of 
nonnal; 


TT  A         /I     •      V  J^  ( FCOS  ©  —   F   COS  9 ) 

Fcos<p  -  vcosd  =  (1  +e) — ^^ ^/.    ,^, ^; 

M  -T  M 

the  first  member  is  the  loss  of  velocity  of  the  body  A  in 
the  direction  of  the  normal,  during  the  impact ;  and  mul- 
tiplying both  members  by  the  mass  of  A  =  MjWe  have,  for 
the  quantity  of  motion  lost  in  the  direction  of  the  normal, 


rrr.^     if (Foos  ,  -  .cos  *)  =  (1  +  a)  MM'iV^^-J'cos,') 


that  direction; 


constroetioB; 


If  the  force  of  which  either  member  of  this  equation  meas- 
ures the  intensity,  and  of  which  the  direction  coincides 
with  the  normal,  does  not  pass  through  the  centre  of  grav- 
ity, it  will  give  rise  to  rotary  motion.  From  the  centre  of 
gravity  G\  of  the  body  B,  let  fidl  the  perpendicular  G'G' 
upon  the  normal,  and  denote  its  length  by  b  ;  also  denote 
the  angular  velocity  of  the  body  B  by  s,,  and  its  moment 
of  inertia  with  reference  to  an  axis  through  the  centre  of 
gravity,  and  perpendicular  to  the  plane  of  the  normal  and 
centre  of  gravity,  by  ^ ;  then,  because  the  angular  velocity 
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■5  equal  to  the  moment  of  the  impressed  force  divided  by 
the  moment  of  inertia, 


,^     ,      .,       MM'             FcOS(p  —    F'C0S9'  .^-^^    angular  velocity 

«;   =   ^i  +  e)0  -=7^- — YTt  X  r •    •    V^J-*>  of  one  of  the 

Also  let  fall  from  the  centre  of  gravity  Q  of  the  body  J., 
the  perpendicular  Q  (7  upon  the  normal,  and  call  its  length 
0.  Since  the  reaction  of  the  body  B^  which  is  equal  to  the 
action  of  -4,  does  not  pass  through  the  centre  of  gravity 
of  the  latter,  it  will  communicate  a  rotary  motion ;  and, 
denoting  the  angular  velocity  of  A  by  s^^^  we  shall  have, 

•» = a + ')»]^x^""' :/'""''  •  •  (218);  •:^:::^ 

in  which  I^  is  the  moment  of  inertia  of  the  body  J.,  in 
reference  to  an  axis  through  its  centre  of  gravity  and 
perpendicular  to  the  plane  containing  this  point  and  the 
normal. 

In  what  precedes,  no  reference  is  made  to  friction,  but  thns  fiir  no 
it  is  obvious  that  this  principle  cannot  be  wholly  dis-  J^^^^^^.^^^^^ 
regarded;  for  the  bodies  acting  upon  each  other  in  the 
direction  of  the  normal  with  a  pressure  of  which  the 
measure  is 


MM* 
(1  +  e)  -  _-_  (Fcos  9  -  F'  cos  9'); 


this  pressure  will  give  rise  to  friction,  whose  intensity  is 
measured  by 


MM      ,^ -frt /v.  meMoreofibe 

fiiction; 


f(l  +  e)  .^j^^(FcoB(p-  "f^'oos^'); 


and  this  acting  in  the  direction  of  the  tangential  com- 
)onents  of  the  velocities  will  accelerate  the  one  and  retard 
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tangential  force 
tu  overcome 
friction ; 


limits  within 
which  flriction 
may  act 
to  produce 
rotation ; 


the  other.  Let  U^  denote  the  tangential  velocity  lost  by 
the  body  A;  then,  the  force  exerted  to  overcome  the 
friction  will  be  measured  by 

MU,. 

Now  if  the  tangential  velocities  be  equal,  it  is  obvious  that 
the  bodies  will  move  together  in  the  direction  of  the  tangent, 
M  C7)  will  be  zero,  the  friction  will  not  be  called  into  action, 
and  the  bodies  will  not  rotate  from  friction.    If  the  tan- 
gential velocities  differ  by  a  quantity  that  will  make  MJJ^ 
equal  to  the  friction,  then 
will  the  whole  of  the  latter 
be  exerted  to  produce  ro- 
tation.    If  the  tangential 
velocities   be   such   as  to 
give  to  MUj   any    value 
between    these    limits,    a 
part  only  of  friction  will  be 
exerted,  and  this  part  alone 
will  determine  the  rotation. 
K  the  difference  of  the  tan- 
gential velocities  be  such 
as  to  make  MU^  greater 
than  the  friction,  the  bodies 
will  slide  along  each  other 
and   rotate    at    the    same 
time;     the   latter   motion 
being   due   to   the  entire 

friction,  and  the  former  to  the  excess  of  MU,  over  the 
value  of  this  force. 

Denote  by  w,  the  ratio  of  the  friction  to  Jf  C?^,  then  will 


quantity  of  •  ATM' 

tangential  moUon       M  U,  =  n/{l  +  e)    '  -jj: j;^(FcOS  9  —    F'  COS  9')- 

lost;  M  +  M 

Let  fall  from  the  centres  of  gravity  of  the  two  bodies  the 
perpendiculars  GT  and  0'  T\  upon  the  tangent  TT; 
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denote  the  length  of  the  first  by  h^  and  that  of  the  second 
by  a,.  Then  will  the  angular  velocity  of  the  body  -B, 
produced  by  fiiction,  be 


locit7 
due 


-rz-i     I      \L        MM'  FcOS(p—    F'C0S(p  angular  Tele 

n/(l   +  e)  b, y ;  of  one  body 

^^  '^  ^^  A  loMctloo; 

and  that  of  the  body  J., 

.,.     ,      .  MM'  FCOS  (p  -   7' COS  9'  angular  velodty 

W/ (1  +  6)  df-^ '=r='f  • — jT; ^;  of  the  other,  doe 


to  Motion ; 


M  +  M'  // 

whence  the  whole  angular  velocities  of  the  two  bodies 
will  become 


«/  =  (!+*)•  M~jrjp ^ '  (*  +  ^/^')' 

M  -T  -oi  ij  whole  angular 

Telocity  of  the 

,,     ,     ,       MAP         FcoB^^-r  C08  ^'    /      .       ^    N  ^"^^^ 

«//  =  (!+*)•  jf  ^  j^ 77 '  («  +  «/«/)• 

If  the  balls  be  spherical  and  homogeneous,  the  normal 
will  always  pass  through  the  centre  of  gravity,  b  and  a 
will  reduce  to  zero,  and  the  rotation  will  be  due  to  fiiction 
alone.  K  the  impact  be  direct,  then  9  and  9'  will  be  zero,  particular 
there  will  be  no  tangential  components  of  the  velocities  ®^**^""- 
MU^^  and  consequently  n  will  reduce  to  zero,  and  the 
rotation  will  be  due  to  the  eccentricity  of  the  impact 


/ 


PART  SECOND. 


MECHANICS   OF   FLUIDS. 


•♦• 


I. 


INTRODUOTORY    REMARKS. 


Condition  of  au  §  253. — We  have  seen,  §  12,  that  the  physical  condition 
n**onthe*'*^***  of  evcry  body  depends  upon  the  relation  subsisting  among 
molecular  forces;  its  molccular  forccs.  When  the  attractions  prevail  greatly 
over  the  repulsions,  the  particles  are  held  firmly  together, 
aaoud ;  and  the  body  is  called  a  solid.    In  proportion  as  the  differ- 

ence between  these  two  sets  of  forces  becomes  less,  the  body 
is  softer,  and  its  figure  yields  more  readily  to  external 
pressure.  When  these  forces  are  equal,  the  particles  will 
yield  to  the  slightest  force,  the  body  will,  under  the  ac- 
tion of  its  own  weight,  and  the  resistance  of  the  sides  of  a 
vessel  into  which  it  is  placed,  readily  take  the  figure  of  the 
aiiqnid;  latter,  and  is  called  a  liquid.    Finally,  when  the  repulsive 

exceed  the  attractive  forces,  the  elements  of  the  body  tend 
to  separate  firom  each  other,  and  require  either  the  applica- 
tion of  some  extraneous  force  or  to  be  confined  jn  a  closed 
vessel  to  keep  them  together ;  the  body  is  then  called  a 
agaaoTYiqwr;  gos  OT  vapor,  according  to  the  greater  or  less  pertinacity 
with  which  the  repulsive  retain  their  ascendency  over  the 
attractive  forces.  In  the  vast  range  of  relation  among  the 
molecular  forces,  from  that  which  distinguishes  a  solid  to 
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that  which  determines  a  gas  or  vapor,  bodies  are  found  in  solids,  liquids, 

and  vapors  run 
into  each  other. 


all   possible    conditions — solids    run    imperceptibly  into  **"  ^*^**"  ™° 


liquids,  and  liquids  into  gases.  Hence  all  classification  of 
bodies  founded  on  their  physical  properties  alone,  must,  of 
necessity,  be  arbitrary. 

§  254. — ^Any  body  whose  elementary  particles  admit  of  Definitions,  &c.; 
motion  among  each  other,  is  called  b.  fluid — such  as  water,  a  fluid; 
wine,  mercury,  the  air,  and,  in  general,  liquids,  gases,  and 
vapors;  all  of  which  are  distinguished  from  solids  by  the 
great  mobility  of  their  particles  among  themselves.     This 
distinguishing  property  exists  in  different  degrees  in  dif- 
ferent liquids — ^it  is  greatest  in  the  ethers  and  alcohol ;  it 
is  less  in  water  and  wine ;  it  is  still  less  in  the  oils,  the 
sirups,  greases,  and  melted  metals,  that  flow  with  difficulty, 
and  rope  when  poured  into  the  air.     Such  fluids  are  said   \ 
to  be  viscous^  or  to  possess  viscosity.    Finally,  a  body  may  viscouii fluids; 
approach  so  closely  both  a  solid  and  liquid,  as  to  make  it 
difficult  to  assign  it  a  place  among  either  class  of  these 
bodies,  aapastey  piUty,  and  the  like.  paste;  putty. 

§  265.— Fluids   are  divided   in  mechanics    into  two  ciassucatton  of 
classes,  viz. :  compressible  and  incompressible.    The  term  in-  *'"^* 
compressible  cannot,  in  strictness  of  propriety,  be  applied  compressible  and 
to  any  body  in  nature,  all  being  more  or  less  compressible ;      ™^       * ' 
but  the  enormous  power  required  to  change,  in  any  sensible 
degree,  the  volumes  of  liquids,  seems  to  justify  the  term, 
when  applied  to  them  in  a  restricted  sense.    The  gases  and 
vapors  are  highly  compressible.    All  liquids  wiH,  there-  uquids 
fore,  be  regarded  as  incompressible ;  the  gases  and  vapors  ^^^^^J„ 

as  compressible.  compreasUtle 

§  256. — ^There  are  many  fluids  that  readily  pass  from 
the  compressible  to  the  incompressible  daas,  when  sub- 
jected to  moderate  increase  of  pressure,  and  reduction  of 
temperature*    These  are  called  vapors,  and  are  such  as  arise  Tapon; 
from  the  application  of  heat  to  liquids,  particularly  when 
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resistance ; 


used  as  a  moter. 


confined  in  closed  vessels,  as  in  the  instance  of  steam  in 
boilers.  Vapors  are  generally  invisible,  and  must  not  be 
confbunded  with  the  mists  and  clouds  which  are  often  seen 
suspended  above  the  surface  of  the  earth,  and  which  are 
nothing  more  than  water,  in  the  form  of  small  vesicles 
filled  with  air,  and  supported  by  the  buoyant  action  of  the 
atmosphere.  Others  of  the  compressible  fluids  are  more 
permanent,  requiring  very  great  pressure  and  reduction  of 
temperature  to  bring  them  to  a  hquid  form.  All  such  fluids 
are  called  gases.  The  most  familiar  instance  of  this  class 
of  bodies  is  the  atmosphere  which  surrounds  us  on  eveiy 
side  and  in  which  we  live.  It  envelops  the  entire  earth, 
reaches  far  beyond  the  tops  of  our  highest  mountains,  and 
pervades  every  depth  from  which  it  is  not  excluded  by  the 
presence  of  solids  or  liquids.  It  is  even  found  in  the  pores 
of  these  bodies.  It  plays  a  most  important  part  in  all 
natural  phenomena,  and  is  ever  at  work  to  influence  the 
motions  and  to  modify  the  results  of  machinery.  It  is 
essentially  composed  of  oxygen  and  nitrogen^  in  a  state  of 
mechanical  mixture.  The  former  is  a  supporter  of  com- 
bustion, and,  with  the  various  forms  of  carbon,  is  one  of 
the  principal  agents  employed  in  the  development  of  me- 
chanical power. 

The  existence  of  air,  gases,  and  vapors,  is  proved  by  a 
multitude  of  facts.  Contained  in  a  flexible  and  imperme- 
able envelope,  they  resist  pressure  like  solid  bodies.  The 
gas  in  an  inverted  glass  vessel  plunged  into  water,  will  not 
yield  its  place  to  the  liquid,  unless  some  avenue  of  escape 
is  provided  for  it.  Those  winds,  hurricanes,  and  tornadoes 
which  uproot  trees,  overturn  houses,  and  devastate  entire 
districts,  are  but  air  in  motion.  Air  opposes,  by  its  inertia, 
the  motion  of  solid  bodies  through  it,  and  this  opposition 
is  called  its  resistance.  Finally,  we  know  that  wind  is 
employed  as  a  moter  to  turn  windmills  and  to  give  motion 
to  ships  of  the  largest  kind. 


§  257. — ^Many  bodies  take,  successively,  the  solid,  liquid, 
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or  vaporous  state,  according  to  the  heat  to  which  they  are 

subjected.    Water,  for  instance,  is  solid  in  the  state  of  ice  change  of  state; 

and  snow,  liquid  in  its  ordinary  condition,  and  vapor  when 

heated  in  a  closed  vessel.    The  process  by  which  a  body 

passes  from  a  solid  to  a  limiid  state,  is  called  liqu/tfoLction  or  uquefhcuon ; 

fusion;  from  a  liquid  to  a  state  of  vapor,  vaporizaMon  or  vaporization; 

volatUtzation  ;  that  by  which  a  vapor  returns  to  a  liquid,  condenaatiun; 

condensation  ;  and  a  liquid  to  a  solid,  solidification  or  congela-  solidification. 

Hon,    Some  bodies  appear  to  take  but  two  of  these  states, 

while  others  constantly  present  themselves  only  under  one, 

which  is  the  case  with  the  infusible  solids  and  permanent 

gases,  including  among  the  latter,  the  atmospheric  air ;  but 

the  number  of  these  bodies  is  constantly  diminishing  in 

the  progress  of  physical  science. 

§  258. — The  subject  of  the  mechanics  of  fluids,  is  usual-  Mode  of 
ly  divided,  as  before  remarked,  into  hydrostatics  and  hydro-  ^^^^^^  '^^ 
dynamics^  the  former  treating  of  the  equilibrium  of  fluids,  hydrostatics; 
and  the  latter  of  their  motions;  and  not  unfrequentlythe  ^     ynan»<»» 
compressible  fluids  are  discussed  under  a  separate  head 
called  pneuTna^.    In  the  present  instance,  these  divisions  pneumaucs; 
will  not  be  adhered  to,  as  it  is  believed  the  whole  subject 
may  be  presented  in  a  manner  more  connected  and  per- 
spicuous by  disregarding  them.     And  in  the  discussions 
which  are  to  follow,  the  fluid  will  be  considered  as  with- 
out viscosity ;  that  is  to  say,  the  particles  will  be  supposed 
to  have  the  utmost  freedom  of  motion  among  each  other. 
Such  a  fluid  is  said  to  be  perfect    The  results  deduced  perfect  fluid, 
upon  the  hypothesis  of  perfect  fluidity  will,  of  course, 
require  modification  when  applied  to  fluids  possessing 
sensible  viscosity.    The  nature  and  extent  of  these  modi- 
fications can  be  known  only  from  experiments. 


s 
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§  258. — From  the  nature  of  a  fluid,  it  is  obvious  that 
when  a  force  is  applied  to  any  one  of  its  particles,  the  latter 
must  move  in  the  direction  of  the  force,  unless  prevented  * 
by  the  reaction  of  the  surroun^ding  particles ;  but  these 
being  equally  free,  can  only  react  to  prevent  motion,  by 
being  supported  or  acted  upon  by  opposing  forces.    From 
this  arises  a  general  law,  viz.:   that  when  a  fluid  is  in 
equilibrio,  its  free  surfaxje  is  always  normal  to  the  re- 
sultants  of  the  forces  which  solicit  eaoh  of  its  surface 
particles.    For  if  the  result- 
ant OF  of  the  forces  which 
act  upon  any  one  of  these 
particles  0  were  oblique  to 
the  surface  A  B,  this  result- 
ant might  be  resolved  into 


Fig.  286. 


upon  the  sorfaoe  two  componeuts,  One   OF* 


partlelei; 


level  aarflMa 
defined; 


normal,  and  the  other  OF'' 
tangent  to  the  sur&ce;  the 

former  would  be  destroyed  by  the  reaction  of  the  fluid 
mass  supposed  in  equiUbrio,  while  the  latter'would  move 
the  particle  along  the  sur&ce,  and  with  the  greater  &cility 
in  proportion  as  similar  components  tend  to  move  the 
particles  to  which  they  are  applied  in  the  same  direction. 
Hence  the  supposition  of  an  oblique  resultant  is  inoonsist^ 
ent  with  the  equilibrium.  This  free  surface  which  every 
fluid  in  equihbrio  presents  in  a  direction  normal  to  the 
resultant  of  the  forces  which  act  upon  each  of  its  sur&ce 
particles,  is  called  a  level  surjace.     Hence  every  heavy 
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tgan  of  the  level 
■nrftkce  of  heavy 
flaide; 


fluid  upon  the  earth's  suififtoe  in  a  state  of  repose,  presents 
its  upper  or  free  sur&oe  normal  to  the  direction  of  the  leTeitorfteeof 
force  of  gravity.    K  the  earth  did  not  rotate  about  an''**'^*'^*^'. 
axis  PP',  thus  giving  rise  to  a  centriftigal  force,  every 
such  surface  woidd  be  a  portion  of  the  surface  of  a  sphere, 
having  its  centre  at  the  centre  of  the  earth ;  but  its  cen- 
trifugal force  if  (7,  combined 
with  the  weight  MO  oi  each 
element,  giving  rise  to  a  re- 
sultant MN  slightly  oblique 
to  the  direction  of  the  weight, 
every  free  surface  is  in  strict- 
ness a  portion  of  the  surface 
of  a  spheroid  of  revolution, 
flattened  at  the  poles  and 
protuberant  at  the  equator. 

The  great  size  of  the  earth,  and  the  limited  field  that 
may  be  brought  under  observation  at  the  same  instant, 
will  scarcely  permit  us  however  to  distinguish  any  visible  TUbie  ponione 
portion  of  fluid  surface  from  a  plane.     Instance,  the**"*****^****^* 
ponds,  lakes,  ocean.    The  same  is  true  of  the  atmosphere. 
This  fluid  being  elastic,  its  elements  tend  to  recede  from 
each  other  and  from  the  earth's  surface;  in  proportion  as 
it  expands,  the  repulsive  action  becomes  less;  the  weight 
of  the  elements  tends  to  draw  them  towards  the  earth ; 
at  the  upper  surface  of  the  atmosphere  these  opposing  case  of  the 
forces,  which  act  towards  and  from  the  centre  of  the  earth,  •'"*«•**•"• 
become  equfJ,  and  the  further  retrocession  of  the  particles 
ia  impossible.    The  atmosphere  would,  under  the  opera- 
tion of  these  causes  alone,  come  to  a  state  of  rest,  and 
present  an  exterior  boundary  similar  to  that  of  the  earth. 


§  260. — ^Let  the  vessel  ABDO  contain  a  heavy  fluid, 
or  a  fluid  acted  on  only  by  its  own  weight;  the  upper 
Bur&ce  RS  will,  from  what  we  have  seen,  be  horizontal 
when  at  rest ;  and  it  is  obvious  that  this  position  of  the 
sur&ce  wiU  not  be  disturbed,  or  in  the  least  altered,  if  the 
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A  homogeneoQ* 
]ie«Yy  fluid  in 


eommimicatiiuf 
firMl7  wiU  stand 
InaUaltbe 
Mune  lerel ; 


tzpwiiBMital 
mwlntion; 


portion  of  the  fluid  indicated  by  the  shaded  parts  of  the 
second  figure  were  to  become  solid,  leaving  the  fluid 
portions  E  T,  F  H, 
HQy  communicating 
freely  with  each  oth- 
er ;  that  is  to  say,  the 
sur£gices  at  E^  P^  and 
(7,  of  the  communi- 
cating fluid  would  be 
upon  the  same  leveL 
Whence  we  conclude, 
that  a  heavy  flutd,  as 
water  or  mercury, 
poured  into  several  ves' 
sda  which  communir 
oate  freely  wiih  each 
other,  wiUf    when   in 

ejuUibrio,  have  its  upper  surface  in  ail  the  vessels  on  the 
same  level  This  important  £act  is  easily  illustrated  by 
experiment.  ^  is  a 
vessel  at  the  bottom 
of  which  is  a  horizon- 
tal tube  connecting 
freely  with  the  vessels 
B  and  C7,  and  having 
a  stop-cock  D  inter- 
posed, so  that  the  con- 
nection may  be  inter- 
rupted or  established 
at  pleasure.  Fill  A 
with  water,  the  stop- 
cock being  closed. 
When  the  watering 
is  at  rest,  open  the 

cock  D;  the  water  will  descend  in  A  and  ascend  in  B  and 
(7  tUl  it  comes  to  the  same  level  in  alL 

If  the  vessel  C  be  broken  oflf  at  E,  the  water  will  over- 


Fig.  289. 
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flow  ai.  this  point  till  it  sinks  in  the  vessels  A  and  B  to 
.  the  level  of  ^. 

To  the  operation  of  this  principle  we  are  indebted  for  ud*  pniMXiii* 
the  transfer  of  water  from  remote  locations  to  artifloial  ^^^^^  ^ 
reservoira  for  the  snpply  of  cities  and  towns.     Springs  m  iniaciii 
also  owe  their  existence  to  it.     The  greater  part  of  the  l^^poiBU 
solid  cmst  of  the  earth  conaJsts  of  various  strata  ranged 
one  above  another ;  many  of  these  are  of  a  loose  and  po- 
roos  natnre  and  are  penetrated  with  clefts,  whilst  others 
are  more  dense  and  free  from  flaws.    Through  the  former 
of  these,  rains  and  melted  ^ 

snows  find  their  way  to  Kg:  f  m. 

the  latter,  where  their  fiiT- 

ther  progress  la  for  a  tune  cum  of  ^n 

checked,  tdH  the  water 
accumulates  in  sufficient 
quantity  to  force  its  way 
through  the  sides  of  hills 
and  mountains,  and  often 
at  points  of  considerable 
elevation.      WLen    the 

harder   and  impervioos  strata  form  the  onter  crost  of 
moontaiu  rangee,  tiiey  often  force  the  water  to  take  an 
oblique  undei^ronnd  oonise  through  porous  strata,  that 
extend    to    considerable 
d^th  and  reach  to  re-  via  in. 

mote     districts.       Here, 
if  a  channel    be  provi- 
ded   for   the  water   by 
boring  through  the  hard 
cmst  which  oonfinea  it,  it 
will  ^K>ut  forth  or  over- 
flow, in  its  effort  to  gain  mdfctfc»«m 
the  level  of  its  sooroe  orttaUMUn 
in  the  distant  mountain.  _^^ 
This  oonstitates  an  Arte- 
aian  ue^  a  name  derived 
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Fig.  292. 


from  the  French  proyince  Artoia,  where,   according  to 
account^  they  were  first  employed. 

§  261. — ^From  the  principle  of  fluid  level,  it  is  easy  to 
pass  to  that  of  equal  pres- 
sure. Suppose  a  vessel, 
ABD  OFE,  in  which  the 
branches  EF  and  BD  G 
have  a  free  communica- 
tion with  the  part  AB; 
then' if  water,  mercury, 
wine,  or  any  other  fluid,  be 
poured  in  either  at  E^  A, 
or  Gy  and  the  whole  be 
suffered  to  come  to  rest, 
the  surfiBM>e  at  IK  of  the 
fluid  in  the  part  A  B,  at 
L  in  the  branch  EFj  and 
at  if  in  the  branch  BD  G^ 
will  be  upon  the  same 
level. 

Through  the  point  N,  taken  at  pleasure  below  the  sor- 
&ice  of  the  fluid,  conceive  a  horizontal  plane  to  be  passed. 
It  is  obvious  that  the  weight  of  the  fluid  contained  in  the 
vessel  below  PNQ  can  contribute  nothing  to  the  support 
of  the  columns  XP,  70,  and  MQ^  since  this  weight  acts 
downward ;  and  the  equilibrium  would  obtain  if  the  fluid 
contained  in  the  part  of  the  vessel  below  PNQ  were 
without  weight.  This  fluid  may  therefore  be  regarded  as 
solely  a  means  of  communication  between  the  columns 
XP,  70,  and  ifQ,  in  such  manner  that  it  will  transmit 
the  pressure  resulting  from  the  weight  of  the  columns 
LP  and  MQ  to  support  the  weight  of  70,  and  recipro- 
cally. If  now,  instead  of  the  columns  LP,  10,  and  MQ 
of  the  fluid,  pistons  were  applied  to  the  surfaces  at  P,  NO, 
and  Qf  and  were  separately  urged  downward  by  pressures 
respectively  equal  to  the  weights  of  these  columns,  the 
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equilibrixun  would  manifestly  obtain  in  like  manner.     Or 

if  a  pressure  equal  to  that  arising  from  the  column  MQ  weight  of 


columns  of  fluid 


be  applied  to  the  surface  O,  while  the  columns  L  P  and     ,    ^  ^ 

^^       ^  ^  ^      ^^  replaced  b7 

10  remain,  the  equilibrio  will  still  subsist,  and  this,  prennreeupon 
whatever  be  the  directions  and  sinuosities  at  2?,  F^  Ac.  ****®"*» 
The  weight  TTof  the  column  ^if  is  measured  by  4.  A.  rf.^; 
in  which  b  is  the  area  of  the  base  at  Q,  h  the  height  QM^ 
d  the  density  of  the  fluid,  and  g  the  force  of  gravity.  The 
weight  W  of  the  column  70  is  measured  by  J'.  A.  rf.^,  in 
which  J'  is  the  area  of  the  base  NO^  the  other  quantities 
being  the  same  as  before.  Dividing  the  latter  by  the 
former,  we  find 

W^  _  V  .h.d.g  _   b^    ^        (219V      ^"^^"^ 

W  b.h.d.g  b       '      '     ^        ''        coliiiiu^ofeqiia{ 

altltodee; 

hence,  the  weights  are  to  each  other  as  the  bases  b'  and  i. 
Now  these  weights  act  in  the  same  direction,  and  are 
unequal ;  they  cannot,  therefore,  maintain  each  other  in 
equUibrio,  unless  the  pressure  arising  &om  the  column 
10  were  transmitted  by  the  fluid  down  the  vessel  iVjB,  up 
the  sinuous  vessel  BDQ  to  Q,  and  there  diminished  in 
the  ratio  of  the  base  NO  to  that  at  Q.  In  like  manner, 
the  pressure  from  the  column  MQ  must  be  transmitted  by 
the  fluid  down  the  tube  QDH,  uip  the  vessel  BN  to  the 
base  iVO,  and  there  increased  in  the  proportion  of  the  base 
at  Q  to  that  at  K 

That  is,  the  forces  applied  to  two  pistons  in  a  vessel  fiUsd  foroeeontwo 
with  fiuid^  will  be  in  equilibrio  wlien  their  intensities  are  di-  ***^JJJjJ^  *^ 
reedy  proportional  to  the  areas  of  the  pistons  to  which  they  are  proportioB&i  to 


respectively  applied,    K  the  areas  b  and  V  of  the  pistons  J^J^^ 
become  equal,  the  forces  will  be  equal,  and  this,  whatever 
be  the  actual  dimensions  of  the  pistons.    Whence  we  con- 
clude, thai  the  force  impressed  upon  a  fluid^  is  transmitted  by 
it  equally  in  aU  directions ;  and  that  every  surface  eocposed  to  preMora 
the  fluid  tvill  receive  a  pressure  which  is  directly  proportional    ^^^^^^^^ 
to  its  extent.    Moreover,  this  pressure  will  be  perpendicular  diwctioM; 
to  the  surface,  for  if  it  were  oblique,  it  might  be  replaced 
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pKMora  aiwagfs    by  its  two  components,  one  normal^  the  other  parallel  to 
JIJ^  ****"*•      the  sui&ce;  the  former  would  be  destroyed  by  the  resist- 
ance of  the  surjGebce,  while  the  latter  would  give  motion  to 
the  fluid,  which  is  contrary  to  the  supposition  that  the 
fluid  is  in  equilibrio. 
From  Eq.  (219)  we  find 


proMora 
tnumnlUed ; 


lit  rale; 


prewora 
traoBmitted 
when  the 
preflBoreie 
applied  to  t  unit 
ofsnrlhoe; 


W  =   W'  J  .    .    .    .    (220); 

whence  we  have  this  rule  for  finding  the  amount  of  pres- 
sure transmitted  to  any  surface,  viz. :  MvMply  the  intensity 
of  the  pressing  force  into  the  ratio  obtained  by  dividing  the  area 
to  which  the  pressure  is  transmitted^  by  that  to  which  the  force 
is  directly  applied.  Making  J  =  1,  W  will  be  the  pressure 
upon  the  unit  of  sur&ce,  and  Eq.  (220)  becomes 


W  =   W.V 


(221) ; 


id.  rale; 


Fig.  298. 


whence  we  have  this  second  rule  for  finding  the  pressure 
transmitted  to  any  given  surface,  viz. :  Multiply  the  intensity 
qf  the  force  applied  to  the  unit  of  surface  by  Oie  area  of  the 
siwrface  to  which  the  pressure  is  transmitted. 

The  truth  of  these  deductions  is  finely^  illustrated  by 
the  Anaixymical  Siphon.  A  short 
cylindrical  vessel  A^  made  of 
metal,  and  open  at  one  end,  is 
connected  with  an  upright  glass 
tube /A,  say  half  an  inch  in  diame- 
iuwtntionbjthe  ter,  opcu  at  the  top.  The  vessel 
is  filled  with  water,  and  closed 
by  tying  over  it  a  bladder,  on 
which  a  plate  of  wood  or  metal 
is  laid  to  receive  weights  W. 
Water  is  now  poured  down  the 
glass  tube  fh;  the  water  in  J., 
with  its  superincumbent  weights 
W\  will  be  raised  by  the  pressure 


■natomieal 
■iphon; 
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arising  from  the  weight  of  that  portion  of  the  fluid  in 
the  glass  tube  above  the  level  of  the  bladder.    Let  this 
difference  of  level  be  60  inches,  then  will  the  volume,  in  mnstntedbya 
cubic  feet,  of  the  pressing  water,  be 


numerical 
example; 


t». 


i?"  X  50       8.1416  X  (0.26)'  x  60         -A,_a 
-1728—  =  1728 =  ^■^^^' 


Now  one  cubic  foot  of  water  weighs  sixty-two  and  a 
half  pounds,  whence  the  weight  of  the  pressing  column  or 
TFbecomes,  in  pounds, 


lb9,  ib. 

W  =  62.5  X  0.00568  =  0.355. 


The  area  of  a  section  of  the  glass  tube  is 


M. 


J  =  *i2«  =  8.1416  X  (0.25)«  =  0.196; 


or,  in  square  feet, 


weight  of  the 
pTOwring  oolumn; 


area  of  a  BeeUon 
of  the  tabe ; 


b  =  ^^  =  0.00136,  nearly. 


Let  the  diameter  of  the  vessel  A  be  one  foot  then  will       f^*^ "'."" 

larger  tcmcI; 

V  =  8.1416  X  (0.50)«  =  0:?^854; 

and  these  values  of  TFJ  5,  and  6',  substituted  in  Eq.  (220), 
give 

0  7A54-  ^' 

W  =  0.855  ii^^  =  204.8,  nearly;  weight eoiidii-ii 


that  is  to  say,  the  trifling  weight  of  three  tenths  of  a  pound 
sustains  in  equilibrio  a  weight  of  more  than  two  hundred  hydroatatic 
and  four  pounds;  a  result  usually  denominated  the  hydro-  p*™**°*J 
static  paradox. 
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inteMMtitor  If  the  bladder  were  removed,  and  the  vessel  extended 

ttTwiterwoaid   ^P^w^  to  tli6  ^^  ed,  on  SL  level  with  the  fluid  in  the 
rteiBtiMiafgw  tube,  the  water  would  rise  in  it  to  that  height,  when  it 

would  come  to  rest    The  volume  of  ihe  added  water,  in 

eubic  feet  would  be 

^  X  0.7854  =  3.272 ; 
12 

and  allowing  62^  pounds  to  each  cubic  foot^  the  weight 
of  distilled  water  at  60**  Fah.  gives 


ih§. 


8.272  X  62J  =  204.5,  nearly, 


asbefora 


IIL 


WORK  OF  THB  POWEB  AND   OF  THE  RESISTANCE. 


§  262.— It  follows  from  Eq.  (220),  that  a  given  power 
MottipUcatioBor  may  be  multiplied  at  pleasure  by  this  principle  of  equal 
paver  by  iho      transmission  of  pressure.    It  will  be  sufficient  for  this 

principle  of  aqiud  ^ 

tniinniaaionof    purposc,  to  provide  a  stroug 


vessel  for  the  reception  of  a 
fluid,  and  to  connect  with  it 
a  pair  of  pistons  whose  sur- 
feces  bear  to  each  other  any 
desired  ratio ;  the  power  F 
being  applied  to  the  smaller 
piston  b  will  be  transmitted 
to  the  larger  V  and  made  to 
hold  in  equilibrio  or  over- 
come almost  any  given  re- 
sistance R  applied  to  the 
latter.    But  we  are  not^  there- 


Fig.  294. 
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fore,  to  infer  that  there  is  any  gain  in  the  quantity  of  work  no  wi»k  giinod, 
performed,  for  if  we  multiply  Eq.  (220)  by  the  distance  **^^*»^*'5 
HI=8'  through  which  the  larger  piston  may  have  been 
moved  by  the  pressure  transmitted  to  it,  we  have,  by 
writing  if  for  W\  and  F  for  TT, 


Us'  =  F  '  i^    .    .    .    .    (222).     3"!."'*^ 


The  product  s' J',  being  the  area  of  the  larger  piston  into 
the  distance  HI,  is  the  measure  of  the  volume  of  fluid 
which  has  passed  into  the  chamber  CF^  by  the  action  of 
the  power  F  upon  the  smaller  piston ;  and  if  we  regard  the 
water  as  incompressible,  this  must  be  equal  to  the  volume 
of  fluid  which  has  been  pressed  out  of  the  chamber  A  B. 
Supposing  the  smaller  piston  to  have  been  depressed  to  /', 
and  denoting  the  distance  -ET'  /'  by  8,  this  latter  volume 
will  be  measured  by  56,  and,  therefore,  from  what  has  just 
been  remarked, 

8'V  =  sb; 
whence 


Tolumeeof  the 
fluid  equal ; 


which,  substituted  above,  gives 

work  of  power 

J?«'    =    F8 (223).        equal  to  that  of 

reslfltanee; 

The  first  member  of  this  equation  is  the  work  performed 
by  the  resistance,  the  second  that  performed  by  the  power, 
whence  we  conclude,  that  in  hydraulic  machines  depending  coneineioii; 
,ypon  the  tmnsmissim  of  presmre.  as  in  other  machines,  the 
work  of  the  power  is  equal  to  that  of  the  resistance. 

If  the  friction  of  the  pistons  against  the  sides  of  their  mctton  and 
respective  chambers  and  the  viscosity  of  the  fluid  be  taken  ^^******^5 
into  the  account,  the  work  of  these  must  be  added  to  the 
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the  hydrsnlie 
machine  enableB 
a  feeble  power  to 
perform  what 
it  ooald  not 
without  It; 


general  principle 
of  all  machines; 


this  prinelple 
employed  to 
prove  that  of 
equal  pressure ; 


term  Bs'j  which  would  make  the  effective  quantity  of 
work,  measured  by  Its'^  actually  less  than  the  work  of  the 
power.  What  then  is  gained?  The  answer  is  the  same 
as  before,  viz. :  the  machine  gives  to  a  feeble  power  the 
ability  to  perform,  by  a  succession-  of  efforts,  an  amount 
of  work  which  it  could  not  accomplish  by  a  single  one. 
It  would  be  quite  within  the  physical  capabilities  of  an 
individual  to  raise  to  the  sunmiit  of  a  wall  a  ton  of  bricks, 
by  taking  a  few  bricks  at  a  time,  wnereas  an  effort  to  ele- 
vate the  whole  at  once  by  his  unassisted  strength  would 
prove  an  utter  failure.  And  this  is  true  of  all  kinds  of 
machinery ;  whenever  a  given  amount  oi*  work  is  accom- 
plished by  the  application  of  a  diminished  power,  the  space 
through  which  the  latter  is  exerted  must  be  proportionally 
increased. 

Had  this  principle,  together  with  the  incompressibility 
of  the  fluid,  been  assumed  at  the  outset,  it  would  have 
been  an  easy  matter  to  deduce  Eq.  (220),  and  therefore  the 
principle  of  the  equal  transmission  of  pressure;  for,  the 
volume  of  the  fluid  remaining  the  same,  we  should  have 

8'V  =  sb, 

and  the  quantity  of  work  of  the  power  and  resistance 
being  equal,  gives 

Rs'  =  Fs; 
dividing  the  first  of  these  equations  by  the  second,  we  find 


b^ 
R 


I 


pressoreaare 
proportional  to 
thesmrfteei. 


whence 


F   :    R    ::    b    :    V; 


that  is  to  say,  the  pressures  are  directly  proportional  to 
the  areas  of  the  pistons  to  which  they  are  applied,  when 


HXCBANIOB   or    FLUIDa 

there  is  an  equilibrium,  or  vhen  the  pistona  imve  a  imiforni 
motioiL 

§  263.— One  of  the   most   interesting  and  important 
applications  of  the   principle   of  equal  transmiflsion   of 
pressure  is  exhibited  by  the  Hydraulic  or  Brainah's  Press,  m 
The  main  features  of  this  machine  are  the  following :  A 
large    and   small 

metallic   cylinder  , 

A     and     a,    are  f^-  ^^■ 

made  to  comma- 
cicate  freely  with 
each  other  by  a 
duct-pipe  r.  Wa- 
ter stands  in  both 

of  the  cyhndera,  ^^ 

and  each  is  provi-  n 

ded  with  a  strong 
piston.  The  pis- 
ton S  of  the  larger 
cylinder  carries  a 
strong  head-plate 

/*,  which  works  in  a  &ame,  so  as  to  move  directly  towards 
or  from  a  plate  S  which  is  stationary.  The  substance  to 
be  pressed  is  placed  between  these  two  plates.  The  piston 
in  the  small  tube  a  is  worked  by  a  lever  cd,  oi  the  second 
order,  having  its  fulcrum  at  c,  the  piaton-rod  being  attached 
at  b,  while  power  is  applied  at  d.  The  pressure  exerted  by 
the  smaller  piston  on  the  water  is  transmitted  by  the  latter 
to  the  piston  S. 

Let  the  diameter  of  the  cylind^  a  be  half  an  inch,  that  lii 
of  the  larger  200  inches,  then  will 


and  suppose  the  distance  c  (2  to  be  equal  to  50  inches,  and 
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ci  to  be  one  inch,  and  let  a  man  throw  his  weight,  say 
150  pounds,  on  the  point  d;  then  from  the  property  of 
the  lever  will  the  force  F^  applied  to  the  smaller  piston,  be 
given  by  the  proportion 


in*  in,  lbs, 

1    :    50    ::    150    :    J^; 


whence 


▼tine  of 


p.w«vpu.diu  i^  =  450  X  50  =  760a' 

■mailer  platon ; 

Substituting  these  values  for  F  and  -r-  in  Eq.  (222),  and 
omitting  the  common  factor  «',  we  find 

E  =  7500  X  160000  =  1200000000 ; 

thus  an  effort  equal  in  intensity  to  a  weight  of  one  hundred 
and  fifty  poimds  applied  at  e2,  is  capable  of  holding  in 
equilibrio  a  power,  or  of  maintaining  in  imiform  motion  a 
body  subjected  to  a  constant  resistance,  equal  to  one 
billion  two  hundred  million  pounds. 

Dividing  both  members  of  Eq.  (228)  by  F,  we  find 

path  of  the  power  S  ,  s' 

at  amaller  pltioa ;  ^   ^         n     j 

substituting  the  above  values  for  B  and  F,  and  suppose  the 
piston-head  to  have  been  raised  through  the  distance  of 
one  foot,  we  have 

tta  Bomerieal 

Taloe  for  one  foot  1200000000  .  ^^^^ 

oTpathoftlia  8   =    =-~ =    160000; 

redatanee;  «*^W 

and  because  the  power  applied  at  d  must  pass  over  50 
times  this  distance,  we  find 

160000  X  50  =  8000000, 
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or 


8000000 
5280 


=  1515, 


path  of  the 
power; 


for  the  distance  described  by  the  power  to  compress  the 
resistance  one  foot,  or  to  raise  a  weight  equivalent  to  the 
resistance  through  that  height  The  hydraulic  press  is 
used  in  the  arts  to  press  paper,  cloth,  ha j,  to  uproot  trees, 
to  test  the  strength  of  ropes,  chaiss,  building  materials,  usee  of  the 
and  guns;  and  two  were  recently  employed  with  success  ^y<*»»ii«P'«^ 
to  raise,  through  a  vertical  height  of  more  than  one 
hundred  feet,  the  great  iron  viaduct-tube,  weighing  up- 
ward of  eighteen  hundred  tons,  over  the  Menai  Straits. 


IV. 


PRESSUBB  OF  HEAVY  FLUIDS. 


Fig.  206. 


§264. — ^Let  us  now  examine  the  pressure  which  apreMuraorhMiy 
heavy  fluid  exerts  on  the  base  of  a  vessel  in  which  it  is*'^^' 
contained.     For  this 
purpose,  let  ABD  C 
be  a  vessel  containing 
a  heavy  fluid,  as  wa- 
ter, in  equilibrio.  The 
upper  surface  AB  of 
the  fluid  will  be  hori- 
zontal.     Conceive  a 
horizontal  plane  Q  H 
to  be  passed,  and  sup- 
pose the  fluid  below  this  plane,  or  that  contained  intheioidbeiow 
the  portion  GCDH,\o  be  devoid  of  weight:  then  it  is  ^!l^'*^, 
obvious,  from  our  previous  principles,  that  the  weight  of  or  weight; 
any  slender  vertical  colunm,  as  EI^  will  exert  a  pressure 
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at  7,  which  is  distributed  equally  in  all  directions  through 
the  fluid  GCDH^  and  that  this  pressure  acts  equally 
upward  to  oppose  the 


eolumn 

nistalniiig  an  the 
othan; 


descent  of  the  other 

each  elementary    COlumnS  which  Stand 

vertically  over  the 
plane  GH;  the  col- 
umn EI  alone  keeps, 
therefore,  in  equi- 
librio  all  the  other 
columns  of  the  mass 
A  Q  H  B  ;     conse- 


Fig.  296. 


preasnre  upon 
thehaae; 


:  : 
i  ! 

I     • 

■\-\ — 


II 


^ 


quently,  the  mass  G  ODH,  being  still  supposed  without 
weight,  there  will  result  no  pressure  upon  the  base  CD^ 
except  that  which  arises  from  the  weight  of  a  single  fila- 
ment EI^  which  being  transmitted  equally  to  all  the 
points  of  the  base  OD^  the  pressure  on  the  latter  wiU  be 
given  by  Eq.  (220) ;  that  is,  by 


welghloftho 
prwitng  flUunent ; 


the  bate; 


in  which  W  is  the  weight  of  the  column  EI^  b  the  area 
of  its  base,  V  the  area  of  the  base  (72),  and  W  the  pressure 
which  it  sustains. 

Denoting  the  height  of  the  column  EI  by  A,  its  weight 
TFwill  be  given  by 

W  -  h.b.D.g; 

in  which  D  denotes  the  density  of  the  fluid,  and  g  the  force 
of  gravity. 

Substituting  this  above  for  IT,  we  find 

W  :^h.V  .D.g     .    .    .    (224). 

If  now  the  plane  GS  be  depressed  so  as  to  leave  all 
the  heavy  fluid  above  it,  this  plane  will  coincide  with 
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the  bottom,  /.will  come  to  /',  and  h  will  become  the  ver* 
tical  height  EF  of  the  sm&ce  of  the  fluid  above  the 
bajse. 

But  the  product  Vh  ia  obviously  the  volume  00  0'  D 
of  the  fluid  contained  in  a  right  cylinder  or  prism  having 
for  its  base,  the  base  of  the  vessel  ]  D,V,hy&  the  mass  of  this 
cylinder  or  prism,  and  D.b\h.g  ia  its  weight  Whence 
we  conclude,  that  the  pressure  exerted  by  a  heavy  fluid 
upon  the  horizontal  base  of  a  vessel  containing  it,  is  eqiud 
to  the  weight  of  a  column  of  this  fluids  whose  base  is  the  base 
of  the  vessel,  and  whose  altitude  is  equal  to  the  depth  of  this 
base  below  the  surface  of  the  fluid. 

In  this  measure  for  the  pressure  on  the  base  of  a  vessel 
containing  a  heavy  fluid,  there  is  nothing  at  all  relating 
to  the  figure  or  actual  volume  of  the  vessel,  and  we  are, 
Lence,  to  infer  that  this  pressure  is  wholly  independent  of 
both,  and  will  always  be  the  same  whenever  the  area  of 
the  base  and  altitude 
of  the  fluid  are  the 
same. .  The  right  cyl- 
inder, inverted  and 
erect  truncated  cones, 
having  equal  inferior 
bases  B^  B,  B,  and 
the  same  altitude  &, 
'will,  when  filled,  con- 
tain very  different 
volumes  of  fluid,  yet 
the  bases  will  all 
experience  the  same 
amount  of  pressure 
from  the  weight  of 
the  fluid,  if  it  be  the 
same  in  kind,  or  of 
the  same  density. 

The  experimental 
verification    of    this 


weight  of  the 
column  which 
meuuree  this 
preMore; 


praesnre 
independent  of 
flgore  of  vessel 
and  quantity  of 
the  pressing 
fluid; 


Fig.  297. 


illnstratioD ; 


Fig.  29a 


J" 


r^ 


tt^ 


J£ 


? 7 


right  ^tinder, 
truncated  oooei 
both  erect  and 
Inverted; 
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Terifleation  of 
IhlBltet; 


apparent  paradox  is  easy.  A  D  CB  is  a  glass  tube,  of 
which  the  ends  are  open  and  bent  upward;  the  end 
B  is  furnished  with 


a  brass  ferrule  upon 
which  a  screw  is  cut 
for  the  reception  of  a 
mate-screw  fl"  around 
the  bottom  of  the  ves- 
sels F,  F\  and  F'\ 
also  open  at  both 
deacripttonofthe  cuds.    On  the  end  A 

.ppunuiuiforthe  ^g    ^    gij^j  ^         ^f 

purpoM ;  ^  ^ 

metal  or  wood.  At 
^  is  a  short  wire  that 
may  be  moved  up  and 
down,  and  is  held  in 


Fig.  298. 


deUUsofthe 
experiment; 


deduiitiioiM: 


any  desired  position  by  fnction* 

Pour  mercury  in  either  end  of  the  bent  tube  till  it  rises 
to  any  desired  level,  say  that  of  the  dotted  line ;  next,  screw 
either  of  the  vessels,  say  F^  on  its  place  at  J8,  and  fill  it  with, 
water.  The  water  passing  fireely  through  to  the  surface  of 
the  mercury  wiU  press  upon  the  latter  by  its  weight  and 
force  it  up  the  end  A,  When  both  fluids  come  to  rest^ 
move  the  ring  on  the  end  J.  to  a  level  with  the  mercury  to 
mark  its  place,  and  press  the  wire  E  down  to  the  surface 
of  the  water  to  determine  its  height.  Now  draw  off  the 
water  by  the  stop-cock  O^  remove  the  vessel  F  and  replace 
it  by  F\  and  fill  with  water  as  before;  when  the  level 
of  the  water  reaches  the  end  of  the  wire  E^  the  mercury 
will  be  found  to  have  reached  the  ring  on  the  end  A. 
The  experiment  being  repeated  with  the  slender  vessel 
F'\  not  even  half  as  thick  as  the  tube  A  D  CB^  the  mer- 
cury will  again  be  found  at  the  ring.  In  all  these  ex- 
periments, the  base  pressed  is  the  same,  being  a  section 
of  the  bent  tube  at  the  level  of  the  mercury;  and  the 
altitude  is  the  same,  being  the  dijBference  of  level  of  the 
mercury  in  the  end  B  and  lower  extremity  of  the  wire  E^ 
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when  the  meicuiy  in  the  end  A  stands  at  the  level  of  the 
ring.  The  quantities  of  water  employed  in  the  three  cases 
are  very  different,  and  yet  the  pressures  exerted  by  their 
weights  are  the  same. 

§  265. — ^The  pressure  of  a  heavy  fluid  upon  a  horizon-  Fnumnot^, 
tal  plane,  enables  us  to  pass  to  that  on  a  plane  inclined  I|JI!JI2rt  todined 
under  any  angle  whatever  to  the  horizon,  and  thence  to  ■ttrtkoee; 
the  pressure  on  a  curved  sur&ce. 

Let  ABB  0  he  a  vessel 
with  plane  or  curved  sides, 
and  filled  with  a  heavy  fluid;  ^'  ^•^• 

suppose  GH  and  G'  H'  to 
be  two  horizontal  planes  in- 
definitely near  each  other. 
The  layer  of  fluid  between 
these  planes  may  be  consid- 
ered as  without  weight,  and  as  transmitting  the  pressure 
of  the  superincumbent  fluid  to  the  sur&ce  of  the  vessel 
with  which  this  layer  is  in  contact;  and  the  pressure 
upon  this  surface  will  be  the  same  as  though  it  were  in 
either  of  the  two  planes  in  question.  Designating  the  ex- 
tent  of  this  elementary  surface  by  b\  and  the  depth  HI  by 
h'j  the  measure  of  this  pressure  will  be 

piMwue  npoB  an 
D  .  g  ,  h' ,  h'f  elementary 

inclined  ioiftee ; 

in  which  D  and  g  denote  respectively  the  density  of  the 
fluid  and  force  of  gravity.  In  like  manner,  the  pressure 
upon  any  other  elementary  portions  J",  6'",  J"",  &c.,  of 
the  surfece  at  distances  A",  h"\  and  A"",  &c.,  respectively, 
below  the  upper  surface  of  the  fluid,  will  be 

D.g.VW,      D.g.  V"  .  A'",  &c;  ^^^mmmk 

and  the  pressure  upon  the  entire  sur&ce  will  obviously  be 
the  sum  of  these ;  or,  if  the  total  pressure  be  denoted  by 


•     •  I 
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tobdpi 

vpon  Um  entire 

tnrftce; 


P,  then  will 

/>  =  Dg{VW  +  6"  A"  +  5'"  A'"  +  &c.)- 

But  if  we  take  tHe  tipper  sur&oe  of  the  fluid  as  a  plane 
of  reference,  and  denote  by  b  the  entire  area  of  which 
&',  V\  &c.,  are  the  elements,  and  of  which  the  distance  of 
the  centre  of  gravity  &om  this  plane  of  reference  is  A,  then, 
from  the  principle  of  the  centre  of  gravity,  will 

hh  =  VK  +  6"  A"  +  6'"A'"  +  &c; 


which,  substituted  above,  gives 


TBlneofthls 

preBBorein 

weight; 


•zpreMedin 
worde; 


iple  first; 


P  =  D 


h.h 


(225); 


that  is  to  say,  ihe  pressure  eocerted  by  a  heavy  fluid  against 
the  surface  of  any  vessel  in  which  it  is  contained^  is  measured 
by  the  weight  of  a  column  of  the  fluid  having  for  its  base  the 
surf  ace  pressed,  and  for  its  dUitude  the  depth  of  the  centre  of 
gravity  of  this  surface  bebw  the  upper  level  of  the  fluid, 

Mcample  1st  Bequired  the  pressure  against  the  inner 
surface  of  a  cubical  vessel  filled  with  water,  one  of  its 
fsuses  being  horizontal.  Call  the 
edge  of  the  cube  a,  the  area  of  each 
fEice  will  be  cf,  the  distance  of  the 
centre  of  gravity  of  each  vertical 
face  below  the  upper  surface  will  be 
^  a,  and  that  of  the  lower  fibce  a  ; 
whence,  the  principle  of  the  centre 
of  gravity  gives, 


Fig.  .800. 


N 


dktaoee  of  centra 
oTgrarltj  below 
flMnrftM; 


h  = 


_  4o'  X  \a  +  cf  X  a  _ 


Again, 


6a» 


=  fa. 


b  =  5tf', 
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and  these^  sabBtituted  in  £q.  (225),  give 

P  =  D.g.b.h  =  D.g.Scf. 

Now  Dg  X  1*  =  Dg^  is  the  weight  of  a  cnbio  foot  of  water 
3=62.51be.  whence 


value  of  Um 


a». 


P  =  62.5  X  8cf. 


in  pounds; 


Make  a  =  7  feet,  then  will 


Of. 


P  =  62.6  X  8  X  (T?  =  27562-5. 


Ito 

TBllW 


The  weight  of  the  water  in  the  vessel  is  62.6  cfj  yet  the 
pressure  is  62.5  xScfi,  whence  we  see  that  the  outward 
pressure  to  break  the  vessel,  is  three  times  the  weight  of 
the  fluid. 

JExamjple  2d.  Let  the  vessel  be  a 
sphere  fllled  with  mercury,  and  let 
its  radius  be  R.  Its  centre  of  grav- 
ity is  at  the  centre,  and  therefore 
below  the  upper  sur&ce  at  the  dis- 
tance R.  The  sur£skoe  of  the  sphere 
being  equal  to  that  of  four  of  its 
great  circles,  we  have 


Fig.  801. 


plB 


b  =  4<5»; 


whence 


h.h  =  4*iJ»; 


and,  Eq.  (225), 


P  =  4:*.D.g.RK     ' 


▼olamewlioM 
weifl^  !■  equal 
tottio 


The  quantity  Dg  x  V^^Dg^  is  ihe  weight  of  a  cubic  foot 
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of  merctuy  =  843.75  lbs.,  and  therefore,  substitating  the 
value  of  r  =  S.1416, 

P  =  4  X  8.1416  X  mh5 .  BK 

Now  suppose  the  radius  of  the  sphere  to  be  two  feet^  then 
wmi?«=8,  and 


Ui  mmierloal 
Talne; 


P  =  4  X  8.1416  X  84^75  X  8  =  848221 


The  volume  of  the  sphere  is  i^B*]  and  the  weight  of  the 
contained  mercury  will  therefore  be  ^^rB^gD^  W.  Di- 
viding the  whole  pressure  by  this,  we  find 


preMing  fluid  to 
pretMira; 


w 


=  8; 


«simpl0  Child ; 


whence  the  outward  pressure  is  three  times  the  weight  of 
the^uid. 

JSxample  8d.  Let  the  vessel  be  a  cylinder,  of  which  the 
radiusT  of  the  base  is  2,  and  altitude  i^  6  feet    Then  will 


nine  of 
preMore; 


wtigktor 


flidd; 


J.A  =  frrl(r  +  Z)  =  8.1416  X  2  X  6  X  8; 
which,  substituted  in  Eq.  (226), 


P  =3  801.5986  X  Dg, 


and 


W  =  8.1416  X  2*  X  6  X  i?^  =  75.898  X  Dg; 


whence. 


ntloor«i8%litlo 


P^ 
W 


801.5986  X  Dg  _  . 
76.8984.^(7     ^     ' 
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Fig.  802. 


that  is,  the  pressure  against  tlie  yessel  is  four  times  the 
wei^t  of  the  fluid. 

§266. — Although  the  pressure  of  a  heavy  fluid  de- centre  of 
pends  upon  the  position  of  the  centre  of  gravity  of  the 
Bux&ce  pressed,  yet  the  resultant  of  all  the  elementary 
pressures  passes  through  a  different  point,  the  position  of 
which  for   a  plane  surface 
may  be    thus  found.     Let 
EIF  be  any  plane,  and  MN 
the  intersection  of  this  plane 
produced    with    the   upper 
sur&ce  of  the  fluid  which 
presses  against  it     Denote 
the  area  of  any  elementary 
portion  n  of  the  plane  EIF 
by  V  ;  and  let  m  be  the  pro- 
jection of  its  place  upon  the 
upper  surfeoe*of  the  fluid; 
draw  mil  perpendicular  to 

MN^  and  join  n  with  M  by  the  right  line  nM^  the  latter 
will  also  be  perpendicular  to  MN^  and  the  angle  n  Mm 
will  measure  the  inclioation  of  the  plane  EIF  to  the  sur- 
&oe  of  the  fluid.  Denote  this  angle  by  9,  the  distance 
mn  by  A',  and  Mn  by  r' ;  then  will 

A'  =  r'  sin  9. 

The  pressure  of  the  fluid  upon  the  element  n  wiU,  Eq. 
(225),  be 

D.g.V  .h'  =  DgVr'emip; 
and  its  moment,  in  reference  to  the  line  MN9&  an  axis. 


geometrteal 
repreeentalioii 
and  notatfon ; 


dittanoeoftn 
elementary 
praHed  mrikoe 
below  the  fluid 
■niflMe; 


pnmm  upon 
Ihii  elemenl  J 


Its 


and  for  any  other  elements  of  which  V\  V",  &c.,  denote  the 
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areas,  we  have,  in  like  manner, 


DgV'r'^wii^, 


moDMiittof  the 
elemeutary 

JD|76'"r'"^Bin(p, 


Denoting  by  h  the  depth  of  the  centre  of  gravity  of  the 
area  ^/jP  below  the  sur£su3e  of  the  fluid,  and  by  r  the  dis- 
tance of  that  point  fix)m  the  line  MN^  we  shall  have 

depth  of  entre 

ofgraTltj  of  the  r  ^    •_  ^ . 

whole  area  ^^  ^  ' 

prened ; 

and,  for  the  total  pressure  upon  EIF^ 

whole  pfemre ;     '  P  ^=  D ,  g  .b,h  =^  Dgbr  silTlp, 

in  which  b  denotes  the  area  ofEIF;  and  if  x  denote  the 
distance  of  the  point  of  appUcation  of  this  pressure  from 
the  line  MN^  its  moment  will  be 


moneutofthe 
entto  premu-e; 


Dgbrfsma^ .  x. 

But  the  moment  of  the  entire  pressure  must  be  equal  to 
the  sum  of  the  moments  of  the  partial  pressures,  and  hence 

Dgbrx  sin  9  =  jD (7 sin  9(6'/  +  6"r"*  +  V"t"^  +  &c) ; 
whence 

dlflteneeorihe 

uie;  br        .  V      /• 
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The  numerator  of  the  second  member,  is  the  moment  intMpretetioBor 
of  inertia  of  the  plane  EIF;  the  denominator  is  the  ^**'*^**°****** 
product  of  the  area  of  the  plane  itself  by  the  distance  of 
its  centre  of  gravity  from  the  axis,  and  as  a  similar  ex- 
pression would  result  if  the 
pressures  were  refferred  to  any  Fig.  802. 

other  line  in  the  plane  EIF 
as  an  axis,  it  follows  from 
§  184,  Eq.  (86),  that  the  result- 
ant  pressure  passes  through 
the  centre  of  percussion  of 
the  sur&ce  pressed.     This 

point  is  called  the  centre  of  I       V^  oontreof 

pressure.    It  is  that  point  in 
the  surjhce  to  which^  if  a  single 
«  force  he  applied  in  a  direction  defined; 

contrary  and  eqv/d  to  the  total  .  _,^   ,  ,,^ 

^  ''-  coincUleBt  witb 

preeaure  exerted  upon  it^  the  surface  will  remain  in  eqvi-  centre  of 
Hbrio.  »^"^^ 

§  267. — ^The  principles  which  have  now  been  explained,  Appueetfon  of 
axe  of  high  practical  importance.    It  is  not  only  interest-  ^^^^[^^1^ 
ing,  but  necessary,  often  to  know  the  precise  amount  of 
pressure  exerted  by  fluids  against  the  sides  of  vessels  and 
obstacles  exposed  to  their  action,  to  enable  us  so  to  adjust 
the  dimensions  of  the  latter  as  to  give  them  sufficient 
strength    to    resist     Beservoirs  in  which    considerable 
quantities  of  water  are  collected  and  retained  till  needed 
for  purposes  of  irrigation,  the  supply  of  cities  and  towns, 
or  to  drive  machinery ;  dykes  to  keep  the  sea  and  lakes 
from  inundating  low  districts;    artificial   embankments  objects  to  wbioh 
constructed  along  the  shores  of  rivers  to  protect  t^^^^^u^i^. 
adjacent  country  in  times  of  freshets ;  boilers  in  which  are 
pent  up  elastic  vapors  in  a  high  state  of  tension,  to  be 
worked  off  at  pleasure  to  propel  boats  and  cars,  and  to 
give  motion  to  machineiy  generally,  are  examples. 
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of  the 
iraUor 


ftrBMiToIr; 


Let  A  B  CD  be  a  section  or 
profile  of  the  wall  of  a  reser- 
voir, MN  the  upper  surface  of 
the  water,  and  EE'  the  bottom. 
Denote  the  length  of  the  wall 
by  l^  the  depth  NE  of  the  water 
against  its  &ce,  supposed  yerti- 
cal,  by  d;  then  will  the  sui&ce 
pressed  be  measured  by  Id;  the 
distance  of  the  centre  of  gravity 
of  this  surface  from  the  upper 
level  of  the  water  will  be  \df 
whence  the  whole  pressure  will  be 


Fig.  80S. 


pf  ewaie  igalatl 
tiMflwe; 


D.g.l.d* 


in  which  D  is  the  density  of  the  water,  and  g  the  force  of 
gravity.  The  inner  sur&oe  of  the  wall  being  vertical,  this 
pressure  is  exerted  in  a  horiz^tal  direction,  and  must  be 
resisted  by  the  walL  Now  the  wall,  if  it  move  at  all,  may 
eitiier  slide  along  its  base  D  0,  or  turn  about  the  horizontal 

■uppose  the  wau  edge  passing  tiirough  0.    First,  let  us  suppose  it  slides. 

"^  *'  Denote  the  depth  of  the  jEaoe  AD  by  d\  the  mean  thick- 
ness van  by  t;  then  will  the  weight  of  the  wall  be 


weight  of  the 
well; 


IHctlon  oa  the 
Sroand; 


eoDditlon  of 
itebUity ; 


ly  .g.l.d'  .t; 

and,  denoting  the  coefficient  of  Motion  between  the  wall 
and  earth  by/  the  whole  friction  will  be 

.f.B'.g.l.d'.t, 

in  which  J5'  is  the  mean  density  of  the  wall;  and  the 
condition  of  stability  will  be  satisfied  as  long  as  we  have 
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ttom  which  we  find 

t  =  y  TBlTOofineHi 

The  density  of  water  is  nsuallj  taken  as  unity,  and  on 
ordinary  earth,  the  value  of/  for  masonry,  does  not  vary 
much  from  ^,  whence 

3(2'  Taloeorthe 

*  ~     on/  ^/  •  ttickneM  in 

^-^    ^  oMioary 


The  thickness  is  the  only  unknown  quantity,  since  d  and 
d'  must  result  from  the  capacity  of  the  reservoir. 

If  the  wall  tend  to  turn  about  the  edge  0,  then  must  mppoMthewau 
the  moment  of  its  weight  be  equal  to  the  moment  of  the  !I!*^!!*'f!*^!!* 

o  ^  tbe  fttmt  Une  of 

pressure  when  both  are  taken  in  reference  to  that  line.  ittiMuw; 
Let  G  be  the  centre  of  gravity  of  the  profile  A  B  OD^ 
and  denote  the  distance  CO  of  its  projection  upon  the 
base  of  the  wall  from  67,  by  r.    Then,  from  the  assumed 
figure  of  the  profile,  we  shall  have 

j>  ratio  of  lever  arm 

—   =    n,         or        T   ^   nty  ofthewaUtoita 

^  thiokneaa; 

in  which  n  is  known ;  and  the  moment  of  the  weight  of 
the  wall  will  be 

^  weight  of  waU; 

The  centre  of  pressure  0',  being  that  of  a  rectangle  of 
which  the  side  through  N  is  horizontal,  is  at  a  distance 
below  N  equal  to  }  of  NEy  or  from  the  bottom  point  E 
equal  to  \d;  and  adding  the  distance  ED  denoted  by 
a,  the  moment  of  the  pressure,  in  reference  to  C7,  will  be 

1^9^^    (\  ^     I     „\,  monMntoftbe 


606 


NATUKAL    PHILOSOPHY. 


and,  to  insute  stability,  we  must  liave 


condition  of 
•tabUitj; 


whence 


thiekaeM  of  tfaa 
waU; 


D^gld't^n  =  ^^'(id  +  a); 


,  _    /I         D       d^{d  +  8  a) 


If  the  water  come  to  the  bottom  of  the  wall,  and  the 
reservoir  be  full,  then  will 


a  =  0,        d  =  d'f 


and 


'=^'^/h'W' 


thiokneM  of  Next,  let  u4  5  (7  be  a  seo- 

Bouei«,fcc;  tion  01  a  oylmdncal  water- 
pipe  or  boiler  perpendicular 
to  the  axis,  the  inner  surface 
of  which  is  subjected  to  a 
pressure  of  ^  pounds  on  each 
superficial  unit  Denote  by 
R  the  radius  of  the  interior 
circle,  and  by  I  the  length  of 
the  pipe  or  boiler  parallel  to 
■orftce pressed;  the  axis;  then  will  the  sur- 
&oe  pressed  be  measured  by 


Fig.  804 


2*iJ^ 


and  the  whole  pressure,  by 


whole  pNMore; 


2*  Rip. 
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I^  in  yirtae  of  this  pressure,  the  pipe  stretches  so  that  its  aoppoM  the  pipe 
interior  radius  becomes  B  +  r,  it  is  obvioiis  that  the  small  **^''"^' 
distance  r  will  denote  the  path  described  by  the  whole 
pressure,  and  its  quantity  of  work  wUl  be 

2*Rlpr,  quantity  or  work; 

The  interior  circxmiference  before  the  application  of  the 
pressure  was  2  c  ^  and  a^rward,  2  «*  (JS  +  r) ;  the  differ- 
ence of  which,  or 

path  of  the 

2r(iJ  +  r)  -  2^R  =  2rr,     .  ,e«wing 

moleoolar  aetton ; 

is  obviously  the  distance  through  which  the  resisting 
molecular  forces  of  the  material  of  which  the  pipe  or 
boiler  is  made,  have  acted  during  the  stretching  process. 
Denote  the  resistance  which  the  material  of  the  pipe  or 
boiler  is  capable  of  opposing,  without  losing  its  elasticity, 
to  a  stretching  force  on  a  section  of  one  superficial  imit, 
by  B;  the  length  of  the  pipe  or  boiler  by  I;  and  its  thick- 
ness by  t.  The  intensity  of  the  force  which  a  section 
parallel  to  the  axis  is  capable  of  resisting  will  be  J?Z ^  and 
its  quantity  of  work 

nif   V    O-'-r  the qoMtlty of 

ULt   X    A*T.  workofthto 

force; 

But  by  virtue  of  the  principle  of  the  transmission  of  work, 
this  must  be  equal  to  the  work  of  the  pressure,  and  we 
have 

2*Bltr  =  2^Blpr;  conditionor 

•tabUlty; 

whence 

*   "~      ^  •  thtokneea. 

The  value  of  ^  is  easily  estimated  in  the  case  of  water 
in  a  pipe,  by  the  rules  just  given.    In  the  case  of  steam  in 
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a  boiler,  it  may  witli  equal  ease  be  found  by  rules  to  be 
given  presently.  The  value  of  i?  is  readily  obtained  from 
the  following  table  giving  the  results  of  experiments  on 
the  strength  of  materials : — 


TABLE. 

The  Tenacitibs  of  different  Substances,  and  the  Resistarcbb 
wmch  they  offose  to  direct  comfbession. 


a  1 

•  ^J 

Tons 
nch. 

h 

■DBSTAKOM  BZnKXllBimD  ON. 

Tenacity 
Tons  per 
Square  I 

^g 

^ai 

n 

Name 
perim 

Crash 
Force 
per8( 

Name 
perlm 

Wrought  iron,  in  wire  from  } 

l-20thtol-80thofan|' 

6o  to  91 

Lam6 

inch  in  diameter  -    -j 

in  wire,  1-lOth  of  an  incn 

36  to  43 

Telford 

in  bars,  Rossian  (mean) 

27 

Lam6 

English  (mean) 

a5i 

— 

hammered  -    - 

3o 

Brunei 

rolled  in  aheets,  and  cut ) 
lengthwise  -    -    -    .  ( 
<utto,  cut  croflswise 

i4 
18 

Mitis 

in  chains,  otbI  links  6  ia  ) 
dear,  iron  1-^  in.  dia. 

aii 

Brown 

ditto,    Brunton's,    with 
stay  across  link    - 

a5 

Barlow 

Oast  iron,  quality  No.  1  -    - 

6to7f 

Hodgkinson 

38to4i 

HodgkiDSOQ 

2-    - 

6to8 

— 

37  to  48 

— ■ 

8*     - 

6too} 

5z  to  65 

.^ 

Steel,  cast 

44 

Mitis 

cast  and  tilted    -    -    - 

60 

Bennie 

blistered  and  hammered 

59i 

^— 

shear 

5^ 

-^ 

raw 

5o 

Mitis 

Damascus 

3i 

— 

ditto,  onoe  refined     - 

36 

.^ 

ditto,  twice  refined  - 

44 

-.. 

Copper,  cast 

hammered      .... 

i5 

Bennie 

5a 
46 

Bennie 

sheet 

31 

Kingston 

wire 

27i 

Platinum  wire 

17 

Guyton 

Silver,  cast 

18 

— 

wire 

17 

_ 

Gk)ld,  cast 

9 

— 

wire 

i4 

— . 

Brass,  yellow  (fine)  -    -    - 

8 

Bennie 

73 

— 

Gun  metal  (hard)      -    -    - 

16 

..^ 

Tin,  cast 

a 

•^ 

7 

■^ 

*  The  itrongest  quality  of  east  iron,  is  a  Scotch  iron  known  as  the  Devon  Hot  Blasl, 
No.  3 :  its  tenacity  ii  9|  tons  per  square  inch,  and  its  realatance  to  compression  65  torn. 
TbB  experiments  of  M^|or  Wade  on  the  gun  iron  at  West  Point  Foundry,  and  at  Boston, 
give  results  as  high  as  10  to  16  tons,  and  on  small  cast  bars,  as  high  as  17  tons.— See 
Ordnance  Manuitl,  1850,  p.  408. 
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TABLE— €on<«mfed 


■VBSTAllOBt  BZnKIMniTBD  OR. 


Tlnwire 

Lead,  cast 

milled  sheet  -    -    .    - 
wire 

Stone,  Blate  ^Welsh)  -    -    - 
Marble  (wMte)  -    •    • 

.  Givry 

PorUand 

Craigleith  freestone 
Bramlej  Fall  Bandstone 
Ooniiah  granite  -    •    - 
Peterheiui  ditto  -    -    - 
limestone  (compact  Uk) 

Purbeck 

Aberdeen  irranite    -    - 

Brick,  pale  r^     .... 

red 

Hammersmith  (pavior's) 
ditto         (burnt)  - 

Chalk 

Plaster  of  Paris    -    -    -    . 

Qlass,  plate     .    .    .    .    - 

Bone  (ox) 

Hemp  fibres  glued  together 

Strips  of  paper  glued  together 

Wood,  BcuE,  specL  gravity  .  86a 
Ash .    -    ,    .    -      ,6 
Teak     ....      .9 
Beech  -    .    -    -      .7 
Oak      ....      .91 
Ditto    ....      .77 
Fir        .    -    -    .      .6 
Pear     ....      .646 
Mahogany  >    -    >      .687 

Elm 

Pine,  American  -    •    > 
Deal,  white    .... 


I 


S 

_  o 


SDJPC^ 


3 

4-5ths 

I.I 

5.7 

4 

I 


.Id 


.o3 

4 
a. 2 

4i 
i3 

t 

7 
5 
5 

4 
5 

4i 

6 
6 
6 


4 


Rennie 

Tredgold 
Quj^n 


Barlow 


3* 


1.4 

1.6 

a.4 

a. 7 
a. 8 

3.7 
4 
4 
5 

.56 

.8 
I 

1.4 
.aa 


1.7 


.57 
.73 
.86 


'I 

if 


Remiie 


In  the  result  just  obtained  for  the  yalue  of  ^  no  atten- 
tion has  been  paid  to  the  pressure  upon  the  ends  of  the 
boiler  or  pipe,  but  these  are  usuallj  made  thick  enough  to 
throw  the  chances  of  breaking  altogether  upon  the  cylin- 
drical portion  of  the  sur&ce. 
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V. 


EQUILIBBIUM    OF    FLOATING    BODIES. 

§  268. — The  rules  for  finding  the  pressure  against  the 

sides  of  vessels  are  equally  applicable  to  the  determination 

of  the  pressure  on  the  sur&ces  of  bodies,  however  sub- 

Eqnuibrivm  of    jected  to  the  action  of  a  homogeneous  heavy  fluid.    But 

flostiuf  bodies;    ^j^gjj  j^  jg  ^{^^  qucstiou  to  ascertain  the  circumstances  that 

determine  a  heavy  body  to  be  in  equilibrio  or  in  motion, 
when  immersed  in  a  heavy  fluid,  it  is  usual  to  employ  the 
results  deduced  from  the  following  oonsiderationB. 

Suppose  a  vessel  A  to  contain 
any  heavy  fluid  in  a  state  of  rest 
All  parts  of  the  fluid  beingin  equi*  Kg.  806. 

librio,  it  is  obvious  that  this  state 

ftbodjrwhouy     will  in  uo  rcspcct  be  altered  by  sup- 

{Jj^t"***"*  posing  any  portion  B  to  become 
solid  without  changing  its  density. 
This  solid  is  entirely  immersed  in 
the  fluid,  with  which  it  has  the  same 
density,  and  is  in  equilibrio.  Now 
this  solid  is  urged  downward  by  its 
weight)  which  passes  through  its 
centre  of  gravity.  This  weight  can  only  be  in  eqmlibiio 
with  a  single  force  when  the  latter  is  directed  vertically 
upward  through  the  centre  of  gravity  of  the  body,  which 
centre  coincides  with  that  of  the  fluid  converted  into  a  solid, 
or  that  of  the  displaced  fluid.  But  the  only  forces  that 
act  upon  the  solid  besides  its  weighty  are  the  pressores  of 
the  surrounding  fluid ;  whence  we  conclude  that 

iiniTCmii;  1st.  The  pressures  upon  the  surface  of  a  body  eniirdy  imr 

raersed  in  afluid^  have  a  single  resuUomt^  and  thai  this  reside 
ant  is  directed  vertically  upward. 
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2d.  The  restdtant  of  all  ihepressurea  is  equal^  in  intensity^ 
to  the  weight  of  the  displciced  fluid, 

8d.  The  line  of  directum  of  the  resuUomtj  passes  through 
the  centre  of  gravity  of  the  displaced  fluid. 

4tL  The  horizontdl  pressures  destroy  each  other. 

Agaiiii  if  without  altering  the  volume  of  this  solid,  we 
give  it  an  additional  quantity  of  matter,  it  is  obyious  that 
the  weight  of  this  latter  will  cause  it  to  descend,  that  is, 
sink  to  the  bottom  of  the  vessel.  Or  i^  without  altering 
its  volume,  we  conceive  a  portion  of  matter  taken  fix)m  its 
interior,  the  equilibrium  will  again  be  destroyed,  the  weight 
of  the  solid  wiU  be  diminished  by  that  of  the  subducted 
matter,  the  resultant  of  the  pressures  will  prevail,  and  the 
body  will  rise  to  the  surface,  through  which  it  will  con* 
tmue  to  ascend,  till  the  weight  of  the  fluid  displaced  by 
the  part  immersed,  is  equal  to  that  of  the  entire  body. 

In  the  first  case,  the  density  of  the  body  will  be  in^ 
creased,  oontaiQing  a  greater  quantity  of  matter  under  the 
same  volume,  and  in  the  second  the  density  will  be  dimin- 
ished ;  and  as  the  density  of  the  original  body  was  the 
same  as  that  of  the  fluid,  we  see  that  when  the  density  of 
an  immersed  body  is  greater  than  that  of  the  fluids  it  vnU  sink 
to  the  bottom;  when  less^  it  will  rise  to  &ie  surfaoe,  and  float 

It  follows,  also,  from  what  has  been  said  above,  that 
when  a  body  is  immersed  in  a  fluid,  it  tviU  lose  a  portion  of 
its  weight  equal  to  thai  of  the 
displaced  fluid.  This  is  beau- 
tifully illustrated  by  what 
is  usually  called  the  "  cylin- 
der and  bucket"  experiment. 
Place  a  hollow  cylinder  a^ 
in  one  of  the  scales  of  a 
balance;  suspend  to  this 
scale  a  second  cylinder  b,  of 
solid  metal,  exactly  fitting 
the  former,  and  in  the  oppo- 
site scale  put  a  weight  c,  that 


B900Ild  F6nilt$ 


third  retnlt; 


foixrth  result; 


animmened 
body  will  sink  or 
float,  aooording 
as  its  deDBity  is 
greater  or  len 
than  that  of  the 
fluid; 


Fig.  80e. 


the  body  win  lose 
a  portion  of  its 
weight  equal  to 
that  of  the 
displaced  fluid; 
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cylinder  and 

bucket 

experiment; 


shall  restoie  the  equilibriam  Fig.  80«. 

of  the  balance.  Now  im- 
merse the  cylinder  &  in  a 
vessel  W  of  water,  the  scale 
of  the  weight  c  will  de- 
scend; fill  the  cylinder  a 
with  water  taken  fix)m  the 
vessel  TFj  the  beam  of  the 
balance  will  return  to  its 
horizontal  position. 

The  weight  lost  by  the 
solid  is  transmitted  through 

the  fluid  to  the  vessel,  in  the  same  w^y  that  the  weight  of  a 
weight  of  the  persou  in  bed  is  transmitted  through  the  latter  to  the  bed- 
tniJmittedto the  ^tcad,  and  thence  to  the  floor.  This  is  proved,  experiment- 
reiMi;  ally,  thus:  Place  a  tumbler  of  water  in  one  of  the  scales 

^  of  a  balance,  bring  the  beam  to  a  horizontal  positicMi  by 
means  of  the  empty  hoUow  cylinder  a  of  the  last  experi- 
ment and  a  weight  c;  sus- 
pend  the  solid  cylinder  h  by 
means  of  a  thread  firom  a 
detached  ring  B^  and  depress 
it  till  it  is  wholly  immersed 
into  the  water  of  the  tum- 
bler; the  scale  A  will  fsdl; 
fill  the  cylinder  a  with  water 
of  the  same  temperature  and 
density  as  that  in  the  tum- 
bler; the  equilibrium  will 
be  restored. 

This  important  principle, 
which  determines  the  circumstances  under  which  a  body 
will  rest  upon  a  fluid,  is  frequently  employed  to  ascertain 
the  weights  of  large  floating  masses,  such  as  ships,  boata^ 
and  the  like,  which  are  entirely  beyond  the  capacity  of  our 
ordinary  weighing  machines.  For  this  purpose  the  vol- 
ume,  in  cubic  feet,  of  the  immersed  part  is  computed  fiK>m 


Fig.  26a 


ezperimental 
proof; 


thle  principle 
uaedtoflnd 
weight  of  ihipi, 
Itc; 
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the  known  fignre  and  dimenaionfl  of  the  body,  and  this  is  wdghtortdiip*! 
multiplied  by  the  known  weight,  of  a  cubic  foot  of  water,  ^'"^  * 
which  is  62.6  pounds  avoirdupois;  the  product  is  the 
weight  of  the  floating  body,  in  pounds.    By  taking  in  this 
way  the  difference  of  weights  of  a  ship,  with  and  without 
her  caigo,  the  weight  of  the  latter  may  be  ascertained. 

The  upward  action  by  which  an  immersed  body  appa- 
rently loses  a  portion  of  its  weight,  is  called  the  buoyant  iiw>yuai9aui  at 
effort  of  the  fluid;  and  as  the  line  of  direction  of  this  effort  **°"' 
passes  through  the  centre  of  gravity  of  the  displaced  fluid, 
this  point  is  called  the  centre  of  buoyancy.    The  vertical  oenira  or 
line  through  the  centre  of  buoyancy,  is  called  the  Une  of  ^'**^'*'*^5 
support    The  weight  of  a  body  acting  at  its  centre  of  grav-  un©  of  iupport; 
ity  downward,  and  the  buoyant  effort  at  the  centre  of 
buoyancy  upward,  the  body  can  only  be  in  equilibiio 
when  the  line  joining  these  centres  is  vertical,  for  it  is  only 
then  that  the  forces  are  directly  opposed.    When  the  line 
joining  the  centre  of  buoyancy  and  the  centre  of  gravity 
of  the  floating  body  is  vertical,  it  is  called  the  line  of  rest,  iineofrert; 

When  the  equilibrium  exists,  it  may  be  staJfe,  unstable^  BUbio,  mwiabio, 
or  indifferenL    If  stable,  the  body  will  not  overturn  when  eqniiit«ium; 
careened ;  if  unstable,  it  will ;  if  indifferent,  the  body  will 
retain  any  position  in  which  it  may  be  placed. 

Let  MQN  repre- 
sent a  section  of  any 

body,  as    a  boat  at  Fig-  808. 

rest  upon  the  water, 
of  which  the  upper 
surface  is  AB.  called  ^  ^^  ^    ^^ 

,  ^  .-..^^:>^L^.. j^  plane  of 

the  plane  offloataiion.  -^-s^F^^-^m  \j/'  ^^^SP  noateuon; 
When  this  plane  is 
produced  through  the 
boat,  it  will  divide  her 
into  two  partial  vol- 
umes, the  lower  of 

which  being  supposed  for  an  instant  to  consist  of  water, 
would  weigh  as  much  as  the  entire  boat  and  her  load,  and 
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planes; 


Fig.  80a 


bott; 


this  whatever  be  her  positioD,  whether  careened  or  erect 
Whence  it  follows,  that  if  a  series  of  planes  Jf '  N\  If"  N'\ 
&c.,  be  passed,  making  the  volumes  M'QN',  M"  QN'\ 

•erietofcatuog  &c,  respectively  equal  to  MQN^  these  planes  will,  each 
in  its  turn,  come  to  coincide  with  the  plane  of  floatation, 
whenever  the  boat,  in  the  process  of  careening,  takes  a 
suitable  position.  But  these  planes  may  be  regarded  as  so 
many  tangent  planes  to  a  curved  surface  a&c,  which  may 
be  conceived  as  invariably  connected  with  the  boat  Now 
the  effect,  as  regards  the  careening  motion,  will  be  the  same 
as  though  this  sur&ce  were  the  boundary  of  a  physical 
axis  which  is  made 
to  roll  back  and  forth 

ofldiiauonsof  the  ou  the  plane  of  float- 
ation, regarded  as  a 
physical  sur&ce,  after 
the  manner  of  the 
pendulum  axis  on 
its  supporting  plane, 
during  an  oscillation. 
When  the  boat  has 
a  position  of  equi- 
librium, the  line  of 

support  and  of  rest  coincide,  and  are  normal  to  this 
surface  at  its  lowest  point  c.  As  the  boat  careens,  the 
line  of  support,  being  always  vertical,  will  still  be  normal 
to  this  axis  surface  at  its  lowest  point,  being  that  in  which 
it  is  tangent  to  the  plane  of  floatation;  hence  each  of  these 
normal  lines  must  in  turn  become  a  line  of  support  K 
two  normals  a  0  and  a'O^  which  lie  in  the  same  plane,  be 
drawn  at  tangential  points  answering  to  two  consecutive 
positions  of  the  boat,  these  normals  will  intersect  at  some 
point  0,  which  point  will,  obviously,  be  the  momentary 
centre  of  rotation,  when  the  plane  of  floatation  coincides 
with  if"  N".  When  one  of  these  normals  coincides  with 
the  line  of  rest,  the  point  0  is  called  the  metacerUre,  being 
ihe  point  of  intersection  of  the  line  of  rest,  unth  an  adjacent 


podtlon  of  the 
line  of  rest 
daring  the 
eqailibriom ; 
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line  of  support.    But  we  have  seen  that  the  equilibrium  of  deHned; 
a  heavy  body  which  may  turn  about  a  fixed  point,  will  be 
stable  or  unstable,  acoording  as  the  centre  of  gravity  during 
a  slight  departure  fix>m  a  position  of  equilibrium  is  com- 
pelled by  the  connection  to  ascend  or  descend ;  and  it  is 
obvious  that,  in  the  present  case,  the  centre  of  gravity  will 
ascend  or  descend  on  making  a  slight  derangement  of  the 
line  joining  the  centres  of  buoyancy  and  of  gravity  from 
the  line  of  rest,  according  as  the  centre  of  gravity  is  below 
or  above  the  metacentre.    Whence  we  see,  that  the  eguilih- 
riuTTi  wiU  he  stable  when  the  centre  of  gravity  is  below  the  meta-  the  nature  of  the 
centre,  unstable  when  the  relative  positions  of  these  points  are  ^^^^^^ 
reversed,  and  indifferent  when  these  centres  coincide,  for  then  a  the  reiaUTe 
slight  derangement  will  cause  no  motion  in  the  centre  of  gravity.  J^nt^T  ^ 
It  is  also  obvious  that  the  stability  of  the  equilibrium  will 
be  the  greater,  in  proportion  as  the  centre  of  gravity  of  the 
floating  body  be  at  a  greater  distance  below  the  centre  of 
buoyancy.    It  is  for  this  reason  that  ships  sent  to  sea  oi»ject  of  ship- 
without  cargoes  are  provided  with  ballast  of  stone,  sand,         ' 
or  other  heavy  mat- 
ter, to  diminish  the 

chances  of  upsetting. ^  .»^ 

The    buoyant    eflbrt 

of  water    is    used    to       ^^^^     ^      ^^=i}i^       ^     ^^F  buoyanteHbrt 

great  advantage  in 
raising  heavy  sunken 
masses.  For  this  pur- 
pose it  is  usual  to 
connect  two  or  more 

boats  A  and  B,  by  means  of  a  substantial  cross-beam ;  to 
fin  them  nearly  full  of  water,  that  they  may  sink  as  low  as 
possible,  and  while  in  this  condition  to  attach  the  body  to 
be  raised  to  the  cross-beam  by  means  of  a  taught  chain  or  a  oommon  mode 
rope,  and  then  to  pump  the  water  from  the  boats ;  the  ten-  ^j^pj^*  ^"^ 
sion  upon  the  chain  will  be  equal  to  the  weight  of  the 
water  pumped  from  the  boats.  If  it  is  the  question  to 
raise  a  sunken  boat^  one  of  the  most  effective  means  is  to 


uaed  to  raJse 
aunkenmasaes; 
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force  empty  and  water-tight  barrels  between  her  deck  and 
hiilL 


Lerel  ■trala  in 
heterogeneooa 
fluids; 


mixture  of 
dUferent  flnidi 
having  no 
afBnity  for  each 
other; 


will  form  level 
strata ;  the  meet 
dense  lowest ; 


the  same  results 
ftt>m  the 
I^operties  of  the 
centre  of  gravity ; 


§  269. — ^We  have  just  seen  that  when  a  body  is  im- 
mersed in  a  fluid,  it  loses  a  portion  of  its  weight  equal  to 
that  of  the  displaced  fluid,  and  that  it  will  sink  or  rise  to 
the,  surfepQ,  depending  upon  its  relative  density.  This  is 
universally  true  whatever  be  the  size  and  number  of  the 
bodies  immersed.  If,  therefore,  one  fluid  be  poured  into 
another  for  which  it  has  no  affinity,  as  oil  into  water,  it 
will  sink  to  the  bottom  or  rise  to  the  surface  and  float, 
according  as  its  density  is  greater  or  less  than  that  of  the 
fluid  into  which  it  is  poured.  The  elements  of  the  lighter 
fluid  will  act  as  so  many  immersed  bodies  till  they  reach 
the  surface  of  the  heavier  fluid,  where,  being  jfreed  fix>m  the 
buoyant  action  of  the  latter,  they  will  arrange  themselves, 
under  the  effi^rts  of  their  own  weight,  into  a  stratum  of 
which  the  upper  surfiwje  will,  like  that  of  the  fluid  below  it, 
be  perpendicular  to  the  direction  of  the  force  of  gravity. 
What  is  here  said  of  two,  is  equally  applicable  to  three, 
four,  or  any  number  of  fluids  of  different  densities  mixed 
together;  whence  we  conclude,  that  sv/ih fluids  will  oc/me  to 
rest  only  afl&r  arranging  themselves  into  LEVEL  STRATA  in  the 
order  of  their  densities;  the  most  dense  being  at  the  bottom  and 
the  least  dense  at  the  top.  This  is  confirmed  by  daily  obser- 
vation, and  may  be  easily  illustrated  by  pouring  mercury, 
water,  and  oil,  into  a  common  tumbler.  The  mercury 
will  come  to  rest  at  the  bottom,  the  oil  at  the  top,  the 
upper  surfaces  of  all  being  level. 

The  same  conclusion  follows  from  the  consideration, 
that  these  fluids  when  mixed  constitute  a  heavy  system, 
which,  we  have  seen,  can  only  come  to  a  state  of  stable 
equilibrium  when  its  centre  of  gravity  is  at  the  lowest 
point,  a  condition  only  fulfilled  by  the  arrangement,  in 
respect  to  density,  just  described. 

K  the  elements  of  one  fluid  have  an  affinity  for  those 
of  another,  this  affinity  will,  when  the  fluids  come  into  con- 
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tact,  counteract  the  buoyant  action  of  the  heavier  fluid,  they  win  not 
and  the  Ughter  will  be  held  in  a  state  of  mixture.    In-  f  !!V~"'' 

o  flnidfl  have  an 

stance  wine  and  water,  water  and  alcohol,  brandy  and  afflnuy  for  each 
water,  and  the  like. 


VL 


SPECIFIC    GRAVITY. 

V 

§  270. — The  specific  gravity  of  a  body,  is  the  weight  specinegnTity 
of  so  much  of  the  body,  as  would  be  contained  under  a  ^•""•*» 
unit  of  volume. 

It  is  measured  by  the  quotient  arising  from  dividing 
the  weight  of  the  body  by  the  weight  of  an  equal  volume 
of  some  other  substance,  assumed  as  a  standard;  for  the  itsmeMnre; 
ratio  of  the  weights  of  equal  volumes  of  two  bodies  being 
always  the  same,  if  the  unit  of  volume  of  each  be  taken, 
and  one  of  the  bodies  become  the  standard,  its  weight  will 
become  the  unit  of  weight. 

The  term  density  denotes  the  degree  of  proximity  denaitj; 
among  the  particles  of  a  body.  Thus,  of  two  bodies,  that 
will  have  the  greater  density  which  contains,  under  an 
equal  volume,  the  greater  number  of  particles.  The  force 
of  gravity  acts,  within  moderate  limits,  equally  upon  all  luoetration; 
elements  of  matter.  The  weight  of  a  substance  is,  there- 
fore, directly  proportional  to  its  density,  and  the  ratio  of 
the  weights  of  equal  volumes  of  two  bodies  is  equal  to  the 
ratio  of  their  densities.  Denote  the  weight  of  the  first 
by  Wj  its  density  by  i?,  its  volume  by  FJ  and  the  force 
of  gravity  by  y,  then  will 

W  ^   g.D.V;  me«u«forlhe 


weight  of  a  body; 


and  denoting  the  like  elements  of  the  other  body  by  W], 
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weight  of  a 
■econd  body ; 


ratio  of  the 
weights; 


D,^  and  F„  we  have 


Dividing  the  first  by  the  second, 

W  _   gDV  _   DV 


W,        gD,Y,       D,Vr 


mme  when  the 
volumes  are 
equal; 


and  making  the  volumes  equal, 


(227). 


Now  suppose  the  body  whose  weight  is  W)  to  be  assumed 
as  the  standard  both  for  specific  gravity  and  density,  then 
will  D^  be  unity,  and 


specific  graylty ; 


W 


.    .    (228); 


specific  graTlty 
and  density 
expressed  by 
same  numbers 
for  same 
standard. 


in  which  S  denotes  the  specific  gravity  of  the  body  whose 
density  is  D;  and  from  which  we  see,  that  when  specific 
gravities  and  densities  are  referred  to  the  same  substance 
as  a  standard,  the  numbers  which  express  the  one  will 
also  express  the  other. 


Choice  of  a 
standard; 


§  271. — ^Bodies  present  themselves  under  every  variety 
of  condition — gaseous,  liquid,  and  solid ;  and  in  every  kind 
of  shape  and  of  all  sizes.  The  determination  of  their  specific 
gravity,  in  every  instance,  depends  upon  our  ability  to  find 
the  weight  of  an  equal  volume  of  the  standard.  When  a 
solid  is  inmiersed  in  a  fluid,  it  loses  a  portion  of  its  weight 
equal  to  that  of  the  displaced  fluid.  The  volimie  of  the 
body  and  that  of  the  displaced  fluid  are  equal.  Hence  the 
weight  of  the  body  in  vacuo,  divided  by  its  loss  of  weight 
when  immersed,  wHl  give  the  ratio  of  the  weights  of  equal 
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volumes  of  the  body  and  fluid ;  and  if  the  latter  be  tstken 
as  the  standard,  and  the  loss  of  weight  occupies  the  de- 
nominator, this  ratio  becomes  the  measure  of  the  specific 
gravity  of  the  body  immersed.    For  this  reason,  and  in 
view  of  the  consideration  that  it  may  be  obtained  pure  at 
all  times  and  places,  vxxter  is  assumed  as  the  general  stand-  water  aMumed  as 
ard   of  specific   gravities  and   densities  for  all   bodies.  ^^^^^^ 
Sometimes  the  gases  and  vapors  are  referred  to  atmo- ■nddM»ity; 
spheric  air,  but  the  specific  gravity  of  the  latter  being 
known  as  referred  to  water,  it  is  very  easy,  as  we  shall  gaaeawmettmea 
presently  see,  to  pass  fi'om  the  numbers  which  relate  to  JJ^oaphericaip. 
one  standard  to  those  that  refer  to  the  other. 

§  272. — ^But  water,  like  all  other  substances,  changes  its  varying  denaiij 
density  with  its  temperature,  and,  in  consequence,  is  not**'**'*'' 
an  invariable  standard.  It  is  hence  necessary  either  to 
employ  it  at  a  constant  temperature,  or  to  have  the  means 
of  reducing  the  specific  gravities,  as  determined  by  it  at 
different  temperatures,  to  what  they  would  have  been  if 
taken  at  a  fixed  or  standard  temperature.  The  former  is 
generally  impracticable ;  the  latter  is  easy. 

Let  D  denote  the  density  of  any  solid,  and  Si\&  specific  redaotfontoa 
gravity,  as  determined  at  a  standard  temperature  corre-  Jj^^^ 
sponding  to  which  the  density  of  the  water  is  D^.    Then, 
Eq.  (227), 

ff  -_   t^  apeotfle  gravtty  at 

D  *  one  temperaUire ; 

Again,  if  S'  denote  the  specific  gravity  of  the  same  body, 
as  indicated  by  the  water  when  at  a  temperature  different 
j&om  the  standard,  and  corresponding  to  which  it  has  a 
density  D,,^  then  will 

^f  D  Bame  at  anoUier 

'^     ^      T\    •  temperatara ; 

Dividing  the  first  of  these  equations  by  the  second,  we 
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have 


ntto  of  these 
•pedllognrittei; 


s 


whence 


B. 


-^/z 


D/ 


S=  iS' 


B 


// 


A 


.    .    (229); 


and  if  the  density  D^  be  taken  as  unity, 


■pecillc  gravity 

radnoedtoa 

■tandard; 


expreMedin 
wordi; 


/S  =  /S"  .  i?,,    .    .    .    .    (230). 

Tlmt  is  to  say,  ttc  specific  gravity  of  a  body  as  determined  at 
Ae  standard  temperature  of  the  water,  is  equal  to  its  specific 
gravity  determined  at  any  other  temperature,  miUtiplied  by  the 
density  of  the  water  corresponding  to  this  temperature,  the 
density  at  the  standard  temperature  being  regarded  as  unity. 

To  make  this  rule  practicable,  it  becomes  necessary  to 
find  the  relative  densities  of  water  at  different  temperatures. 
For  this  purpose,  take  any  metal,  say  silver,  that  easily 
resists  the  chemical  action  of  water,  and  whose  rate  of  ex- 
pansion for  each  degree  of  Pahr.  thermometer  is  accurately 
denrity  of  water  knowu  from  experiment;  give  it  the  form  of  a  slender 
temperatuiea;  Cylinder,  that  it  may  readily  conform  to  the  temperature 
of  the  water  when  immersed.  Let  the  length  of  the  cylin- 
der at  the  temperature  of  32°  Fah.  be  denoted  by  I,  and 
the  radius  of  its  base  by  ml;  its  volume  at  this  tem- 
perature wiU  be, 


Tdmne  of  a 
■lender  oylinder ; 


€m^l^  X  I  =  *m^lK 

Let  nZ  be  the  amount  of  expansion  in  length  fbr  each 
degree  of  the  thermometer  above  32®.  Then,  for  a  tem- 
perature denoted  by  t,  will  the  whole  expansion  in  length 
be 


ita  ezpantlon ; 


nl  X  {t  -  82°), 
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aad  the  entire  length  of  the  cylinder  will  become 

I  +  nl{t  -  82«)  =  111  +  n{t  ~  82=)];  I 

which,  substitated  for  I  in  the  first  expression,  will  give 
the  volume  for  the  temperatitre  t  equal  to 

.m'i«[i +  »(!- sa-)]'.  ;; 

The  cylinder  is  now 
weighed  in  vacuo  and 

in  the  water,  at  dif-  Fig.  Bia 

ferent  temperatures, 
varying  from  S2° 
upward,  through  any  '""  « 

desirable  range,  say 
to  one  hundred  de- 
grees. The  iemper- 
ature  at  each  pro- 
cess being  substitnted 
above,  gives  the  vol- 
ume of  the  displaced 
fluid;  the  weight  of 
the  displaced  fluid  is 
known  fW)m  the  loss 
of  weight  of  the  cyl- 
inder. Dividing  this 
weight  by  the  vol- 
ume, gives  the  weight 
of  the  unit  of  volume 

of  the  water  at  the  temperature  t  It  was  found  by  Stampfer, 
that  the  weight  of  the  unit  of  volume  is  greatest  when  the  gnueM 
temperature  is  38.75  Fahrenheit's  scale.  Taking  the  den- "  *■  *' 
si^  of  water  at  this  temperature  as  unity,  and  dividing  the 
weight  of  the  unit  of  volume  at  each  of  the  other  tem- 
peratures by  the  weight  of  the  unit  of  volame  at  this, 
38.76,  the  following  table  will  result: — 
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TABLE 

OF  THE  Densities  and  Volumes  of  Water  at  different  Degrees 
OF  Heat,  (according  to  Stakffer,)  for  every  2i  Degrees  op 
Fahrenheit's  Scale. 

(Jakrbuek  dea  Polpteehnitekmi  IiuHtMUt  in  fTrin^  Bd.  16.  8, 70.) 


i 
Temperatnro. 

A/ 
Deaaity. 

Dim 

V 
Volume. 

DUt 

32. oo 

0.999887 

1 

1.0001x3 

34.25 

0.999950 

63 

i.oooo5o 

63 

36. 5o 

0.999988 

38 

I .000012 

38 

38.75 

I .000000 

12 

I. 000000 

12 

4i.oo 

0.999988 

12 

I .000012 

12 

43.25 

0.999052 

35 

I .000047 

35 

45. 5o 

0.999894 

58 

I. 000106 

59 

47.75 

0.999813 

81 

I. 000187 

%i 

5o.oo 

0.999711 

102 

I .000289 
i.ooo4iS 

102 

52.25 

o.  999.587 

124 

124 

54.50 

0.999442 

i45 

I.000558 

i45 

56.75 

0.999278 

164 

1.000723 

i65 

59.00 

0.999095 
0.998893 

i83 

1.000906 

1 83 

61.25 

202 

1.001108 

202 

63. 5o 

0.998673 

220 

I. 001 329 

221 

65.75 

0.998435 

238 

1.001567 

238 

68.00 

0.998180 

255 

I. 001822 

255 

70.25 

0.997909 

271 

1.002095 
I . 002384 

273 

72.50 

0.997622 

287 

IS 

74.75 

0.997320 

3oa 

1.002687 

77.00 

0.997003 

3i7 

i.oo3oo5 

3i8 

79.25 

0.996673 

33o 

I.003338 

333 

81. 5o 

0.996329 

344 

1.003685 

347 

83.75 

0.995971 

358 

i.oo4o45 

36o 

86.00 

0.995601 

370 

i.oo44i8 

373 

88.25 

0.995219 
0.994825 

382 

I .004804 

386 

90.50 

394 

I .005202 

398 

92.75 

0.994420 

4o5 

i.oo56i2 

4io 

95.00 

0.994004 

4i6 

i.oo6o32 

420 

97.25 

0.993579 
0.993145 

425 

1.006462 

43o 

99.50 

434 

1.006902 

440  • 

With  this  table  it  is  easy  to  find  the  specific  gravity  by 
means  of  water  at  any  temperature.  Suppose,  for  example, 
the  specific  gravity  S'  in  Eq.  (230),  had  been  found  at  the 
temperature  of  59°,  then  would  D^^  in  that  equation,  be 
0.999095,  and  the  specific  gravity  of  the  body  referred  to 
water  at  its  greatest  density,  would  be  given  by 


S  =  S'  X  0.999095. 
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Fig.  811. 


The  column  under  the  head  V,  will  enable  us  to  determine  reiatioD  of 
how  much  the  volume  of  any  mass  of  water,  at  a  tempera-  ^®***°»<»«f  **»• 

•^  '  JT  same  amount  of 

ture  t,  exceeds  that  of  the  same  mass  at  its  maximum  den-  fluid  at  different 
sily.    For  this  purpose,  we  have  but  to  multiply  the  volume  *®"*p*™*'***' 
at  the  maximum  density  by  the  tabular  number  corre- 
sponding to  the  given  temperature. 

§  278. — ^Before  proceeding  to  the  practical  methods  of  instromenta  uaed 
finding  the  specific  gravity  of  bodies,  and  to  the  variations  '^  ^^  ^ 

. -1  T         T  ,         ,  Bpeclflc  gravltj  of 

in  the  processes  rendered  necessary  by  the  peculiarities  of  a  body; 
the  different  substances,  it  will  be  necessary  to  give  some 
idea  of  the  best  instruments  employed  for  this  purpose. 
These  are  the  EydrostcUic  Balance  and  Nichokan's  JBy- 
drometer. 

The  first  is  simi- 
lar in  principle  and 
form  to  the  common 
balance.  It  is  provi- 
ded with  numerous 
weights,  extending 
through  a  wide  range, 
from  a  small  fraction 
of  a  grain  to  several 
ounces.  Attached  to 
the  under  surface  of 
one  of  the  basins  is 
a  small  hook,  from 
wWch  may  be  sus- 
pended  any  body  by 
means  of  a  thin  plat- 
inum wire,  horse-hair,  or  any  other  delicate  thread  that  mode  of  attaching 
will  neither  absorb  nor  yield  to  the  chemical  action  of  the  **»®**«*yj 
fluid  in  which  it  may  be  desirable  to  immerse  it. 

Nicholson's  Hydrometer  consists  of  a  hollow  metallic  ball  Nichoiaon'B 
Ay  through  the  centre  of  which  passes  a  metallic  wire,  ^^y^^'"®*"? 
prolonged  in  both  directions  beyond  the  surface,  and  sup- 
porting at  either  end  a  basin  B  and  B'.    The  concavities 


hydrofltatto 
balance; 
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of  these  basins  are  turned  in  the  Kg.  «W. 

same  direction,  and  the  basin  B'  is 

made  so  heavy  that  when  the  in- 
deMsripiion,  and  stTument  is  placed  in  water  the 
comimon.the     ^^  gg,  ^j^^  ^  Vertical,  and  a 

internment  miut  ' 

uoaxy.  weight  of  600  grains  being  placed 

in  the  basin  B,  the  whole  instru- 
ment will  sink  till  the  upper  surface 
of  distilled  water,  at  the  standard 
temperature,  comes  to  a  point  C 
marked  on  the  upper  stem  near  its 
middle.  This  instrument  is  pro- 
vided with  weights  similar  to  those  of  the  Hjdrostatio 
Balance. 


Proeetafor 
finding  speciOo 
gniTity  of  a  aolid 
heavier  than 
vaterby  the 
balance; 


§  274. — (1).  If  the  body  be  aolid^  insoluble  in  water,  and 
unit  sink  in  that  fluid,  attach  it,  by  means  of  a  hair,  to  the 
hook  of  the  basin  of  the  hydrostatic  balance;  counterpoise 
it  by  placing  weights  in  the  opposite  scale;  now  immerse 
the  body  in  water,  and  restore  the  eqmlibrium  by  placing 
weights  in  the  basin  above  the  body,  and  note  the  tem- 
perature of  the  water.  Divide  the  weights  in  the  basra  to 
which  the  body  is  not  attached  by  those  in  the  basin  to 
which  it  is,  and  multiply  the  quotient  by  the  density  cor- 
responding to  the  temperature  of  the  water,  as  given  by 
the  table;  the  result  will  be  the  specific  gravity. 

Thus  denote  the  specific  gravity  by  S,  the  density  of 
the  water  by  Z>^^,  the  weight  in  the  first  case  by  TPJ  and 
that  in  the  scale  above  the  solid  by  w,  then  will 


■peeiflc  gravity; 


S=  B,  X 


w 


(2).  If  the  body  be  insoluble,  but  wiU  not  sink  in  waJber,  as 
when  the  body  ia  would  be  the  casc  with  most  varieties  of  wood,  wax,  and 
the  like,  attach  to  it  some  body,  as  a  metal,  whose  weight 
in  the  air  and  loss  of  weight  in  the  water  are  previously 


lighter  than 
water; 
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found.  Then  proceed  eicactlj  as  in  the  case  before,  to  find 
the  weights  which  will  counterpoise  the  compound  in  air  proceM 
and  restore  the  equiHbiium  of  the  balance  when  it  is  im-  ^"^^^ 
mersed  in  the  water.  From  the  weight  of  the  compound 
in  air,  subtract  that  of  the  heavier  body  in  air ;  from  the 
loss  of  weight  of  the  compound  in  water,  subtract  that  of 
the  heavier  body;  divide  the  first  difference  by  the  second, 
and  multiply  by  the  density  of  the  water  answering  to  its 
temperature,  and  the  result  will  be  the  specific  gravity 
of  the  lighter  body. 

Example. 

A  piece  of  wax  and  copper  in  air  =  48o     =   W  +  W,  example; 

Lost  on  immersion  in  water  -    -  =    95.8  =  w    +  w\  ^•<»««of^«; 

Copper  in  air =388     =   TT', 

Loss  of  copper  in  water    -    -    -  =    44.2  =  w'. 

Then 

TT  +   TT'  -   TF'  =  488    -  888   =  50     =   Fj 
w    +  w'    -  w'    =  95.8  -  44.2  =  51.6  =   w. 

Temperature  of  water  48.25, 

D,,  =  0.999952, 

S  =  D„  X  —  =^  0.999952  X  ^  =  0.968.        ^^^ 
"         tv  51.6  o'^ 


(3).  If  the  body  readily  dissolve  in  water,  as  many  of 
the  salts,  sugar,  &c.,  find  its  apparent  specific  gravity  in 
some  liquid  in  which  it  is  insoluble,  and  multiply  this 
apparent  specific  gravity  by  the  density  or  specific  gravity  when  the  body 
of  the  liquid  referred  to  water  at  its  maximum  density  as  ^^^'^['^ 
a  standard ;  the  product  will  be  the  true  specific  gravity,     fluid; 

If  it  be  inconvenient  to  provide  a  liquid  in  which  the 
solid  is  insoluble,  saturate  the  water  with  the  substance 
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and  find  the  apparent  specific  gravity  -with  the  water  thtia 
■aturato  the  saturated.  Multiply  this  apparent  specific  gravity  by  the 
iwdyandprocLd  density  of  the  saturated  fluid,  and  the  product  will  be  the 
M before;  spccific  gravity  referred  to  the  standard.    This  is  a  com- 

mon method  of  finding  the  specific  gravity  of  gunpowder, 
the  water  being  saturated  with  nitre.         • 

(4).   If   the  body  be  a  liquid^  select  some  solid  that 

when  the  body  1b  wiU  rcsist  its  chcmical  action,  as  a  massive  piece  of  glass 

•"^"*^'  suspended  from  fine  platinum  wire ;  weigh  it  in  air,  then 

in  water,  and  finally  in  the  liquid;  the  differences  between 

the  first  weight  and  each  of  the  latter,   will  give  the 

weights  of  equal  volumes  of  water  and  the  liquid.    Divide 

the  weight  of  the  liquid  by  that  of  the  water,  and  the 

quotient  will  be  the  specific  gravity  of  the  liquid,  pro- 

raie ;  vided  the  temperature  of  water  be  at  the  standard.    If  the 

water  have  not  the  standard  temperature,  multiply  this 

apparent  specific  gravity  by  the  tabular  density  of  the 

water  corresponding  to  the  actual  temperature. 

Mcample, 


•zample; 


grs. 

Loss  of  glass  in  water  at  41°,  160     =  w'j 
"  "      sulphuric  acid,  277.5  =  w. 


.peoiflog».ity  ^  ^  2^       0.999988  =  1.85. 

of  Bulphurle  acid ;  X50 


(6.)  If  the  body  be  a  gas  or  vapor,  provide  a  large  glass 
flask-shaped  vessel,  weigh  it  when  filled  with  the  gas; 
when  the  body  is  withdraw  the  gas,  which  may  be  done  by  means  to  be  ex- 
ft  gM  or  Tftpor;  pjj^jj^g^j  presently,  fill  with  water,  and  weigh  again ;  finally, 
withdraw  the  water  and  exclude  the  air,  and  weigh  again. 
This  last  weight  subtracted  from  the  first  will  give  the 
weight  of  the  gas  that  filled  the  vessel,  and  subtracted 
from  the  second  will  give  the  weight  of  an  equal  volume 
of  water;  divide  the  weight  of  the  gas  by  that  of  the 
water,  and  multiply  by  the  tabular  density  of  the  water 
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answering  to  the  actual  temperature  of  the  latter ;  the  result 
will  be  the  specific  gravity  of  the  gas. 

The  atmosphere  in  which  all  these  operations  must  be  innaenceorthe 
performed,  varies  at  different  times,  even  during  the  same  ■'™^p'»*~J 
day,  in  respect  to  temperature,  the  weight  of  its  column 
which  presses  upon  the  earth,  and  the  quantity  of  moisture 
or  aqueous  vapor  it  contains.    That  is  to  say,  its  density 
depends  upon  the  state  of  the  thermometer,  barometer, 
and  hygrometer.    On  all  these  accounts  corrections  must  tempenture; 
be  made,  before  the  specific  gravity  of  atmospheric  air,  or  prMsuie; 
that  of  any  gas  exposed  to  its  pressure,  can  be  accurately 
determined.    The  principles  according  to  which  these  cor- 
rections are  made,  will  be  discussed  when  we  come  to  t^at  moistura; 
of  the  properties  of  elastic  fluids. 

To  find  the  specific  gravity  of  a  solid  by  means  of 
Nicholson's  Hydrometer,  place  the  instrument  in  water,  mode  or  wing 
and  add  weights  to  the  upper  basin  till  it  sinks  to  the  mark  ^!^^J|^  f^ 
on  the  upper  stem ;  remove  the  weights  and  place  the  solid  >oiids; 
in  the  upper  baain,  and  add  weighte  tiU  the  hydrometer 
sinks  to  the  same  point ;  the  difference  between  the  first 
weights  and  those  added  with  the  body,  will  give  the 
weight  of  the  latter  in  air.  Take  the  body  firom  the  upper 
basin,  leaving  the  weights  behind,  and  place  it  in  the  lower 
basin ;  add  weights  to  the  upper  basin  till  the  instrument 
fflnks  to  the  same  point  as  before,  the  last  added  weights 
will  be  the  weight  of  the  water  displaced  by  the  body; 
divide  the  weight  in  air  by  the  weight  of  the  displaced 
water,  and  multiply  the  quotient  by  the  tabular  density  of 
the  water  answering  to  its  actual  temperature;  the  result 
will  be  the  specific  gravity  of  the  solid. 

To  find  the  specific  gravity  of  a  fluid  by  this  instru- 
ment, immerse  it  in  water  as  before,  and  by  weights  in  the  aiwfbrniiidi; 
upper  basin  sink  it  to  the  mark  on  the  upper  stem ;  add 
the  weights  in  the  basin  to  the  weight  of  the  instrument, 
the  sum  will  be  the  weight  of  the  displaced  water.  Place 
the  instrument  in  the  fluid  whose  specific  gravity  is  to  be 
found,  and  add  weights  in  the  upper  basin  till  it  sinks  to 
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the  mark  as  before ;  add  these  weights  to  the  weight  of  the 
instrument,  the  sum  will  be  the  weight  of  an  equal  vol- 
ume of  the  fluid ;  divide  this  weight  by  the  weight  of  the 
water,  and  multiply  by  the  tabular  density  corresponding  to 
the  temperature  of  the  water,  the  result  will  be  the  spe- 
cific gravity. 


deacriptioD : 


fig.  818. 


The  Bcaie  §  275. — ^Bcsidcs  the  hydrometer  of  Nicholson,  which 

'  requires  the  use  of  weights,  there  is  another  form  of  this 
instrument  which  is  employed  solely  in  the  determination 
of  the  specific  gravities  of  liquids,  and  its  indications  are 
given  by  means  of  a  scale  of  equal  parts.  It  is  called 
the  Scale-Areometer.  It  consists,  gen- 
erally, of  a  glass  vial-shaped  vessel 
A,  terminating  at  one  end  in  a  long 
slender  neck  (7,  to  receive  the  scale, 
and  at  the  other  in  a  small  globe  j8, 
filled  with  some  heavy  substance,  as 
lead  or  mercury,  to  keep  it  upright 
when  immersed  in  a  fluid.  The  appli- 
cation and  use  of  the  scale  depend 
upon  this,  that  a  body  floating  on  the 
sur&ce  of  different  liquids,  will  sink 
deeper  and  deeper,  in  proportion  as 

iheprfDoipieor  the  density  of  the  fluid  approaches 
that  of  the  body ;  for  when  the  body 
is  at  rest  its  weight  and  that  of  the 
displaced  fluid  must  be  equaL  Deno- 
ting the  volume  of  the  instrument  by 
F,  that  of  the  displaced  fluid  by  F', 
the  density  of  the  instrument  by  2?,  and  that  of  the  fluid 
by  -D',  we  must  always  have 


UiialnetnimeDl; 


eoodttloiis  of 
•quUibrtoni ; 


gVD  =  gTD'; 

in  which  g  denotes  the  force  of  gravity,  the  first  member 
the  weight  of  the  instrument)  and  the  second  that  of  the 
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displaced  fluid.     Dividing  both  members  by  J9'  F,  and 
omitting  the  common  factor  g^  we  have 

n  y  ntloofdensiUea 

—    =    -=..  equal  to  that  t»f 

1/  V  therolaiDei; 

In  which,  if  the  densities  be  equal,  the  volumes  must  be 
equal ;  if  the  density  D'  of  the  fluid  be  greater  than  J?,  or 
that  of  the  solid,  the  volume  Fof  the  solid  must  be  greater 
than  F',  or  that  of  the  displaced  fluid ;  and  in  proportion 
as  ly  increases  in  respect  to  jD,  will  V  diminish  in  lespect 
to  V^  that  is,  the  solid  will  rise  higher  and  higher  out 
of  the  fluid  in  proportion  as  the  density  of  the  latter  is  in- 
creased, and  the  reverse.  The  neck  C  of  the  vessel  should 
be  of  the  same  diameter  throughout.  To  establish  the 
scale,  the  instrument  is  placed  in  distilled  water  at  the 
standard  temperature,  and  when  at  rest  the  place  of  the  ooiutraotion  or 
8ur£Eice  of  the  water  on  the  neck  is  marked  and  numbered  *  * 
1 ;  the  instrument  is  then  placed  in  some  heavy  solution 
of  salt,  whoae  specific  gravity  is  accurately  known  by 
means  of  the  Hydrostatic  Balance,  and  when  at  rest  the 
place  on  the  neck  of  the  fluid  sur&ce  is  again  marked  and 
characterized  by  its  appropriate  number.  The  same  pro- 
cess being  repeated  for  rectified  alcohol,  will  give  another 
point  towards  the  opposite  extreme  of  the  scale,  which 
may  be  completed  by  graduation. 

To  use  this  instrument,  it  will  be  sufficient  to  immerse 
it  in  a  fluid  and  take  the  number  on  the  scale  which  coin- 
cides with  the  sur&ce. 

To  bring  into  view  the  circumstances  which  determine  um; 
the  sensibility  both  of  the  Scale- Areometer  and  Nicholson's 
Hydrometer,  let  a  denote  the  specific  gravity  of  the  fluid,  Bensibtiityoftiie 
t  the  volume  of  the  vial,  I  the  length  of  the  immersed  '"•'™™®°*5 
portion  of  the  narrow  neck,  r  its  semi-diameter,  and  w  the 
total  weight  of  the  instrument.    Then  wUl  ^rr*,  denote  the 
area  of  a  section  of  the  neck,  and  ler^l^  the  volume  of  fluid 
displaced  by  the  immersed  part  of  the  neck.    The  weight, 
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therefore,  of  the  whole  fluid  displaced  by  the  vial  and 
neck  will  be  • 

displaced  ' 

but  this  must  be  equal  to  the  weight  of  the  instrument, 
whence 


ooaditionofUie 

t£;  =  tffc  +  irr"?), 

from  which 

we 

deduce 

tpedfle  gnvlty ; 

w 

c  +  ^i^V 

^ngthofneck 

T   _,    V)    —    SC 

iounened; 

.    .    .    .    (281). 


Now,  immersing  the  instrument  in  a  second  fluid  whose 
specific  gravity  is  5 ',  the  neck  will  sink  through  a  distanoe 
l\  and  from  the  last  equation  we  have 

luigth Immersed  7/   _   !£_ILflf. 

flar  second  fluid ;  ^  ^  ^'     ' 

subtracting  this  equation  firom  that  above  and  reducing, 
we  find 

AUferenoeof  1  it  ^     /«'  ^  ^\ 

^r*    \    88     f 

The  difference  Z—  V  is  the  distance  between  two  points  on 
the  scale  which  indicates  the  difference  8*  --s  of  specific 
gravities,  and  this  we  see  becomes  longer,  and  the  instru- 
ment more  sensible,  therefore,  in  proportion  as  t^  is  made 
tatoxwice;  greater  and  r  less.  Whence  we  conclude  that  the  Are- 
ometer is  the  more  valuable  in  proportion  as  the  vial  por- 
tion is  made  larger  and  the  neck  smaller, 
seuibiiityof  If  the  Specific  gravity  of  the  fluid  remain  the  same^ 

j^y^j^^jiiJ^.       which  is  the  case  with  Nicholson's  Hydrometer,  and  it 
becomes  a  question  to  know  the  effect  of  a  small  weight 
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added  to  the  instrumentj  denote  this  weight  by  tt^,  then 
will  Eq.  (231)  become 

1,    _    W  +  W*  --  8C 

' V^a ' 

subtracting  from  this  Eq.  (281),  we  find 


r  -  Z  = 


w 


rr*** 


From  which  we  see  that  the  narrower  the  npper  stem  of 
Nicholson's  instrument^  the  greater  its  sensibility. 


TABLE 

OF  THE  SfECOFIC  GbATITIES  OF  SOBfE  OF  THB  MOST  DiPOBTAlIT  BODIES. 
[Tha  deuity  of  diitlUed  water  is  reckoned  In  fhlf  TOilo  al  Ito  maadnnim  3B|<»  F;s=lU)00.] 


Name  of  the  Body. 


I    SOLID  BODIEa 

(1)  MSTALS. 

Antimony  (of  the  laboratoij) 


Bronze  for  cannoD,  aooording  to  lieai  Ifatika 

Ditto,  mean 

Copper,  molten 

Dittos  hammered 

Ditto,  wire-drawn      -        -       -        -        - 

Gold,  molten 

Ditto,  hanmiered 

Iron,  wrought 

Ditto,  caat)  a  mean 

Ditto,  graj 

Ditto,  white 

Ditto  lor  cannon,  a  mean    .... 

Lead,  pure  molten 

Ditto,  flattened 

Platinum,  natiye 

Ditto,  molten 

Ditto,  hammered  and  wire-drawn 
Quickailrer,  at  82^  Fahr.    .... 

Silver,  pure  molten 

Ditto,  hammered        ..... 
Steel,  cast  ...... 

Ditto,  wroof^t 

Ditto,  mudi  hardened         .... 

Ditto,  slightly 

Tin,  chemically  pure 

Ditto,  hammerea        ..... 
Ditto^  Bchemian  and  SaxoD        ... 


Speelllo  GraTlty. 


4.a 

7.6 
8.4x4 
8.758 
7.788 
8.878 
8.78 
I9.a38 
19.361 
7.207 
7.a5l 
7. a 

7.5 

7.21 
ii.33o3 
11.388 
16.0 
20. 855 

21.25 

13.568 

10.474 
10. 5i 

7.818 
7.833 
7.291 

7.299 
7.3ia 


4.7 
8.8 

8.974 

8.726 
8.9 

19.253 
19.6 
7.788 


7.3o 
18.94 

13.598 
10.622 


—    7.475 
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TASL&^-continmed. 


NameoftheBodj, 


Tin,  English 
Zinc,  molten 
Ditto,  rolled 


(2)  BoiLDZNa  Sroim. 

Alabaster  -        .        -        -        - 

Basalt 

Dolerite 

Gneiss  -  -  -  -  - 
Granite  -  -  -  -  - 
Hombleode  -  -  -  . 
Limestone,  various  kinds    - 

Phonolite 

Pwphyry  -        -        -        -        - 

Quartz 

Sandstone,  yarions  kinds,  a  mean 
Stones  for  building     ... 

Syenite 

lYachyte 

Brick 


(8)  WooDa. 


Alder 

Ash  -  -  -  • 
Aspen  ... 
Birch  ... 
Box  -  -  •  • 
Elm  -  .  .  - 
Fir  -  -  -  - 
Hornbeam 
Horse^estont  • 
lisrch  ... 
Lime  ... 

Maple        ... 
Oak   - 

Ditto,  another  specimen 
Pine,  FinuB  Abtea  Pieea 
Ditto,  Pinut  JSfvlvutrU 
Poplar  (Italian) 
Waiow      - 
Ditto,  white 


(4)  Ya&ioub  SOUD  BODOB. 

Oharooal,  of  cork 

Ditto,  soft  wood 

Ditto,  oak 

Ooal  - 

Ooke 

EarU^  common 
rough  sand 

rough  earth,  with  grarel 
moist  sand   ... 
grayellj  soil 
day     -        -        .        - 
day  or  loam,  with  grayel 


Bpedflo  GrsTity. 


7.291 
6.861 
7.191 


a, 7 
a.8 
2.72 
a. 5 
a. 5 

a!64 
a.5i 

a.4 
a. 56 
a. a 
1.66 
a. 5 
a.4 
i.4i 


—    7.ai5 


Fresh-felled. 
0.8571 
0.9086 

0.7654 
0.901a 
o.98aa 

0.0476 
0.0941 
0.945a 

0.8614 
0.9206 
0.0170 
0.9036 
1.0494 
1.0754 
0.8699 
0.9121 
0.7634 
0.7155 
0.9859 


0.1 

0.28 

1.573 

1.282 

Z.865 

1.48 

Z.92 

a.oa 

a.o5 

a. 07 

a.i5 

a.46 


3.0 
3.1 
a. 98 

3.1 

a. 72 
2.69 
2.6 
2.75 

2.5 

2.62 
3. 
2*6 
1.86 


Dry. 
o.Sooi 

o.644o 
0.4802 
0.6274 
0.5907 

0.5474 
o.555o 
0.7695 

0.5749 
0.4735 
0.4390 
0.6592 
0.6777 
0.7075 
0.4716 
o.55o2 
0.8931 
0.5280 
0.487^ 


0.44 
x.5io 
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TABlE-^corainued. 


Name  of  the  Body. 


Flint,  dark 

Ditto,  white       ... 

Gunpofwder,  loosely  filled  in 

ooarse  powder 

muaket  ditto 
Ditto,  slightly  shaken  down 

musket-powder    • 
Dittos  solid         ... 

Ice 

Lime,  unslacked 
Resin,  common  .        .        - 
Rock-salt  .... 
Saltpetre,  melted 
Ditto,  crystallized 
Slate-pencil        ... 
Sulphur     -        .        .        - 
Tallow       ...        - 
Turpentine         .        -        - 
"Wax,  white        -        .        - 
Ditto,  yellow     -        -        . 
Ditto,  shoemaker^s 


n.  LiQurna 

Add,  acetic 

Ditto,  muriatic  -  -  . 
Ditto,  nitric,  concentrated  - 
Ditto,  sulphuric,  Enelish  - 
Ditto,  concentrated  (Nordh.) 
Alcohol,  free  from  water  - 
Ditto,  common  ... 
Ammoniac,  liquid 
Aquafortis,  double 
Ditto,  single       ... 

Beer 

Ether,  acetic      ... 

Ditto,  muriatic  .        -        • 

Ditto,  nitric        ... 

Ditto,  sulphuric 

Oil,  Unseed         .        -        - 

Ditto,  olive         -        .        - 

Ditto,  turpentine 

Ditto,  whale       -        -        - 

Quicksilver         -        -        - 

Water,  distilled  - 

Ditto,  rain  ... 

Ditto,  sea  .... 

Wine         ...        - 


m.  GASEa 

Atmospheric  air  =  y^  = 
Carbonic  acid  gas       ... 
Carbonic  oxide  gas     ... 
Carbureted  hydrogen,  a  maximum 

I  Ditto^  from  coals        ... 


i 


Bpedflc  Gravity. 


a.  54a 
2.741 

0.886 
0.993 

1.060 
a. 248 
0.916 
1. 84a 
1.089 
a.  257 
a.  745 


1.900 


1.9a 

0.94a 

0.991 

o.q65 
o. 


».o65 
'.897 


i.o63 
I. an 
i.5ai 
1.845 
1.860 
0.79a 
0.824 
0.875 
i.3oo 
1.200 

1.023 

0.866 
0.845 
0.886 
0.715 
0.928 
0.915 
0.79a 
0.928 
13.568 
1. 000 
i.ooi3 
1.0265 
0.99a 


Water  =1. 
Temp.  38f  <*  F. 
o.ooi3o 
0.00198 
0.00126 
0.00127 
0.00089 
0.00085 


a. 563 
0.9268 


3.a4 


—    i.5aa 


—  0.79 

—  i.o34 

—  0.874 

—  0.953 

—  0.891 

—  13.598 


'    1.028 
-    i.o38 

Barometer 
30  In. 
Temp.  =  34*. 
1.0000 
1.5240 
0.9569 
0.0784 
o.3ooo 
0.5596 
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TABLE— Con^nuttf. 


Name  of  the  Body. 


Spedflc  GnTlty. 


Chlorine  -  -  -  - 
Hjdriodic  gas  -  .  - 
Hydrogen  -        .        - 

Hydro6ulpharic  add  gas  - 
Muriatic  add  gas 
Nitrogen  .... 
Oxygen  -  -  -  - 
Phosphureted  hydrogen  gas 
Steam  at  212<>  Fahr.  - 
Sulphurous  add  gas  - 


Water  =  1. 
Temp.  38|o  P. 

o.oodax 

o.oo577 

0.0000895 

o.ooi55 

0.00162 

o.ooiay 

0.00143 

o.ooii3 

0.00082 

0.00292 


Barometer 
30  In. 
Temp. = St**. 
2.4700 
4.4430 
0.0688 
1.1912 

i.a474 
0.9760 
I . 1026 
0.8700 
0.6235 
2.2470 


vae  of  a  table  of 


The  knowledge  of  the  specific  gravities  or  densities  of 
apeciflcgravittea;  ^^ffg^^j^^  substanccs  is  of  great  importance,  not  only  for 

scientific  purposes,  but  also  for  its  application  to  many  of 
the  useful  arts.  This  knowledge  enables  us  to  solve  such 
problems  as  the  following,  viz. : — 

1st  The  weight  of  any  substance  may  be  calculated, 
if  its  volume  and  specific  gravity  be  known. 

2d.  The  volume  of  any  body  may  be  deduced  from  its 
specific  gravity  and  weight.    Thus  we  have  always 


weight  of  any 
body; 


weight  of  a  cubic 
footofdiatUled 
water  at 
■uudmom 
doouity; 


W  =:  gDV; 

in  which  g  is  the  force  of  gravity,  D  the  density,  V  the 
volume,  and  W  the  weight,  of  which  the  unit  of  measure 
is  the  weight  of  a  unit  of  volume  of  water  at  its  maxi- 
mum density. 

Making  D  and  F  equal  to  unity,  this  equation  becomes 

W,  =  g; 

but  if  the  density  be  one,  the  substance  must  be  water  at 
88.75  Fahr.  The  weight  of  a  cubic  foot  of  water  at 
60**  is  62.5  lbs.,  and,  therefore,  at  88!75,  it  is 


Of. 

62.5 


0.99914 


=  62.556; 
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whence,  if  the  yolume  be  expressed  in  cubic  feet,  Toiume  in  onuo 

feet; 
IbM.  weight  of  sbodj 

TT  =  62.656  X  i>F.    .    .    (282),     mpound., 

Tolume  being  In 
cable  feet ; 

in  which  W  is  expressed  in  pounds ;  and  if  the  unit  of 
volume  be  a  cubic  inch, 

weight  in 

W  =  j~ DV=  0.036201  DV,.  .  (283).     ^Zl^u «.bi. 


ineiies; 


Also 


W,  /0«M\         ▼olume  In  coble 

—        uT, •      •      •      \^*^^        feet; 

62.666  .  D 


1^  Tt.  (c%otr\        Tolnme  in  cnbio 

^t   ~    "TS: •      •      •      \A^^h       inehee; 

0.036201  .  D 


Example  Ist   Bequired  the  weight  of  a  block  of  dry  exunpieunt; 
fir,  containing  50  cubic  inches.    The  specific  gravity  or 
density  of  dry  fir  is  0.555,  and  F  =  50 ;  substituting  these 
values  in  Eq.  (288), 

tb9,  weight  Of  50 

W  =   0.036201    X    0.555    X    50   =»    1.00457.  cubiclneheaof 

flr; 

Example  2d,  How  many  cubic  inches  are  there  in  a  example  mooiuI; 
12-pound  cannon-ball  ?    Here  TF  is  12  pounds,  the  mean 
specific  gravity  of  cast  iron  is  7.251,  which,  in  Eq.  (285), 
give 

12 


F.  = 


0.086201  X  7.251 


til. 

▼olnmeofftlS' 

=  45.6. 

pound  cannon^ 

belL 
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VII. 


COMPRESSIBLE    FLUIDS. 


PocQlIaritles  of 
gMeiiaiulTapon; 


eontnctand 
expand  aocording 
topreMure* 


eondittons  of 
rwt; 


no  marked 
▼ariety  of 
fluiditj: 


Qsoally 
tranaparent ; 


•mall  denaity ; 


§  276. — ^The  properties  of  liquids  which  have  now  been 
considered,  are  common  to  all  fluids.  But  gases  and 
vapors  have,  in  addition,  properties  peculiar  to  themselves 
which  we  now  proceed  to  consider. 

Gases  and  vapors  differ  mostly  firom  liquids,  in  the 
readiness  with  wMch  they  yield  a  portion  of  their  volume 
and  contract  into  smaller  spaces  when  subjected  to  an 
augmentation  of  external  pressure,  and  diffuse  themselves 
in  all  directions  when  this  pressure  is  withdrawn.  These 
distinguishing  properties  are  due  to  the  repulsive  forces  or 
molecular  springs  by  which  the  particles  are  urged  to 
separate  from  each  other,  and  which  make  it  impossible 
for  compressible  fluids,  that  are  also  highly  elastic,  ever 
to  be  at  rest,  unless  these  forces  are  opposed  by  the  reaction 
of  inclosing  surfaces,  as  the  sides  of  vessels,  or  the  appli- 
cation of  some  other  antagonistic  forces  acting  inwardly, 
as  in  the  case  of  the  earth's  attraction  upon  our  atmosphere. 

Besides  these  essential  peculiarities,  there  are  other 
characteristics  that  distinguish  compressible  fluids,  usually 
denominated  a£riform  bodies^  from  the  other  forms  of 
aggregation.  Between  solids  and  liquids,  a  gradation  is 
observable,  and  in  the  degree  of  fluidity  of  the  latter,  a 
strongly  marked  variety  obtains — ^as  in  tar,  oU,  water, 
ether,  and  the  like ;  but  between  compressible  and  incom- 
pressible fluids,  no  similar  connecting  links  are  found. 
Again,  as  a  general  rule,  gases  are  highly  transparent^ 
for  most  part  colorless,  and  therefore  invisible,  and  are 
distinguished  from  all  other  bodies  by  their  small  degree 
of  density  and  consequent  low  specific  gravity. 
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Fig.  814. 


The  atmosphere,  as  being  the  most  important  of  the 
aeriform  bodies,  may  be  taken  as  the  representative  of  the 
whole  class,  as  regards  their  mechanical  properties.  It  is 
to  this  class  of  bodies,  what  water  is  to  liquids.  It  exists 
all  over  the  earth,  and  its  ever-active  agency  in  the  pro- 
duction of  phenomena,  makes  it  not  less  interesting  than 
important  to  determine  the  laws  of  its  equilibrium  and 
motion. 

(1)  The  compressibility  and  elasticity  are  easily  shown 
by  inclosing  the  air  in  a  bag  of  some  impervious  substance, 
as  india-rubber,  and  pressing  it  with  the  hand;  the  hand 
will  experience  a  resistance,  while  the  volume  of  the  con- 
fined air  will  diminish:  on  removing  the  hand,  the  bag 
will  be  distended  by  the  elasticity 

of  the  air,  and  restored  to  its  for- 
mer dimensions.  Air-pillows  and 
cushions,  in  common  use,  are  famil- 
iar illustrations. 

(2)  J.  is  a  two-necked  bottle  con- 
taining some  liquid,  as  water,  B  an 
inflated  bladder,  or  india-rubber 
bag,  attached  by  the  neck  to  one  of 
the  mouths.  A  glass  tube  a  &,  open 
at  both  ends,  is  fitted  air-tight  to 
the  other  mouth,  its  lower  end  a 
reaching  nearly  to  the  bottom  of 
the  bottle.  On  compressing  with 
the  hand,  the  air  in  the  bladder  or 
bag,  the  liquid  will  be  seen  to 
mount  up  the  tube. 

(3)  Hero's  Ball.— A  hollow  globe 
a,  firom  which  the  external  air  can 
be  excluded  by  turning  a  cock  ft, 
contains  a  tube  that  reaches  nearly 
to  the  bottom,  and  fits  in  the  neck  by 
a  screw.  Fill  the  vessel  about  half 
full  of  water,  screw  in  the  tube  cd^ 


atmosphere  the 
typeof  thedaas; 


OkimppaMlbOlty 
and  elaaiicUy 
ahown; 


Indlfrfobberbag; 


IndJarrubber  bag 
connected  with  a 
two-necked 
bottle; 


Fig.  815. 


Hero^VMU; 
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principle  of  the 
finMmgiae; 


Fig.  816. 


breathe  tlirough  c,  and  close  the  Fig.  815. 

stop-cock  b;  the  breath  will  ascend 
through  the  water,  mingle  with  the 
air  in  the  space  a,  take  from  it  a 
portion  of  its  volume  and  thus  in- 
crease its  elasticity,  which,  reacting 
upon  the  sur&ce  of  the  water,  will 
force  the  latter  up  the  tube  cc?  on 
turning  the  cock  b.  On  this  princi- 
ple depend  the  operations  of  the  air-chamber  in  fire- 
engines  and  similar  machines. 

(4)  Eisro'8  Fountain. — ^In  this  apparatus,  also,  the  com- 
pression of  air  and  consequent  increase  of  elasticity,  are 
manifested  in  producing  a  water-jet. 
Two  vessels  a  and  g  are  united  by 
a  tube  ^  open  at  both  ends,  extend- 
ing from  the  upper  surface  of  the 
lower  vessel  to  near  the  top  of  the 

Hero'ifoimtain;  other.  A  pipe  c  d,  provided  with  a 
stop-cock  6,  screws  into  the  top  of 
the  vessel  a,  and  extends  nearly  to 
its  bottom,  as  in  Hero's  BaU.  Upon 
the  top  of  this  vessel  is  a  basin  no, 
from  the  bottom  of  which  a  pipe  ef, 
open  at  both  ends,  passes  clear 
through,  nearly  to  the  bottom  of 

descripuon;  the  vcsscl  g.  The  tube  cd,  being 
unscrewed,  is  removed,  and  after 
pouring  water  into  the  vessel  a  till 
its  surface  comes  nearly  to  the  up- 
per end  of  the  tube  t,  the  pipe  cd  is 
replaced,  and  the  stop-cock  b  closed. 

mod« ofaetton;  Water  is  now  poured into  the  basin  no;  this  will  descend 
through  the  tube  ef  into  the  vessel  g,  and  expel  a  portion 
of  its  air  by  forcing  it  up  the  tube  t  into  the  vessel  a; 
there,  finding  no  means  of  escape,  it  wiU  be  compressed, 
and  its  increased  elasticity  made  to  act  upon  the  water 
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precisely  as  in  the  case  of  the  BaU.  The  water  will  con- 
tinue to  descend  through  the  tnbe  e/  irom  the  basin,  till  "" ' 
the  increasing  elasticity  of  the  air  becomes  equal  to  the 
presure  arising  ffom  a  head  of  water  equal  to  the  differ- 
ence between  the  level  of  the  water  in  the  basin  and  that 
in  the  lower  vessel,  when  the  flow  will  cease,  and  every 
thing  will  come  to  rest  Id  this  condition  of  tbinp  turn 
the  cock  b,  and  the  water  will  spout  through  the  tube  c  d. 
The  fluid  in  the  upper  vessel  being  thus  ejected,  there  will  eomiit 
be  room  for  more  air ;  this  will  pass  from  the  lower  vessel  *"" 
through  the  tube  t,  and  the  water  will  again  descend  fit)m 
Hie  basin  to  the  vessel  g.  The  water  discharged  by  the 
jet  feUs  into  the  basin  n  o,  and  is  ready,  in  its  turn,  to  pass 
down  the  tube  ef.  A  constant  flow  is  thus  maintained  as 
long  as  the  fluid  in  the  vessel  a  remains  above  the  bottom 
of  the  tube  c  d. 

(5)  Tb«  Cartesian  BevH. — This  is  a  well-known  figure, 
constructed  so  as  to  fioat  in  a  glass  vessel  of  water,  above  CutM 
the  surface  of  which  a  portion  of  air  is  confined  in  such 
manner,   that  if  this  tai   be  com- 
pressed, the  figure  will  descend,  and 
rise  again  when  the   compression  Fig-  8i7. 

ceases.  It  is  thus  contrived:  In 
the  middle  of  the  figure  a  is  a  small 
capillary  tube  6,  through  which  so 

much  water  is  admitted  into  the  in-  dMcrii 

terior  of  the  body  as  to  make  its 
mean  density  a  little  less  than  that 
of  the  water  in  which  it  is  to  float. 
Being  thus  adjusted,  the  figure  is 
immersed  in  a  wide-mouAed  glass 
vessel,  over  which  a  piece  of  blad- 
der or  sheet  of  india-rubber  is  then 
stretched  to  confine  the  air  over  the 
fluid.    The  finger  being  now  pressed 

upon  the  bladder  or  india-rubber,  noUa 

the  air  will  be  compressed,  the  increased  elasticity  thus  pro-  "8°"  '■■ 
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duced  will  be  exerted  upon  the  water,  which  will  be  forced 
by  it  through  the  tube  6,  the  mean  density  of  the  figure 
will  be  increased,  and  it  will  sink  to  the  bottom ;  on  re- 
moving the  finger,  the  air  above  the  water  as  well  aa  that 
in  the  figure,  being  relieved  fix)m  the  pressure,  expands,  the 
water  is  forced  back  through  the  tube  h  into  the  vessel 
again,  and  the  figure  wiU  rise  to  the  surface  in  consequence 
of  diminished  mean  density. 


VIIL 


THE    AIR-PUMP. 


Atr-pQinp,  or 
al]>8yrixxge ; 


thereceiTor; 


the  barral  aad 
piston; 


§  277. — Seeing  that  the  air  expands  and  tends  to  diffuse 
itself  in  all  directions  when  the  surrounding  pressure  is 
lessened,  it  may  be  rarefied  and  brought  to  almost  any  de- 
gree of  tenuity.  This  is  accomplished  by  an  instrument 
called  the  Air-Pwrnp  or  Exhausting  Syringe^  one  of  the 
most  important  pieces  of  apparatus  used  by  the  natural 
philosopher.  It  will  be  best  understood  by  describing  one 
of  the  simplest  kind.    It  consists,  essentially,  of 

1st  A  Receiver  -ffi,  or  chamber  from  which  the  exterior 
air  is  excluded,  that  the  air  within  may  be  rarefied.  This 
is  commonly  a  bell-shaped  glass  vessel,  with  ground  edge, 
over  which  a  smaU.  quantity  of  grease  is  smeared,  that  no 
air  may  pass  through  any  remaining  inequalities  on  its 
surfiace,  and  a  ground  glass  plate  mn  imbedded  in  a  metallic 
table,  on  which  it  stands. 

2d.  A  Barrel  jB,  or  chamber  into  which  the  air  in  the 
receiver  is  to  expand  itself.  It  is  a  hollow  cylinder  of 
metal  or  glass,  connected  with  the  receiver  R  by  the  com- 
munication ofg.  An  air-tight  piston  P  is  made  to  move 
back  and  forth  in  the  barrel  by  means  of  the  handle  a. 
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Fig.81& 


gnphkal 
repreteotetioa ; 


Fig.  819. 


8d.  A  Stop-cock  A,  by  means  of  wliich  the  communica- 
tion between  the  barrel  and  receiver  is  established  or  cut 
off  at  pleasure.    This  cock  is  a  conical  piece  of  metal  fitting  ■top-oock,  or 
air-tight  into  an  aperture  just  at  the  lower  end  of  the  bar-  ^''^®'' 
rel,  and  is  pierced  in  two  directions ;  one  of  the  perfora- 
tions runs  transversely  through,  as  shown  in  the  first  figure, 
and  when  in  this  position  the  communication  between 
the  barrel  and  receiver  is 
established ;     the    second 
perforation  passes  in  the 
direction  of  the  axis  fi'om 
the  smaller  end,  and  as  it 
approaches   the  first,   in- 
clines  sideways,  and  runs 
out  at  right  angles  to  it, 
as  indicated  in  the  second 
figure.     In  this  position 

of  the  cock,  the  communication  between  the  receiver  and 
barrel  is  cut  o%  whilst  that  with  the  external  air  is  opened. 

Now,  suppose  the  piston  at  the  bottom  of  the  barrel, 
and  the  communication  between  the  barrel  and  the  receiver  mode  of  actioa) 
established ;  draw  the  piston  back,  the  air  in  the  receiver 
will  rush  out,  in  the  direction  indicated  by  the  arrow-head, 
through  the  commimication  ofg^  into  the  vacant  space 
within  the  barrel    The  air  which  now  occupies  both  the 


deflcrlptlon  of 
Btop-cock; 
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barrel  and  receiver  is  less  dense  than  when  it  occupied  the 
receiver  alone.    Turn  the  cock  a  quarter  round,  the  com- 
mode of  munication  between  the  receiver  and  barrel  is  cut  ofl^  and 
opontton,         ^j^^  between  the  latter  and  the  open  air  is  established; 
push  the  piston  to  the  bottom  of  the  barrel  again,  the  air 
within  the  barrel  will  be  deUvered  into  the  external  air. 
Turn  the  cock  a  quarter  back,  the  communication  between 
the  barrel  and  receiver  is  restored;  and  the  same  operation 
as  before  being  repeated,  a  certain  quantity  of  air  will  be 
transferred  from  the  receiver  to  the  exterior  space  at  each 
double  stroke  of  the  piston, 
to  find  the  degree       To  find  the  degree  of  exhaustion  after  any  number  of 
ofesbMieUon;     ^Q^^^tiQ  strokcs  of  the  pistou,  dcuotc  by  B  the  density  of 

the  air  in  the  receiver  before  the  operation  begins,  being  the 
same  as  that  of  the  external  air ;  by  r  the  capadly  of  the 
receiver,  by  h  that  of  the  barrel,  and  by  jp  that  of  the  pipe. 
At  the  beginning  of  the  operation,  the  piston  is  at  the 
bottom  of  the  barrel,  and  the  internal  air  occupies  the  re- 
ceiver and  pipe;  when  the  piston  is  withdrawn  to  the 
opposite  end  of  the  barrel,  this  same  air  expands  and 
occupies  the  receiver,  pipe,  and  barrel ;  and  as  the  density 
of  the  same  body  is  inversely  proportional  to  the  space 
it  occupies,  we  shall  have 


ntloofthe 
deiMltlee; 


,  r+i>  +  J:^+i>::-D:x/ 

in  which  x  denotes  the  density  of  the  air  after  the  piston 
is  drawn  back  the  first  time.  From  this  proportion,  we 
find 


flntdialnlilied  ^  ^    n  ^   +  JP 


X  -  D 


<toMlty;  y    +  ^   +    J- 

The  cock  being  turned  a  quarter  round,  the  piston  pushed 
back  to  the  bottom  of  the  barrel,  and  the  cock  again 
turned  to  open  the  conmiunication  with  the  receiver,  the 
operation  is  repeated  upon  the  air  whose  density  is  x,  and 
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we  have 

r  +  p  +  b    :    r  +  p    ::    D  -  ^— r    :    x';  ratio  or  deiuitiet; 

r  •{-  p  +  0 

in  which  x'  is  the  density  after  the  second  backward  mo- 
tion of  the  piston,  or  after  the  second  double  stroke ;.  and 
we  find 


\r  +  p  +  bJ 


X=JJ'   { -.     ,j;  JJJ^ed; 


and  if  n  denote  the  number  of  double  strokes  of  the  piston, 
and  Xn  the  corresponding  density  of  the  remaining  air, 
then  will 

"^  P ].  diminiahed 

r   +  p   +   b/'  density; 

From  which  it  is  obvious,  that  although  the  density  of 
the  air  will  become  less  and  less  at  every  double  stroke, 
yet  it  can  never  be  reduced  to  nothing,  however  great  n 
may  be ;  in  other  words,  the  air  cannot  be  wholly  removed 
from  the  receiver  by  the  air-pump.    The  exhaustion  will 
go  on  rapidly  in  proportion  as  the  barrel  is  large  as  com- 
pared with  the  receiver  and  pipe,  and  after  a  few  double  theair  aumerBr 
strokes,  the  rare&ction  will  be  sufficient  for  all  practical  ^^rtSithm 
purposes.    Suppose,  for  example,  the  receiver  to  contain  tiiereo6iT«r; 
19  units  of  volume,  the  pipe  1,  and  the  barrel  10 ;  then 
win 

r  +  p       _  20  ^  J. 
r  +  p  +  b        SO        *' 


and  suppose  4  double  strokes  of  the  piston;  then  will tuurtnttonf 
n  =  4,  and 

(     r  +  p     y  _  .  ,  _  16  _  /).Q7         1  d«i-«r.iier«i 

\r   +  p  +   b)     ~    '^^^     ~    81  "■   ^--^^'J^^^VI  doDblDitroln; 
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nreftctton  by 
bflfllpumpi; 


gaug««; 


objeoti)  and 
ooliBtnioilon ; 


scale  of  the 
gauge,  tad 
poaltlon; 


lint  Inventor ; 


improTementa; 


Fig.  S20. 


that  is,  after  4  double  strokes,  the  density  of  the  remaining 
air  will  be  but  about  two  tenths  of  the  original  density. 
With  the  best  machines,  the  air  may  be  rarefied  from  four 
to  six  hundred  times. 

The  degree  of  rarefaction  is  indicated  in  a  very  simple 
manner  by  what  are  called  gauges.    These  not  only  indicate 
the  condition  of  the  air  in  the  receiver,  but  also  warn  the 
operator  of  any  leakage  that  may  take  place  either  at  the 
edge  of  the  receiver  or  in  the  joints  of  the  instrument. 
The  mode  in  which  the  gauge  acts,  will 
be  better  understood  when  we  come  to 
discuss  the  barometer;   it  will  be  suffi- 
cient here  simply  to  indicate  its  con- 
struction.   In  its  more  perfect  form,  it 
consists  of  a  glass  tube,  about  60  inches 
long,  bent  in  the  middle  till  the  straight 
portions  are  parallel  to  each  other ;  one 
end  is  closed  and  the  branch  termina- 
ting in  this  end  is  filled  with  mercury. 
A  scale  of  equal  parts  is  placed  between 
the  branches,  having  its  zero  at  a  point 
midway  from  the  top  to  the  bottom,  the 
numbers  of  the  scale  increasing  in  both  directions.     It  is 
placed  so  that  the  branches  of  the  tube  shall  be  vertical, 
with  its  ends  upward,  and  inclosed  in  an  inverted  glass 
vessel,  which  communicates  with  the  receiver  of  the  air- 
pump. 

Eepeated  attempts  have  been  made  to  bring  the  air- 
pump  to  still  higher  degrees  of  perfection  since  the  time 
of  Otto  von  Guericke,  burgomaster  of  Magdeburg,  who 
first  invented  this  machine  in  1560.  Self-acting  valves, 
opening  and  shutting  by  the  elastic  force  of  the  air,  have 
been  used  instead  of  cocks.  Two  barrels  have  been  given 
to  the  air-pump  instead  of  one,  so  that  an  uninterrupted 
and  more  rapid  rarefaction  of  the  air  is  brought  about, 
the  piston  in  one  barrel  being  made  to  ascend  as  that  of 
the  other  descends.    The  most  serious  defect  in  the  air- 
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pomp  was,  that  the  atmcepheric  air  could  not  be  entirely  ihs  m«i  Hriou 
ejected  from  the  barre!,  but  remained  between  the  piston ''f!™*"^"'" 

J  1  f  older  pumpa; 

and  the  bottom  of  the  hairel.  This  intervening  space  is 
filled  with  air  of  the  ordinary  density  at  each  descent  of 
the  piston ;  when  the  cock  is  turned,  and  the  commimica- 
tion  re-established  with  the  receiver,  this  portion  of  air 
forces  its  way  in  and  diminishes  the  degree  of  rarefaction 

Elg.  S21. 


•eoUoo  ot  OBa  o( 


already  attained.  If  the  air  in  the  receiver  is  so  far  rare- 
fied, that  one  stroke  of  the  piston  will  raise  only  such  a 
quantity  as  equals  the  ur  contained  in  this  space,  it  is  plain 
that  no  further  exhaustion  can  be  effected  by  continuing 
to  pump.  This  limit  to  rare&ction  will  he  arrived  at  the  iimiu  u 
sooner,  in  proportion  as  the  space  below  the  piston  is  ™,i,,^, 
larger ;  whence  one  chief  point  in  the  improvements  haa 
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been  to  diminiah  this  space  as  much  as  possible.  ASjb» 
lughly  polished  cylinder  of  glaes,  which  serves  as  the  bar- 
daKriptionorthe  rcl  of  the  piimp;  within  it  the  piston  works  perfectly  air- 
"■'  tight.  The  piston  consists  of  washers  of  leather  soaked  in 
oil,  or  of  cork  covered  with  a  leather  cap,  and  tied  together 
about  the  lower  end  C  of  the  pistoa  rod  by  means  of 
two  parallel  metal  plates.     The  piston-rod  Ob,  which  is 


1^8 


toothed,  is  elevated  and  depressed  by  means  of  a  cog-wheel 
that  is  turned  by  the  handle  M.  If  a  thin  film  of  oil  bo 
poured  on  the  upper  surface  of  the  piston  the  friction  will 
be  lessened,  and  the  whole  will  be  rendered  more  perfectly 
air-tight.  To  diminish  to  the  utmost  the  space  between 
the  bottom  of  the  barrel  and  the  piston-rod,  the  form  of  a 
truncated  con&  is  given  to  the  latter,  so  that  its  extremity 
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may  be  brought  as  nearly  as  possible  into  absolute  contact 
with  the  cock'  E;  this  space  is  therefore  rendered  indefi- 
nitely small,  the  oozing  of  the  oil  down  the  bdrrel  con- 
tributing still  ftirther  to  lessen  it    The  exchange-cock  ^ezchuigtHsock; 
has  the  double  bore  already  described,  and  is  turned  by  a 
short  lever,  to  which  motion  is  communicated  by  the  rod 
ccL    The  communication  GHia  carried  to  the  two  plates  commnnication; 
/and  K,  on  one  or  both  of  which  receivers  may  be  placed; 
the  two  cocks  iVand  0  below  these  plates,  serve  to  cut  off  cat^iroock 
the  rarefied  air  within  the  receivers  when  it  is  desired  to 
leave  them  for  any  length  of  time.    The  cock  0  is  also  an 
exchange-cock,  so  as  to  admit  the  external  air  into  the  cock  to  readmit 

the  air: 

receivers.  ui^mr, 

Pumps  thus  constructed  have  advantages  over  such  as  advantagwor 
work  with  valves,  in  that  they  last  longer,  exhaust  better,  ?^^  ^ 
and  may  be  employed  as  condensers  when  suitable  receivers 
are  provided,  by  merely  reversing  the  operations  of  the 
exchange  valve  during  the  motion  of  the  piston. 

§  278. — The  following  are  some  of  the  most  interesting 
experiments  performed  with  the  aid  of  an  air-pump,  show- 
ing the  expansive  force  of  the  atmosphere,  and  also  the    - 
relations  between  air  of  ordinary  density  and  that  which 
is  highly  rarefied : — 

1st.  Under  a  receiver  place  a  bladder  tied  tightly  about  Experimaiitawith 
the  neck  and  partly  filled  with  air ;  exhaust  the  air  in  the  ■*^p""P' 
receiver,  and  that  confined  within  the  bladder  will  gradu-  iint experiment; 
ally  distend,  proving  experimentally  the  expansive  force 
of  atmospheric  air.    When  the  air  is  readmitted  into  the 
receiver,  the  bladder  will  resume  its  former  dimensions. 

An  analogous  appearance  will  be  exhibited  if  a  jar,  over 
which  some  india-rubber  has  been  tied,  be  placed  beneath 
a  receiver,  and  the  air  be  then  exhausted. 

2d  The  expansive  force,  of  our  atmosphere  is  ftirther 
shown  if  a  long-necked  flask,  or  retort,  be  inverted  so  that 
its  mouth  shall  be  below  the  surface  of  some  water  con- 
tained in  a  vessel,  and  the  whole  be  placed  under  the 
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receiver  of  an  air-pump ;  when  the  pig.  S2«. 

air  within  the  receiver  is  rarefied, 
ahoving  also  the  that  which  was  Contained  in  the 
bulb,  expanding,  escapes  through 
the  water ;  and  on  readmitting  the 
atmosphere  the  water  will  rise  and 
occupy  the  space  vacated  by  the  air. 

3d.  The  transfer  of  a  fluid  from  one  flask  to  another. 
Let  there  be  a  fluid  in  the  flask  A.  The  neck  of  this  flask 
contains  a  glass  tube  fitted  air-tight  into  it,  and  reach- 
turd,  uioitrating  ing  almost  to  the  bottom;  the  tube  being  bent  twice 
at  right  angles,  the  other  end 
passes  freely  through  the  neck  of  a 
second  bottle  B.  Place  this  appa- 
ratus under  the  receiver  of  an  air- 
pump,  and  exhaust;  the  fluid  will 
mount  up  from  the  bottle  A  and 
pass  through  the  tube  over  into  the 
bottle  B.  Readmit  the  air,  the  fluid  will  pass  back  again. 
4th.  Place  Hero's  ball  imder  the  receiver  when  half 
filled  with  water,  and  exhaust ;  the  expansion  of  the  air 
within  will  send  the  water  up  through  the  tube  in  a  jet 


the  same 
prindple; 


fourth. 


Fig.  828. 


Atmoepherle 

mlatuoe 

lUoilnted; 


Fig,  824 


§  279. — When  a  piece  of  metal  and  a  feather  are  aban- 
doned to  their  own  weight  in  the  air,  they  Ml  with  very 
different  velocities.  The  cause  is  the  great  disparity  in 
the  extent  of  surfaces  exposed  to  the  resistance  of  the  air 
as  compared  with  the  weights. 

Let  a  and  b  be  two  wheels  re- 
sembling the  arms  of  a  windmill, 
with  this  diSerenoe  only,  that  the 
vanes  of  b  shall  strike  the  air  with 
their  broad  faces,  whilst  those  of  a 
shall  cut  it  edgewise;  each  has  a 
separate  axis  on  which  it  revolvea 
By  means  of  a  mechanical  contri- 
vance a  rapid  rotary  motion  is  com- 
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Instrumeiit. 


municated  to  them.     In  order  that  this  may  act  under 

a  receiver,  a  rod  must  be  made  to  pass  through  an  air-  deMripuon  and 

tight  leather  stuffing-box  e;  at  the  end  of  the  rod  is  a  "*»*''"*• 

curved  arm  d,  which  drives  the  wheels.    If  the  rotation 

take  place  in  vacuo,  the  two  wheels  a  and  b  will  cease  to 

revolve  simultaneously ;  whereas,  if  the  motion  take  place 

in  the  ordinary  atmosphere,  the  resistance  of  the  latter 

win  bring  6  to  a  stand  long  before  a  ceases  to  turn. 


Fig.  826. 


bistniment  by 
whieh  ttiii  mmj 
beiUualnted; 


§  280. — The  atmosphere  is  the  ordinary  medium  through  Enbets  of 
which  sound  is  transmitted  to  the  ear.     In  proportion  as  ^<-- 
the  air  becomes  moie  rarefied,  the  transmission  of  sound 
through  it  becomes  more  feeble. 

Under  a  receiver  furnished  with  a  leather  stuffing-box, 
place  a  bell  whose  clapper  may  be  struck  by  a  rod  passing 
through  the  bdx,  taking  care  to  place  the  bell  on  some  soft 
unelastic  substance,  to  prevent  its  communicating  sound  to 
the  plate  of  the  pump  and  thus  to  the  external  air.    The 
annexed  figure  represents  such  an 
apparatus,  which  may,  however,  be 
considerably  varied:  a  is  the  bell, 
b  the  clapper  attached  by  a  spring 
to   a  thin  plate  of  wood  c,   into 
which  the  support  of  the  bell  is 
screwed ;  ^  is  a  leather  drum  stuffed 
with    horse-hair,    fitting   into    the 
upper  wooden  plate  c,  and  into  a 
lower  plate  d,  by  which  the  whole 
apparatus  is  &stened  down  to  the 
plate  of  the  pump ;  lastly,  h  is  the 
lever  by  which  the  clapper  is  agi- 
tated.   After  about  10  strokes  of  the  piston,  the  sound 
becomes  sensibly  more  feeble,  and  if  the  exhaustion  be 
continued  long  enough  it  will  cease  altogether. 

Air  is  necessary  to  respiration.    Place  a  bird  beneath  ■irisneeMniyto 
the  receiver  of  an  air-pump ;  a  few  strokes  of  the  piston  will  '"p*'^^» 
cause  it  to  make  convulsive  struggles,  and  death  will  soon 


550  NATURAL    PHILOSOPHY. 


ensue  unless  air  be  admitted.  Warm-  F*  826. 

place  a  bird  In     blooded   anlmals,  as  birds,   die  if 
therecei^rerofa  ^^f^^^^  ^  carried  to  a  smaU 

pump  aaa 

exfaauBt;  degree;    cold-blooded  animals,   on 

the  contrary,  endure  a  high  degree 
ofrare£stction.  Many  birds  ascend  to 
considerable  heights  in  the  atmo- 
sphere, and  it  may  be  hence  inferred 
that  the  density  of  the  air  at  these  altitudes  is  greater  than 
that  in  the  exhausted  receiver  of  an  air-pump. 

Air  is  necessary  to  combustion.    Introduce  a  taper  into 
a  bell-shaped  receiver  full  of  atmospheric  air,  and  observe 

airisneooaaary  to  the  time  it  will  Continue  to  bum.  Light  the  taper  again, 
place  it  beneath  the  receiver  and  exhaust  quickly,  after  it 
has  been  replenished  with  fresh  air ;  the  flame  will  expire 
much  sooner  than  before. 

To  the  same  cause  it  is  owing  that  in  vacuo  no  light  is 
produced  by  striking  a  flint  and  steel  together. 


oombualion. 


IX. 


WEIGHT    AND    PRESSURE    OF    THE    ATMOSPHERE. 

§  281. — ^From  the  resistance  which  the  atmosphere 
opposes  to  the  motion  of  bodies  through  it,  we  might 
infer  that  it  has  weight  as  well  as  inertia.  That  it  has 
The  atmoaphero  weight  is  obvious  from  the  fact  that  the  atmosphere 
haa weight;  incascs,  as  it  wcrc,  the  whole  earth:  if  it  were  destitute 
of  weight  and  subjected  only  to  the  repulsive  action 
among  its  own  particles,  it  would  recede  further  and 
further  and  extend  itself  throughout  space.  But  the 
existence  of  weight  in  the  atmosphere  may  be  shown 
experimentally,  thus :- — 
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Fig.  821 


experiuMol  to 
ahowUiiB; 


Take  a  flask  of  some  two  or  three  inches  in  diameter, 
having  an  air-tight  stop-cock.    Suspend  it  from  one  end 
of  the  balance-beam  and  as- 
certain its  weight  when  filled 
with  air.    Exhaust  the  air, 
by  means  of  the  air-pump, 
and  the  flask  will  be  found 
lighter  than  before ;  readmit 
the  air,  it  will  regain  its  for- 
mer weight    Force  into  the 
flask  an  additional  quantity 
of  air,  by  means  of  the  air- 
pump,  used  as  a  condenser,  and  the  weight  will  be  found 
to  be  increased. 

Since  the  atmosphere  has  weight,  it  must  exert  a 
pressure  upon  all  bodies  in  it.     To  illustrate  the  truth  the  air  exansa 
of  this,  fiU  with  mercury  a  glass  tube,  about  82  or  88  S^^i"^°it" 
inches  long,   and  closed  at 
one  end  by  an  iron  stop-cock. 
Close  the  open  end  by  press- 
ing the  finger  against  it,  and 
invert  the  tube  in  a  basin  of 
mercury ;  remove  the  finger, 
the  mercury  will  not  escape, 
but  remain  apparently  sus- 
pended   nearly    80    inches 
above  the  level  of  the  mer- 
cury in  the  basin. 

If  we  consider  the  cir- 
cumstances attending  this 
experiment,  it  will  be  seen 

that  the  tube  containing  the  mercury  forms  with  the 
basin  a  system  of  commimicating  tubes,  as  in  §  259.    Now 
the  atmosphere  rests  on  the*mercury  in  the  basin,  and  is 
excluded  by  the  glass  from  that  in  the  tube,  above  which  effector 
there  is  therefore  a  vacuum.    Withdraw  the  atmosphere  external 
from  the  surfEice  of  the  mercury  in  the  basin,  and,  by  the  atmoaphen; 


Fig.  828. 


experlmenl  to 
Uluatraiethii; 
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law  of  equilibrium  of  fluids,  the  mercury  will  descend  in 
the  tube  till  it  cornea  to  a  level  with  that  without ;  icstoie 
the  pressure   of   the  atmo- 
sphere, and  the  mercvuy  in 
the  tube  will  again  rise  to  %■  >*>• 

its  former  height.  This  m 
well  illustrated  by  the  fol- 
lowing device.  ^  is  a  re- 
ceiver closed  air-tight  at  the 
top  by  means  of  a  metallic 
plate ;  a  ia  a  tube  filled  with 

mercury  after   the  manner  ^ 

just  described,  and  termina- 
ting at  the  open  end  in  an 
inverted  vial-shaped  vessel 
— this  tube  passes  air-tight 
through  the  plate  on  the 
receiver ;  6  is  a  second  tube 
bent  in  the  manner  indicated 
in  the  figure,  and,  like  the 

tube  a,  it  terminates  at  one  end  in  a  vial-shaped  vessel, 
but  is  open  at  both  ends ;  this  tube  communicates  with 
the  receiver  by*  passing  through  the  metaUic  plate  at  top, 
and  thus  a  connection  is  established  between  the  open  air 
and  the  interior  of  the  receiver.  Mercury  being  poured 
into  the  vial  of  the  tube  b,  it  will  rise  to  the  same  level 
on  either  side  of  the  bend  m,  and  the  commonioatioQ 
between  the  interior  of  the  receiver  and  exterior  air 
will  be  interrupted.  The  receiver  being  placed  apon  the 
plate  of  the  air-pump  and  the  air  exhausted,  the  mercniy 
will  descend  in  the  tube  a,  and  aaoend  in  the  tube  b  to- 
wards the  bend  at  the  top;  readmit  the  air  into  the 
receiver,  the  meicuiy  will  rim  in  the  tube  a  and  tall  in  the 
tube  b. 

From  this  we  see,  that  the  atmospheric  air  presses  on 

the  mercoiy,  and  indeed  upon  the  surfaces  of  all  bodies 

'  exposed  to  it^  with  a  force  suf^ent  to  "iwntwn  the  qttick- 
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silyer  in  the  tube  at  a  height  of  nearly  30  inches ;  whence, 
ike  intensity  of  its  pressure  must  be  equal  to  ike  weight  of  a 
column  of  mercury  whose  base  is  equal  to  that  of  the  su/rface 
pressed  and  whose  altitude  is  ahoui  30  inches.     The  force  thus  atmospheiio 
exerted  is  called  the  atmospheric  pressure.  *^'^""' 

The  absolute  amount  of  atmospheric  pressure  was  first 
discovered  by  Torricelli,  a  pupil  of  Galileo;   the  tubes 
employed  in  the  experiments  are  called,  on  this  account, 
Torricellian  tubes,  and  the  vacant  space  above  the  mercury  Torrioemm 
in  the  tube  is  called,  the  Torricellian  vacuum,  to  distinguish  !5jj!ri(liiian 
it  from  that  of  a  receiver,  which  is  frequently  called  the  vacuum; 
Gbierickian  vacuum,  from  Otto  von  Guericke,  who  first 
invented  the  air-pump. 

The  pressure  of  the  atmosphere  at  the  level  of  the  sea 
wUl  support  a  column  of  mercury  30  inches  high.  Now, 
if  we  suppose  the  bore  of  the  tube  to  have  a  cross-section 
of  one  square  inch,  the  atmospheric  pressure  up  the  tube  atmoepherie 
will  be  exerted  upon  this  extent  of  surfitce,  and  will  sup-  ^7"!iahe  sea- 
port 80  cubic  inches  of  mercury.  Each  cubic  inch  of 
mercury  weighs  0.49  of  a  pound — say  half  a  pound — ^fiom 
which  it  is  apparent  that  ike  surfaces  of  all  bodies,  at  the  level 
of  ike  secLj  are  subjected  to  an  atTnospheric  pressure  of  fifteen 
pounds  to  each  square  inch. 

The  body  of  a  man  of  ordinary  stature  has  a  surface  of  prewure  upon 
about  2000  square  inches ;  whence,  the  whole  pressure  to  I^^T****^'* 
which  he  would  be  exposed,  at  the  level  of  the  sea^  is 
15  pounds  X  2000  =  80000  pounds. 

The  pressure  of  the  atmosphere,  resulting  as  it  does 
from  ite  weight,  it  is  an  easy  matter  to  estimate  the  weight 
of  the  entire  atmosphere  of  the  earth.    It  will  be  sufficient  weight  of  the 
to  compute,  from  the  known  diameter  of  the  earth,  the  aunolpheie; 
extent  of  its  surface  in  square  inches,  and  to  multiply  this 
by  fifteen ;  the  product  will  be  the  weight  in  pounds. 

When  the  height  of  the  mercury  in  the  Torricellian 
tube  is  30  inches,  the  atmospheric  pressure  will  support  in  ooianm  orwater 
vacuo  a  column  of  water  84  feet,  the  specific  gravity  of  "^^i^ht^*'** 
mercury  being  13.6  referred  to  water  as  a  standard.    This  preeaura; 
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Magdeburg 
hemUpheres; 


deieription  and 
mode  of  uaing ; 


has  been  verified  by  Hanson  and  Sturm,  who  actually 
performed  the  experiment  at  Leipzig. 

The  atmospheric  pressure  is  exhibited  in  a  most  stri- 
king way  by  means  of  the  Magdeburg  hemispheres.  These 
are  two  hollow  hemispheres,  of  brass  or  copper,  whose 
edges  fit  air-tight,  each  hemisphere  being  furnished  with  a 
strong  ring  or  handle,  one  of  them  also  having  a  tube  with 
stop-cock.  Place  the  two  hemi- 
spheres together,  connect  them  with 
the  communication-pipe  of  the  air- 
pump,  exhaust  the  air,  and  turn  the 
stop-cock,  and  disconnect  from  the 
pump.  It  will  -be  found  that  great 
force  will  be  necessary  to  pull  the 
hemispheres  asunder.  If  the  diame- 
ter of  the  hemispheres,  as  in  the  case 
of  those  employed  by  Guericke,  in 
one  of  his  experiments,  were  2  feet, 
the  number  of  square  inches  in  a 
great  circle  would  be 


examples  of 
Gaericke*8 
hemlapheres ; 


8.1416  X  (y)    =  452.89, 


and  the  force,  estimated  in  pounds  to  overcome  the  pres- 
sure, would  be 


the  Ibrcing  of 
fluid  ttiroagh 
ponaof  aoUds; 


15  X  452.89  =  6785.85. 

In  the  experiment  referred  to 
above,  there  were  successively  from 
14  to  80  horses  harnessed  to  the 
hemispheres,  without  effecting  the 
separation. 

The  pressure  of  the  atmosphere 
will  force  fluids  through  such  solid 
bodies  as  are  porous.  Let  £  be  a 
long  receiver,  provided  with  a  tube 


Pig.  881. 


^ 


f 
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Fig.  882. 


atmospheric 
pressure  la 
exerted  In  erery 
direction ; 


and  stop-cock  C  at  one  end,  for  tlie  purpose  of  connecting 
with  tlie  air-pump,  and  at  the  other  a  perforated  metallic 
plate  a  a,  into  which  fits,  air-tight^  a  wooden  cup  5,  whose  instrument  to 
pores  are  in  the  direction  of  the  axis  of  the  tube.  This  «*»»**>" this; 
cup  being  filled  with  mercury,  and  the  air  exhausted  by 
the  air-pump,  the  mercury  will  fall  in  a  fine  shower  down 
the  receiver.  The  tube  below  is  made  to  enter  the  re- 
ceiver, and  to  curve  over  at  the  top  to  prevent  the  mer- 
cury fi-om  falling  into  the  communication-pipe  of  the 
pump. 

The  atmosphere  presses  not  only 
downward,  but  upward,  and  later- 
ally in  all  directions.   This  is  shown 
by  the  following  experiment :  The 
two  hemispheres  A  and  B^  are  con- 
•nected  by  a  tube  in  such  manner 
that  one  of  them  may  turn  about  a 
joint  Q  while  the  other  is  stationary. 
Place  the  hemisphere  A  upon  the 
plate  of  the  air-pump,  and  upon  B 
lay  a  plane  plate  of  glass  or  metal  fitting  it  air-tight.    Ex- 
haust the  air,  and  the  hemisphere  B  may  be  turned  in  any 
direction  without  its  plate  falling  off    This  equal  pressure 
of  the  atmosphere  in  all  directions,  is  of  great  practical 
utility,  as  we  shall  presently  see  when  we  come  to  speak 
of  siphxms  and  waiter-pumps.    To  this  pressure  it  is  owing 
that   flies,   and   other  insects,   are 
enabled  to  support  themselves  upon 
smooth  vertical  walls,  and  in  in- 
verted positions  upon  the  ceilings 
of  rooms,  &c.    The  feet  being  flat 
and  flexible,  are  brought  close  a- 
gainst  the  wall  or  ceiling  so  as  to 
exclude  the  air,  the  centre  of  the 
foot  is  then  drawn  away,  leaving  the  margin  in  contact ; 
a  partial  vacuum  is  thus  formed,  and  the  external  pressure 
of  the  air  is  sufficient  to  support  the  weight  of  the  insect. 


Fig.  888. 


exemplifloition 
of  this  in  the 
adhesion  of 
insects  to  waUs 
andceillngB. 
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X. 


mariotte's  law. 


connecting  thu 
pressure,  densityf 
and  elMticUy ; 


the  Inttmment 
for  eompressiug 
the  air; 


Fig.  884. 


V? 


n 


Mariotte'siaw;  §  282. — ^We  have  Seen  that  the 
atmosphere  readily  contracts  into  a 
smaller  volume  when  pressed  exter- 
nally, that  it  as  readily  regains  its 
former  dimensions  when  the  pres- 
sure is  removed,  and  that  it  is, 
therefore,  both  compressible  and 
elastic.  Let  us  now  consider  the 
law  which  connects  the  pressure 
density y  and  elasticity.  For  this  pur- 
pose, procure  a  siphon-shaped  tube 
ABD^  open  at  -4,  the  end  of  the 
longer  branch,  and  hermetically 
sealed  at  the  end  D  of  the  shorter 
branch.  Place  between  the  branch- 
es, and  parallel  to  them,  a  scale  of 
equal  parts,  say  inches,  having  its 
zero  on  the  line  o  o. 

Pour  in,  at  the  open  end  A,  as 
much  quicksilver  as  will  fill  the 
horizontal  part  of  the  tube,  and 
bring  its  upper  surface  to  the  zero 
line  in  both  branches;  a  quantity  of  atmospheric  air  of 

modeofiiaingit;  ordinary  density  will  then  be  confined  in  the  shorter 
branch.  The  expansive  action  of  this  air,  resisting,  as  it 
does,  the  pressure  of  the  external  air,  is  measured  by  the 
weight  of  a  column  of  mercury,  whose  base  is  a  section  of 
the  tube  and  height  80  inches.  Pour  into  the  longer 
branch  an  additional  quantity  of  mercury ;  it  will  rise  in 
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tho  shorter  braiicli,  and  cause  the  air  above  it  to  be  com- 
pressed  into  a  smaller  space,  but  the  heights  at  vhich  it 
Trill  stand  in  the  two  branches  -will  be  different.  The 
difference  between  these  two  heights,  added  to  30  inches,  dei^num 
will  be  the  altitude  of  the  column  of  mercury,  whose  ^p^i„^ 
weight  is  just  sufl&cient  to  resist  the  expansive  action  of 
the  confined  air.  Now  it  is  found  bj  trial,  that  when  the 
air  in  the  shorter  branch  is  compressed  into  half  its  primi- 
tive  volume,  the  difference  of  level  of  the  mercury  in  the 
two  branches  is  just  30  inches,  thus  making  the  compress- 
ing force  double  what  it  was  before ;  that  when  it  is 
compressed  into  one  third  of  its  original  volume,  the  dif- 
ference of  level  is  60  inches,  thus  trebling  the  pressure ; 
when  compressed  into  one  fourth,  the  difference  of  level  is 
90  inches,  thus  quadrupling  the  pressure,  and  so  on. 
Hence  we  see,  that  in  compressing  the  same  quantity  of 
air  into  smaller  spaces,  the  volumes  occupied  by  it  are  in-  Toinmn  v 
veneh/ proportional  to  the preaaures.  n"^ 

This   law  holds   equally   when  the  ihepiwBir 

air,  instead  of  being  compressed,  is  per- 
mitted  to  expand.     Let  ai  be  a  glass  „ 

tube,  about  83  inches  long,  one  end  a, 

being  fitted  with  an  air-tight  cock,  and  innnuasiii 

the   entire    length   of   the   tube  being  oip«idiag 

graduated  in  inches.  Open  the  cock  a, 
immerse  the  tube  with  its  open  end 
downward  into  the  vessel  A,  previously 
half  filled  with  mercury,  which  will,  of 
necessity,  stand  at  an  equal  height  within 
and  without  the  tube.  Now  close  the 
oock  a,  and  so  confine  a  portion  of  air 
at  its  ordinary  density  within  the  tube 
above  the  surface  of  the  mercury. 

Elevate  the  tube  any  distance  what- 
ever, taking  care  that  its  open  end  shall 
be  below  the  sorface;  the  air  will  ex- 
pand, and  fill  a  larger  portion  of  the 
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weight  of  tho 
■nspended 
colamn  of 
mercury  plus 
elastic  force  of 
ounflned  air, 
equal  to 
atmoapherlc 


ezperimenta 
made  at  Paris; 


tube,  though  a  column  of  mercury  will  still  stand  at  an  ele- 
vation above  the  outer  level,  so  that  the  weight  of  this 
column,  with  the  elastic  force  of  the  inclosed  air,  counter- 
balances the  natural  pressure  of  the  atmosphere.  The  pres- 
sure therefore  which  the  included  air  sustains,  is  equal  to 
the  weight  of  a  column  of  mercury  80  inches  high,  minus 
that  of  the  column  supported  in  the  tube.  Let  the 
space  full  of  air  above  the  mercury  in  the  closed  tube 
be  3  inches;  lift  up  the  tube  so  that  this  space  shall 
be  6  inches,  the  mercury  will  be  found  to  stand  in 
the  tube  15  inches  above  that  in  the  outer  vessel.  Here 
the  volume  of  the  air  is  doubled,  and  the  pressure 
upon  it  is  30  —  15  =  15  =  one  half  of  30,  what  it  was 
before.  Again  raise  the  tube  till  the  volume  of  air  be- 
comes 9  inches  long,  the  mercury  in  the  tube  will  be 
found  to  stand  20  inches  higher  than  in  the  outer  vessel; 
here  the  volume  is  three  times  its  primitive  volume,  and 
its  pressure  30  —  20  =  10  =  one  third  of  30,  its  original 
pressure ;  whence  the  law  is  manifest. 

By  experiments  made  at  Fans,  it  has  been  found  that 
this  law  obtains  when  air  is  condensed  27  times,  and  rare- 
fied 112  times.  Other  gases  obey  it  also,  till  the  pressure 
becomes  a  few  atmospheres  less  than  that  at  which  they 
assume  a  liquid  form. 

The  density  of  the  same  quantity  of  matter  is  inversely 
proportional  to  the  volume  it  occupies.  I^  therefore,  P 
be  the  pressure  upon  a  unit  of  surfisu^e  necessary  to  pro- 
duce a  density  unity,  p  the  pressure  corresponding  to  a 
density  2>,  then,  according  to  this  law,  will, 


eUEpfSSBiOB  of 

Martotte^tolAW. 


p  ^  PD 


(286). 


This  law  was  investigated  by  Boyle  and  Mariotte,  the 
former  in  1660,  and  the  latter  in  1668,  and  is  now  known 
as  Mariotte*8  law. 
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LAW    OP    THE    PRESSURE,    DENSITY,    AND    TEM- 
PERATURE. 

§  283. — ^It  is  a  xiniyersal  law  of  nature  that  heat  ex-  Law  oonneeting 
pp  ads  all  bodies,  and  is  ever  active  in  producing  changes  ^nair's^d' 
of  density.    We  have  now  to  consider  the  law  of  this  temperature ; 
change  in  air. 

It  has  been  ascertained,  experimentallj,  that  air,  sub- 
jected to  any  constant  pressure,  will  expand  0.00208th  of  laie  of  the  air'i 
its  volume  at  82®  Fahr.,  for  each  degree  of  the  same  scale  •^p'^**"* 
above  this  temperature;  so  that  if  Fi  be  the  volume  of  the 
air  at  82°,  and  V  its  vplume  at  any  other  temperature  t^ 
then  will 

F  =   Fi  [1  -f  (t  -  82°)  0.00208)] .  .  (287). 

K  D^  be  the  density  at  82°,  under  a  pressure  jp,  and 
D  that  at  the  temperature  %  under  the  same  pressure, 
then,  because  the  densities  are  inversely  as  the  volumes, 
will 


Vi   :    Fi  [1  +  (^  -  82°)  0.00208]    : :    D   :    D,; 
whence 


talae  for  any 
temperature 
under  a  eoutant 
preware; 

denalty  at  aqjr   "^ 


D   =   --^ .     .     (288).        temperatara 

1  +  (^  -  82°)  .  0.00208  ^        ^        wKlera  — 


pnmm; 


If  ^,  denote  the  pTesaore  neceasary  to  restore  this  air  to 
{he  density  D„  we  shall  have  from  Mariotte's  law 

:   D,   '.:  p  :  p,; 


1  +  (*  -  82°)  0.00208 
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whence 


preMoro  to 
prudiice  at  s 
giren 

temperature  a 
density  at  33'' 
under  a  g^ven 
preasore; 


weight  of  a 
column  of 
merciuy; 


•    p^=pil  ^{t-  32")  0.00208]  .   .   (239). 


Again,  let  the  pressure  p  be  produced  by  the  weight  of 
a  column  of  mercury,  having  a  base  unity,  and  an  altitude 
h^^j  taken  at  a  given  latitude,  say  that  of  45°,  in  order  that 
the  force  of  gravity  may  be  constant.  Denoting  the  den- 
sity of  the  mercury  by  D^^,  its  weight  will  be 

in  which  g*  denotes  the  force  of  gravity  at  the  latitude 
of  45°. 

Substituting  this  for  p,  in  Eq.  (236),  we  have 


D,,  K  9'  =  PD ; 


whence 


proaanre  to 
produlbe  a  unit  of 
density; 


indilferent 


form; 


and  substituting  the  value  of  D,  given  in  Eq.  (238),  this 
becomes 

P  =  ^ii£  [1  +  (^  -  82°)  0.00208]  .  .  (240), 


From  Eq.  (236),  we  have 


and  substituting  the  value  for  P  above,  we  get 


deniityataso 
under  a  conatant 


D  = 


pD, 


D„  K  g'  [!  +  (*-  32°)  0.00208]' 
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Denote  hj  h  the  height  of  the  column  of  mercuiy  at  S2°| 
neceasarj  to  produoe  upon  a  unit  of  swc&ce  the  pressure 
p,  then  will 

freight  ofa 
eolnmnof 
J).  ==    D^^hg' f  mereoiy  equal  to 

theoooalant 
prawore; 

which,  substituted  for  p  above,  gives,  after  striking  out  the 
common  &ctors, 

^                           B^h  deniity  at  3S» 

-t/   —    z — rr: — ■ — 5- ..  undar  a  ooDitaat 


K  [1  +  (<  -  82°)  0.00208]" 


ineamre; 


Now,  when  h,,  becomes  30  inches,  then  will  D^  take  the 
value  given  in  the  table  of  §  275  opposite  the  name  of 
the  gas  or  vapor  under  consideration,  and  we  have,  for 
the  practical  application  of  that  table, 

density 
--  -  answering  to  a 

n  =  _'  V - r240V  •  ^"""^ 

80         1+  (<-  82°)  0.00208  '     *     ^        ^  '.tompeiatareaiid 

barometile 
oolvmn; 

in  which  D,  is  the  tabular  specific  gravity  or  density,  h 
the  height  of  the  column  of  mercury  expressed  in  inches, 
and  D  the  density  of  the  gas  pressing  upon  the  mercury. 

Example,  What  is  the  density  of  atmospheric  air,  when 
the  barometer  stands  at  26  inches  and  thermometer  at  example  to 
42°?    In  this  case,  2),  wiU  be  found  in  the  table  to  \^'l^J^^ 
0.0018,  whence 

i>=  0^0013  26 ^ 

80         1  +  (42°  -  32°)  0.00208 

We  are  now  prepared  to  understand  how  the  values  of 
2)^,  in  the  table  just  referred  to,  were  obtained,  and  of 
which  no  explanation  has,  thus  far,  been  made. 

It  win  be  recollected  that^  when  referred  to  the.  same  to  obtain  tbe 
standard,  the  numbers  which  express  the  specific  gravities  ^^^  ''***^ 
of  bodies  also  express  their  densities,  and  that  the  specific 
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QMcUlc  gravity 
of  any  body; 


gravity  of  a  body  is  the  ratio  obtained  by  dividing  the 
weight  of  the  body  by  that  of  an  equal  volume  of  the 
standard  substance.  The  sBses  and  vapors  are  incessantly 
ch^ging  ^  denriti«,  L  »cou«.  of  the  ™yi^  p  J- 
sures  and  temperatures  to  which  they  are  subjected. 
Tabulated  densities  must,  therefore,  correspond  to  a 
standard  of  temperature  and  of  pressure.  Thirty-two 
degrees  Fahrenheit's  scale  is  adopted  for  the  former ;  and 
density  or  gaaea,  the  Weight  of  a  column  of  mercury,  at  the  same  tempera- 
^  ture,  having  an  altitude  equal  to  thirty  inches,  and  resting 

upon  a  base  whose  area  is  a  superficial  unit,  is  taken  for 
the  latter. 

By  a  very  simple  transformation  of  Eq.  (240)',  we  find 


standard 
temperature  and 
preoaure  for 


labQlar  ralue  for 
density; 


])  ,  80  X  [1  +  (<  -  82^)  0,00208]  ^  ^ 


Fig.  S86. 


To  make  this  formula  applicable  to  any  gas,  it  will  only 
be  necessary  to  observe  h,  by  means  of  a  barometer  in  the 
atmosphere;  <,  by  a  thermometer 
in  contact  with  the  gas ;  and  to  find 
Z),  corresponding  to  these  quan- 
tities, by  the  following  process: 
Provide  a  glass  vessel  A,  whose 
mouth  may  be  closed  by  a  stop- 
cock B,  air-tight,  and  of  which 
the  bottom  terminates  in  a  long 
»i  for  finding  narrow  tube  G,  closed  at  the  end. 
Toii^of'^;  ^*  ^^^  capacity  of  this  vessel  be 
carefiilly  ascertained  by  filling  it 
with  water,  and  pouring  this  water 
afterward  into  a  graduated  vessel ; 
also  let  the  tubular  portion  0  be 
graduated  and  numbered  by  tenths, 
hundredths,  &&,  so  that  the  num- 
bers shall  increase  towards  the 
smaller  end,  and  express  that  portion  of  the  entiie  capacity 
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of  the  vessel,  regarded  as  unity,  whicli  is  comprised  be- 
tween its  mouth  B  and  these  numbers. 

This  being  understood,  denote  the  weight  of  this  ves- 
sel by  Wr, ;  that  of  a  volume  of  air,  or  of  the  gas  under 
consideration,  equal  to  the  contents  of  the  vessel,  and  nouuon; 
onder  the  pressure  h  and  temperature  ^,  by  WL  ;  the  buoy- 
ant effort  of  the  atmosphere,  under  the  same  pressure  and 
temperature,  by  e;  and  the  weight  required  to  counter- 
poise the  vessel  filled  with  air  by  Tt^,  then  will 


Wi   —     Wv    "T    Wa  C,      .      •      .      (a).        filled  with  air; 

Connect  with  the  air-pump,  and  exhaust  as  far  as  conve- 
nient; close  the  stop-cock,  disconnect  and  weigh  again,  and 
denote  the  weight  necessary  to  coimterpoise  the  vessel 
with  its  rarefied  air  by  W^  and  we  shall  have 

weight  of  TBMOl 

TFi  =  TFi  +  Wi,  —  e;  auedwith 

iweAedalr; 

in  which  TFi,  denotes  the  weight  of  the  rarefied  air  re- 
maining in  the  vessel. 

Subtracting  this  itdtn.  the  equation  above,  we  find 

*■••//  extracted  air; 

which  is  obviously  the  weight  of  the  extracted  air. 

Now  immerse  the  vessel  in  water,  mouth  downward, 
and  open  the  stop-cock ;  the  liquid  will  enter,  and  taking 
care  to  keep  its  level  on  the  inside  and  outside  the  same, 
the  water  will  come  to  rest  at  or  near  some  one  of  the 
graduated  points  on  the  tube.  The  air  or  gas  within  will 
then  have  the  same  elasticity  as  the  external  atmosphere, 
and  the  reading  h  of  the  barometer  becomes  applicable  to 
the  gas.  This  graduated  point  will  make  known  theTohmMofiiMait 
volume  T  of  air  or  gas  extracted;  and,  knowing  its jj^j^^^^^^^j^ 
weight,  that  of  a  volume  equal  to  the  contents  of  the 
whole  vessel,  which  we  have  denoted  by  TF«,  may  be 
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found  from  the  proportion 


F  :    TTj  -   TT,   ::    1    :    TT./ 


whence 


wdghtofllM 
TMMl  llUad  wiih 
■irimdar  the 
bvomeMo 


Wi  -  w,  _ 

V 


=  w. 


{by 


Next  fill  the  vessel  with  water,  and  weigh  again ;  denote 
the  counterpoising  weight  by  W^  and  the  weight  of  the 
contained  water  by  Tf^,  and  we  shall  have 

•  •         • 

TT,  =  TT,  +  TT.  -  e; 


waightorflM 
Ml  of 


and  subtracting  Eq.  (a),  we  find 


TT,  -  TTi  =  W;  -  F«; 


adding  Eq.  (i),  we  find 


W^-W^  +  ^'  y  ^'  =   TT,; 


ntioorfhe 
woigiito  of  Miul 
Tolonei  of  water 
ftndgM; 


and  dividing  Eq.  (5)  by  this  one^  wenget 
TTi  -  Wt 


El 

TF« 


Multiplying  both  members  by  the  tabular  density  d  of 
water  corresponding  to  the  temperature  of  that  employed, 
and  dividing  both  numerator  and  denominator  of  the  first 
member  by  Tl^  —  TFi,  we  finally  get 


dflndljortlM 
•Ir; 


TF« 


X  cL 


But  the  second  member  is  the  specific  gravity  or  density. 
Z)  of  air  or  gas,  under  the  pressure  h  and  temperature  t 


MECHANICS    OF    FLUIDS.  566 


Whence,  to  find  the  value  of  2?,  we  have  this  rule,  viz. : 
Weigh  the  vessel  full  of  the  gas  under  consideration; 
exhaust,  and  weigh  a  second  time;  find,  by  admitting procMi for 
water,  the  volume  of  gas  exhausted  by  the  pump ;  fill  ^^^gp^^Me 
with  water,  and  weigh  a  third  time ;  then  divide  the  dif-  gwrityof  bi 
ference  between  the  last  and  first  weights  by  the  differ- 
ence between  the  first  and  second ;  multiply  this  quotient 
by  the  volume  exhausted ;  increase  this  product  by  unity, 
and  divide  the  tabular  density  of  water,  corresponding  to 
its  observed  temperature,  by  this  sum.    The  value  of  J9, 
thus  found,  and  the  observed  values  of  h  and  t,  being  sub- 
stituted in  the  value  for  i>^,  this  latter  may  be  found  and 
tabulated. 


XIL 

BABOMETEB. 

§  284. — The  atmosphere  being  a  heavy  and  elastic  fluid,  The  barometer; 
is  compressed  by  its  own  weight.    Its  density  cannot  be 
the  same  throughout,  but  diminishes  as  we  approach  its  density  end 
upper  limits  where  it  is  least,  being  greatest  at  the  surface  J!^^^^ 
of  the  earth.    K  a  vessel  filled  with  air  be  closed  at  the  diftventpiaoee; 
base  of  a  high  mountain  and  afterward  opened  on  its 
summit,  the  air  will  rush  out ;  and  the  vessel  being  closed 
again  on  the  summit  and  opened  at  the  base  of  the  moun- 
tain, the  air  will  rush  in. 

The  evaporation  which  takes  place  fix)m  large  bodies 
of  water,  the  activity  of  vegetable  and  animal  life,  as  well 
as  vegetable  decompositions,  throw  considerable  quantities 
of  aqueous  vapor,  carbonic  acid,  and  other  foreign  ingre-  foreign 
dients  temporarily  into  the  permanent  portions  of  the|J^^*JJ|^*"*^ 
atmosphere.    These,  together  with  its  ever- varying  tem-  change  of 
perature,  keep  the  density  and  elastic  force  of  the  air  in  a       ^** 
state  of  almost  incessant  change.    These  changes  are  indi- 
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barometar; 


weather-glaH; 


detcription  of 
the  twromaier; 


column  of 
mercarrtai 
oqulUbrio  with 
■tmospheric 
preMon; 


eommoii 

mountain 

baromatar; 


Fig.  887. 


Da  Loeli  iiphon 
baromatar; 


cated  by  the  Barometer ,  an  instrument  employed  to  measoie 
the  intensity  of  atmospheric  pressure,  and  frequently  called 
a  tuecUher-glasSj  because  of  (Sertain  agreements  found  to  ex- 
ist between  its  indications  and  the  state  of  the  weather. 

The  barometer  consists  of  a  glass  tube  about  thirty-four 
or  thirty-five  inches  long,  open  at  one  end,  partly  filled 
with  distilled  mercury,  and  inverted  in  a  small  cistern  also 
containing  mercury.  A  scale  of  equal  parts  is  cut  upon  a 
slip  of  metal,  and  placed  against  the  tube  to  measure  the 
height  of  the  mercurial  column,  the  zero  being  on  a  level 
with  the  surface  of  the  mercury  in  the  cistern.  The  elastic 
force  of  the  air  acting  freely  upon  the  mercury  in  the  cis- 
tern, its  pressure  is  transmitted  to  the  interior  of  the  tube, 
and  sustains  a  column  of  mercury  whose  weight  it  is  just 
sufficient  to  counterbalance.  If  the  density  and  conse- 
quent elastic  force  of  the  air  be  increased, 
the  column  of  mercury  will  rise  till  it 
attain  a  corresponding  increase  of  weight ; 
i^  on  the  contrary,  the  density  of  the  air 
diminish,  the  column  will  fall  till  its  di- 
minished weight  is  sufficient  to  restore 
the  equilibrium. 

In  the  Common  Barometer^  the  tube 
and  its  cistern  are  partly  inclosed  in  a 
metallic  case,  upon  which  the  scale  is 
cut,  the  cistern,  in  this  case,  having  a 
flexible  bottom  of  leather,  against  which 
a  plate  a  at  the  end  of  a  screw  b  is  made 
to  press,  in  order  to  elevate  or  depress 
the  mercury  in  the  cistern  to  the  zero  of 
the  scale. 

De  Litems  Siphon  Barometer  consists 
of  a  glass  tube  bent  upward  so  as  to  form 
two  unequal  parallel  legs :  the  longer  is 
hermetically  sealed,  and  constitutes  the 
Torricellian  tube;  the  shorter  is  open, 
and  on  the  surface  of  the  quicksilver 
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SL. 


movBsble  or 
BlldlngBcato; 


dUferent  devtOM 
for  appreciating 
allf^ht  ohangM  of 
barometrlo 
oolunm; 


the  pleasure  of  the  atmosphere  is  exert-  ^-  888. 

ed.  The  diflGarence  between  the  levels 
in  the  longer  aad  shorter  legs  is  the 
barometric  height.  The  most  conve- 
nient and  practicable  way  of  measuring 
this  difference,  is  to  adjust  a  moveable 
scale  between  the  two  legs,  so  that  its 
zero  may  be  made  to  coincide  with  the 
level  of  the  mercury  in  the  shorter  leg. 

Different  contrivances  have  been 
adopted  to  render  the  minute  variations 
in  the  atmospheric  pressure,  and  conse- 
quently in  the  height  of  the  barometer, 
more  readily  perceptible  by  enlarging 
the  divisions  on  the  scale,  all  of  which 
devices  tend  to  hinder  the  exact  meas- 
urement of  the .  length  of  the  column. 
Of  these  we  may  name  Morland^s  Diagonal,  and  Hook's 
Wheel-Barometer,  but  especially  Huygen's  Double-Barom- 
eter. 

The  essential  properties  of  a  good  barometer  are :  width 
of  tube ;  purity  of  the  mercury ;  accurate  graduation  of  the 
scale ;  and  a  good  vesmi&r. 

Heat  affects  the  density  of  mercury  as  well  as  that  of 
aU  other  bodies.  When  its  temperature  is  increased,  it 
expands ;  when  diminished  it  contracts.  The  same  atmo- 
spheric pressure  will  sustain  the  same  weight — ^in  other 
words,  the  same  quantity  of  mercury ;  but  the  same  quan- 
tity of  mercury  will  occupy  different  volumes,  according  eibeto  of 
to  its  temperature,  and  the  same  atmospheric  pressure  will,  *®™p®^"*» 
hence,  sustain  a  longer  column  when  the  temperature  is 
high  than  it  wlQ  when  the  temperature  is  low.  The  indi- 
cations of  the  barometer  must,  therefore,  be  reduced  to 
what  they  would  have  been,  if  taken  at  a  standard  or  fixed 
temperature,  without  which  reduction  they  would  be 
utterly  worthless. 

From  the  experiments  of  Dulong  and  Petit,  it  is  found 
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«z|»«DBlon  of 


iMunomotrio 
ooliunn  redoMd 
toitandflid 
lomperattira; 


UMrmoaMtor ; 


eXMuple  for 
illottntloii ; 


that  merciuy  expands  ^ Vv^^  P^  ^^  ^^  volume  for  each 
degree  of  Fahrenheit's  scale  by  which  its  temperature  is 
increased,  and  that  it  contracts  according  to  the  same  law 
as  its  temperature  is  diminished.  I^  therefore,  T  denote 
the  standard  temperature,  and  T'  the  temperature  of  ob- 
servation ;  h  the  altitude  which  the  barometer  would  have 
at  the  standard  temperature,  and  V  the  observed  altitude, 
then  will, 

t  =  i'  [l  +  ^^]  =  y  [1  +  (r-  T)  0.0001001]  . .  (241) ; 

when  T*  becomes  TJ  V  will  be  equal  to  J. 

A  thermometer  is  usually  attached  to  the  barometer 
tube  for  the  purpose  of  observing  the  temperature  of  the 
mercury. 

Eocample.  Observed  the  barometric  column  to  stand  at 
29.81  inches,  while  its  thermometer  gave  a  temperature  of 
98®.  What  would  have  been  the  column  under  the  same 
pressure,  had  the  temperature  of  the  mercury  been  82°? 
Here  we  have 


data; 


V 

:= 

29.81, 

T 

= 

93.00, 

T 

s= 

82.00, 

T  -  r'=  -  61.00; 


and 


•». 


reduced  eominii.  h   =    29.81    [1    -    61    X    0.0001001]    = 


29T68. 


Barometer  uaed  §  285. — ^Thc  barometer  may  be  used  not  only  to  meas- 
J^^Qt  ^^®  *^®  pressure  of  the  external  air,  but  also  to  determine 
eonflned  ffaaeai  the  density  and  elasticity  of  pent-up  gases  and  vapors, 
and    furnishes    the  most  direct  means  of  ascertaining 
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Fig.  889. 


1 

I 


i 

1. 
» 

A 


45 


SO 


Fig.  840. 


Its  we  tad 
ftppttoalkm ; 


the  degree  of  rare&ction  in  the  receiver  of  an  air-pump. 
When  thus  employed,  it  is  c^ied  the  harometer-gauge,  barometer  gauge; 
In  every  case  it  will  only  be  necessary  to  establish  a 
free  connection  between  the  cistern  of  the  barometer  and 
the  vessel  containing  the  fluid  whose  elasticity  is  to 
be  indicated;  the  height  of  the  mercury  in  the  tube, 
expressed  in  inches,  reduced  to  a  standard  temperature, 
and  multipUed  by  the  known  weight 
of  a  cubic  inch  of  mercury  at  that 
temperature,  will  give  the  pressure  in 
pounds  on  each  square  inch.  In  the 
case  of  the  steam  in  the  boiler  of  an 
engine,  the  upper  end  of  the  tube  is 
sometimes  left  open.  The  cistern  A  is 
a  steam-tight  vessel,  partly  filled  with 
mercury,  a  is  a  tube  communicating 
with  the  boiler,  and  through  which  the 
steam  flows  and  presses  upon  the  mer- 
cury;  the  barometer  tube  Jc,  open  at 
top,  reaches  nearly  to  the  bottom  of  the 
vessel  A^  having  attached  to  it  a  scale 
whose  zero  coincides  with  the  level  of 
the  quicksilver.  On  the  right  is  marked 
a  scale  of  inches,  and  on  the  left  a  scale 
of  atmospheres. 

K  a  very  high  pressure  were  exerted, 
one  of  several  atmospheres,  for  example, 
an  apparatus  thus  constructed  would  re^ 
quire  a  tube  of  great  length,  in  which 
case  MdrioUe^s  manometer  is  considered 
preferable.  The  tube  being  filled  with 
air  and  the  upper  end  closed,  the  sur- 
face of  the  mercury  in  both  branches 
will  stand  at  the  same  level  as  long 
as  no  steam  is  admitted.  The  steam 
being  admitted  through  (2,  presses  on 
the  sur&ce  of  the  mercury  a  and  forces 


eeale  of  inchea 
and  another  of 
atmoapberea; 


Mariotte*8 
manometer ; 
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Itt  mode  of 
action. 


it  up  the  branch  b  c,  and  the  scale  &om 
i  to  c  marks  the  force^  compression 
in  atmospheres.  The  greater  width  of 
tube  is  given  ato^  in  order  that  the 
level  of  the  mercury  at  this  point  may 
not  be  materially  affected  by  its  ascent 
up  the  branch  bc^  the  point  a  being  the 
zero  of  the  scale. 


f—  -« • 


-f^ 


Levelling  by 
meens  of  the 
barometer; 


effect  of  cbange 


§  286. — Another  very  important  use 
of  the  barometer,  is  to  find  the  differ- 
ence of  level  between  two  places  on  the 
earth's  surface,  as  the  foot  and  top  of  a 
hill  or  mountain. 

Since  the  altitude  of  the  barometer  depends  on  the 
pressure  of  the  atmosphere,  and  as  this  force  depends  upon 
the  height  of  the  pressing  column,  a  shorter  column  will 
exert  a  less  pressure  than  a  longer  one.  The  quicksilver 
in  the  barometer  falls  when  the  instrument  is  carried  &om 
the  foot  to  the  top  of  a  mountain,  and  rises  again  when 
restored  to  its  first  position :  if  taken  down  the  shaft  of  a 
mine,  the  barometric  column  rises  to  a  still  greater  height 
At  the  foot  of  the  mountain  the  whole  column  of  the 
heMAotVM  *  atmosphere,  from  its  utmost  limits,  presses  with  its  entire 
barometer;-  weight  ou  the  mcrcury;  at  the  top  of  the  mountain  this 
weight  is  diminished  by  that  of  the  intervening  stratum 
between  the  two  stations,  and  a  shorter  column  of  mercury 
will  be  sustained  by  it. 

It  is  well  known  that  the  surface  of  the  earth  is  not 

uniform,  and  does  not,  in  consequence,  sustain  an  equal 

atmospheric   pressure   at    its    different   points;    whence 

effects  of  the  mean  altitude  of  the  barometric  column  will  vary 

^"^l^f^^^SLt  different  places.    This  furnishes  one  of  the  best  and 

earth's  surface ;  ^ 

most  expeditious  means  of  getting  a  profile  of  an  ex- 
tended section  of  the  earth's  surface,  and  makes  the 
barometer  an  instrument  of  great  value  in  the  hands  of 
the  traveller  in  search  of  geographical  information. 
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To  find  the  relation  which  subsists  between  the  alti- 
tudes of  two  barometric  columns,  and  the  difference  of 
level  of  the  places  where  they  exist,  conceive  the  atmo- 
sphere  to  be  dividedinto  an  indefinitenumber  of  elementary 
horizontal  strata  of  equal  thickness,  and  so  thin  that  the  reiauon  between 
density  from  the  top  to  the  bottom  of  the  same  stratum  ^^n^^^** 
may  without  error  be  regarded  as  uniform,  the  density  difference  ofievei 

•         /*  1  of  the  plaoes  \ 

varying  from  one  stratum  to  another. 

Then,  commencing  at  any 
elevated  position  0,  above 
the  level  of  the  sea,  denote 
by  p  the  pressure  exerted 
upon  the  unit  of  surface  by 
the  whole  column  of  atmo- 
sphere above  this  point.  The 
density  of  the  stratum  of  air 
ji,  immediately  below  this 

point,  will  be  due  to  this  pressure ;  call  this  density  i?, 
then,  from  Mariotte's  law,  Eq.  (236),  will 

P   =   PD;  etastloprvsiiro; 

in  which  P  is  the  pressure  necessary  to  produce,  on  a  unit 
of  surface,  a  unit  of  density.  From  this  equation,  we 
have 

D   z=    ^,  density 

P  corresponding; 

The  weight  of  so  much  of  this  stratum  as  stands  upon  a 
imit  of  surfece  will  be 

^  ,     g  h  weight  of  •  smnll 

g  U  tl    =  ^    •    -^   I  column  on  unit 

ofsorliwe; 

in  which  h  denotes  the  indefinitely  small  height  common 
to  all  the  strata,  and  g  the  force  of  gravity. 

The  pressure  upon  the  unit  of  sur&ce  of  the  second 
stratum  B^  will  be^,  transmitted  through  the  first  stratum, 
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augmented  by  the  weight  of  this  stratum  found  above; 
and,  denoting  this  pressure  by  p\  we  shall  have 


p'  =  p+p.^  =  p{i  +  '-±). 


praHore  on  unit  ,  gh    /l    _i_    ^  ^ 

Meond  ■iraftmn ; 


Denoting  by  2>'  the  density  of  the  second  stratum  -B, 
we  have  again  by  Mariotte's  law 

or 

and  for  the  weight  of  this  stratum  upon  a  unit  of  sur&use^ 


■trftUim; 


weight  of  lecond  g  h  I^   ^  jl       ~  j>-j 


and  substituting  the  value  of  ^',  foimd  above, 

.^ennder  ^  A  i?'   =  i?  fl  +  ^)  .    ^. 

•noUier  fonn ;  \  sr  t         Ir 

The  pressure  upon  the  unit  of  surface  of  the  third  stratum 
O^  will  be  the  pressure  j?',  transmitted  through  the  second 
stratum,  increased  by  the  weight  found  above  for  this  same 
stratum;  hence,  denoting  this  pressure  by^?",  will 

preMoreapon  ,      g^         .      gh\gh        /-,  ,  r*\  /,  .  #A\         /,  ,  ^A\« 

unitofsaifteeof  '^  ='0+V)  + '0+ p)  P  ='0+V)  0+t)=='V  +  V)» 

third  stratam ; 

and  in  the  same  way  will  the  pressure  p'",  upon  the  fourth 
stratum,  be  given  by  the  equation 


for  fourth 
■tratum; 


JP'"  =p(i  +  ^)\ 


and  so  on  to  the  surface  of  the  earth :  and  supposing  n  to 
denote  the  number  of  strata  between  these  limits,  then  will 
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in  which  ^»  denotes  the  pressure  at  the  lowest  station. 

Developing  the  second  member  of  this  equation  by  the 
binomial  formula,  and  dividing  hjp,  we  have 


proMore  upon 
unit  of  Borfluje 
of  mth  itimtiim ; 


ratio  of  the  tipper 


i> 


T^-iTT'-F^^     1.2.3    ^•p»-+^:ir^ 


preMurai 


The  strata  being  indefinitely  thin^  the  number  in  any 
definite  altitude  will  be  indefinitely  great,  and  this  being 
the  case  in  the  above  series,  it  is  obvious  that  the  numbers 
1,  2,  8,  &c.,  connected  with  n  by  the  minus  sign,  may  be 
disregarded  without  sensibly  impairing  the  result^  which 
will  give 

—  -  1  +  -p-    +  J^gpS  +  1.2.8P'  +  ^  ««oerad««d; 

But  the  second  member  is  equal  to 

in  which  e  =  2.7182818,  the  base  of  the  Naperian  system 
of  logarithms.    Whence, 

Pn     _   ^^!^  -meimder 

p  dillbrent  form ; 

But  n  being  the  number  of  strata,  and  h  the  common 
height  of  each,  nh  will  be  equal  to  the  difference  of  level 
between  the  first  and  last  points.  Calling  this  z,  and 
.taking  the  Naperian  logarithm  of  both  members,  we  find, 
after  substituting  s, 
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oommon 
logarithm ; 


diflbraneeof 
l«vel ; 


and  passing  to  the  common  logarithms 

in  which  M  denotes  the  reciprocal  of  the  modulus  of  the 
oommon  system ;  whence  we  have 


8  =  ''Log 


P 


nlioofpreMurM 
in  terms  of 
haroniAtrio 
oolnmBs: 


MmA  reduced  to 
•  ■tandftrd 
temperature  T; 


Denote  by  bn  the  height  of  the  barometric  column  at 
the  lower  station,  where  the  pressure  is  pn,  and  by  b  that 
at  the  upper  station  where  the  pressure  is  p,  then  will 

p  b  ' 

and  reducing  the  barometric  column  b  to  the  temperature 
of  V  taken  as  the  standard,  we  have,  Eq.  (241), 

Pn K 


6  [1  +  (r  -  J")  0.0001001]' 


▼aloe  of  force  of 
gravity; 


in  which  T  becomes  the  temperature  of  the  mercury  at 
the  lower,  and  T'  that  at  the  upper  station.  Moreover, 
we  have,  Eq.  (81)', 

g  =  siliSOS  [1  -  0.002551  cos  2  +], 


or 


g  =^  g'{l-  0.002551  cos  2  +) ; 


value  Ibr 
dUnBranoe  of 


in  which  g'  =  82.1803,  the  force  of  gravity  in  the  latitude 
of45^ 

Substituting  these  values  of  ^,  g,  and  the  value  of  P 
given  by  Eq.  (240),  in  the  value  for  D  above,  and  we  find 

JIf />,*,  1 +  (<-  3g)  0.00208  ^  y^  r^.  ^  1 ^1 

I>,    1  —  0.003551  cua :t  y     ^L*  ^  1  +  (T— TO  0-0001001  J* 
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In  tliis  it  will  be  remembered  that  t  denotes  the  tem- 
perature of  the  air ;  but  this  may  not  be,  indeed  scarcely 
ever  is,  the  same  at  both  stations,  and  thence  arises  a  dif-  diflicaity  arising 
ficulty  in  applying  the  formula.    But*  if  we  represent,  for  J^  "^^^ ""' 
a  moment,  the  entire  factor  of  the  second  member,  into  the  two  statfonB; 
which  the  factor  involving  t  is  multiplied,  by  X,  then  we 
may  write 

a 

diflbrance  of  lerol 
g   =    [1    +   (^   -    82^)  0.00208]  X  for  constant 

temperature; 

K  the  temperature  of  the  loioer  station  be  denoted  by  t^, 
and  this  temperature  be  the  same  throughout  to  the  upper 
station,  then  will 

temperature 

e  =  [!+(/_  82°)  0.00208]  X.  ttro»gho«ttto 

^  '  "*  same  as  at  lower 

•tatlon; 

And  if  the  actual  temperature  of  the  upper  station  be 
denoted  by  f,  and  this  be  supposed  to  extend  to  the  lower 
station,  then  would 

2'  =  [1  +  (^  -  82°)  0.00208] .  X.  wmf^p"!^ 

station; 

Now  if  <^  be  greater  than  t',  which  is  usually  the  case, 

then  will  the  barometric  column,  or  6,  at  the  upper  station 

be  greater  than  would  result  from  the  temperature  f,  since 

the  air  being  more  expanded,  a  portion  which  is  actually 

below  would  pass  above  the  upper  station  and  press  upon 

the  mercury  in  the  cistern;  and  because  b  enters  the  de-  meauTaineof 

nominator  of  the  value  X  z,  would  be  too  small.    Again,  *"^"*Jl^ 

'     '  o       7  level,  the  tme 

by  supposing  the  temperature  the  same  as  that  at  the  one; 
upper  station  throughout,  then  would  the  air  be  more 
condensed  at  the  lower  station,  a  portion  of  the  air  woidd 
sink  below  the  upper  station  that  before  was  above  it,  and 
would  cease  to  act  upon  the  mercurial  column  6,  which 
would,  in  consequence,  become  too  small ;  and  this  W9uld 
make  z'  too  great  Taking  a  mean  between  z^  and  2'  bb 
the  true  value,  we  find 
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true  value  for 
dUbreDoe  of 
lerel; 


z  =  ^'  X  ^'  =  [1  +  W,  +  <'  -  64°)  0.00208]  X 


TatiieAir 

dUferenooof 

level; 


Beplacing  X  by  its  value, 

MB„K  .  1  +  Ht.  +  t^  -  64°)  0.00806  .K      1 -y 

D,  1  —  0.002551  coa  2 1  ^  ^*  L  *   ^1  +  (7»— T')O.000l0OlJ* 

The  feu^tor  — '*   *\  we  have  seen,  is  constant,  and  it 

only  remains  to  determine  its  value.    For  this  purpose, 

measure  with  accuracy  the  difference  of  level  between 

two  stations,  one  at  the  base  and  the  other  on  the  sunmiit 

of  some  lofty  mountain,  by  means  of  a  Theodolite,  Or 

levelling  instrument — this  will  give  the  value  of  z  ;  observe 

the  barometric  column  at  both  stations — ^this  will  give  h 

and  i»/  take  also  the  temperature  of  the  mercury  at  the 

two  stations — ^this  will  give  T  and  T';  and  by  a  detached 

find  the  value  of  thermometer  in  the  shade,  at  both  stations,  find  the  values 
theooefflcieni;     ^^  ^^  ^^^  ^     rj^^^^  ^^  ^^^  latitude  of  the  placc,  being 

substituted  in  the  formula,  every  thing  is  known  except 
the  coefficient  in  question,  which  may,  therefore,  be  found 
by  the  solution  of  a  simple  equation.  In  this  way,  it  is 
found  that 


ttavaloe; 


Anal  value  for 

dilRueooeof 

level; 


K^nK  =  60845.51  English  feet ; 


which  will  finally  give  for  «, 


,=60Q^ii.  ^  +  t<\+^.^°>;;^  X  Log,  r^xr^: ? 1 

1  —  0.002551  COB  2  ♦         '^  ^    L  4        1  +  (T—  T)  OjOOOIOOI-I 


data  for  Its  naei 


To  find  the  difference  of  level  between  any  two 
stations,  the  latitude  of  the  locality  must  be  known ;  it 
will  then  only  be  necessary  to  note  the  barometric 
Giolumns,  the  temperature  of  the  mercury,  and  that  of 
the  air  at  the  two  stations,  and  to  substitute  these  observed 
elements  in  this  formula. 
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Much  labor  is,  however,  saved  by  the  use  of  a  table  laborn^cdbya 
for  the  computation  of  these  results,  and  we  now  proceed  *^^' 
to  explain  how  it  may  be  fonned  and  used. 

Make 

60845.51  [1  +  {t,  +  t'  "  64:)  0.00104]  =  A, 


=  5, 


=  a 


mode  of 
oompnUngoiie; 


1  -  0.002661  cos  2  + 

1 

1  +  {T  -  T')  0.0001 

Then  will 

z  =  AB  •  [Log.  G  +  Log.  6,  -  Log.  6] ;  •bb»Tto»«i 

w      J  »  formula; 

and  taking  the  logarithms  of  both  members, 

Lpg.»  =  Log.-4  +  Tjo^,B+  IiOg.[Log.  (7+Log.6»  — Log.6]..(242).  ttslogwtthm; 

Making  t^  +  f  to  vary  from  40**  to  162°,  which  will  be  TariatioiiforaM 
sufficient  for  aU  practical  purposes,  the  logarithms  of  the  *^p«^™*<»' 
corresponding  values  of  -4,  are  entered  in  a  column,  under 
the  head  A^  opposite  the  values  ^,  +  ^,  as  an  argument 

Causing  the  latitude  4"  to  vary  from  0°  to  90°,  thevariatioiiiiii 
logarithms  of  the  corresponding  values  of  J?  are  entered  ^*'^' 
in  a  column  headed  B,  opposite  the  values  of  >)^. 

The  value  of  T  ^  T'  being  made,  in  like  manner,  to 
vary  from  —  80°  to  +  80°,  the  logarithms  of  the  cor- 
responding values  of  0  are  entered  imder  the  head  of  C^ 
and  opposite  the  values  of  jT  —  T'.  In  this  way  a  table 
is  easily  constructed.  That  subjoined,  was  computed  by  TviaiioMin 
Samuel  Howlet,  Esq.,  from  the  formula  of  Mr.  Francis  ^^|]J^."* 
Baily,  which  is  very  nearly  the  same  as  that  just  described, 
there  being  but  a  trifling  difference  in  the  coefficients. 
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Table  for  finding  Altitudes 


Detached  Thermometer. 

4o 

A 

75 

A 

no 

A 

i45 

A 

4.7689067 

4.7859208 

4.8022936 

4.8180714 

4i 

.7694021 

76 

.7863973 

III 

.8027525 

i46 

.8i85i4o 

4^ 

.7698971 

77 

.7868733 

112 

.8032109 

147 

.8189559 

43 

.7703911 

78 

.7873487 

ii3 

.8036687 

i48 

.8193975 

44 

.7708851 

79 

.7878236 

ii4 

.8041261 

149 

.8x98387 

45 

.7713785 

80 

.7882979 

ii5 

.8o4583o 

i5o 

.8202794 

46 

.7718711 

81 

.7887719 

116 

.8o5o395 

i5i 

.8207196 

47 

•7723633 

82 

.7892451 

117 

.8054953 

l52 

.8211594 

48 

.7728548 

83 

.7897180 

118 

.8059509 

1 53 

.8215988 

49 

.7733457 

84 

.7901903 

119 

.8o64o58 

1 54 

.8220377 

5o 

.7738363 

85 

.7906621 

120 

.8068604 

1 55 

.8224761 

5i 

.7743261 

86 

.7911335 

121 

.8073144 

i56 

.8229141 

52 

.7748153 

87 

.7916042 

122 

.8077680 

i57 

.8233517 

53 

.7753042 

88 

.7920745 

123 

.8082211 

1 58 

.8237888 

54 

.7757925 

89 

.7925441 

124 

.8086737 

159 

.8242256 

55 

.7762802 

90 

.7930135 

125 

.8091258 

160 

.8246618 

56 

.7767674 

9' 

.7934822 

126 

.8095776 

161 

.8250976 

57 

.7772540 

92 

.7939504 

127 

.8100287 

162 

.8255331 

5« 

.7777400 

93 

.7944182 

128 

.8104795 

i63 

8259680 

59 

.7782256 

94 

.7948854 

129 

.8109298 

i64 

.8264024 

6o 

.7787105 

95 

.7953521 

i3o 

.8113796 

i65 

.8268365 

6i 

.7791949 

96 

.7958184 

i3i 

.8118290 

166 

.8272701 

6a 

.7796788 

97 

.7962841 

l32 

.8122778 

167 

.8277034 

63 

.7801622 

98 

.7967493 

1 33 

.8127263 

168 

.828i36a 

64 

.7806450 

99 

.7972141 

1 34 

.8131742 

169 

.8285685 

65 

.7811272 

100 

.7976784 

i35 

.8136216 

170 

.8290005 

66 

.7816090 

lOI 

.7981421 

i36 

.8140688 

171 

.8294319 

67 

.7820902 

102 

.7986054 

i37 

.8i45i53 

172 

.8298629 

68 

.7825709 

io3 

.7990681 

1 38 

.8149614 

173 

.8302937 

69 

.783o5ii 

io4 

.7995303 

139 

.8154070 

174 

.8307238  i 

70 

.7835306 

io5 

•79999" 

i4o 

.8158523 

175 

.831x536 

7X 

.7840098 

106 

.8004533 

i4i 

.8162970 

176 

.83i583o 

72 

.7844883 

107 

.8009142 

142 

.8167413 

177 

.8320119 

73 

.7849664 

108 

.8013744 

143 

.8171852 

178 

.8324404 

74 

4.7854438 

109 

4.8018343 

1 44 

I 

4.8176285 

179 

4.8328686 
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WITH  THB 

Babomsteb. 

Latitude. 

Attached  Thermometer. 

» 

B 

T-T 

0 

0 

09 

0. 001 1689 

+ 

— 

3 

.0011624 

oo 

0.0000000      0 

.0000000 

6 

.0011433 

I 

.0000434      9. 

.9999566 

9 

.OOHII7 

a 

.0000869 

.9999x31 

la 

.0010679 

3 

.oooi3o3 

.9998697 

i5 

.0010134 

4 

.0001737 

.9998262 

i8 

.0009459 

5 

.0002171 

.9997828 

ai 

.0008689 

6 

.0002605 

9997393 

24 

.0007825 

7 

.ooo3o39 

.9996959 

a? 

.0006874 

8 

.0003473 

,9996524 

3o 

.0005848 

9 

.0003907 

9996090 

33 

.0004758 

10 

.0004341 

9995655 

36 

.ooo36i5 

II 

.0004775 

,9995220 

39 

.0002433 

la 

.ooo52o8 

9994785 

4a 

.0001223 

i3 

.ooo564a 

9994350 

45 

.0000000 

i4 

.0006076 

99939x6 

48 

9-9998775 

i5 

.ooo65io 

9993481 

49 

.999837a 

16 

.0006943 

9993046 

5o 

•9997967 

17 

.0007377 

99926x1 

5i 

.9997566 

18 

.0007810 

9992x76 

5a 

.9997167 

19 

.0008244 

9991 74i 

53 

.9996772 

ao 

.0008677 

999x3o5 

54 

.9996381 

ai 

.0009x11 

9990870 

55 

.9995995 

aa 

.0009544 

9990435 

56 

.9995613 

a3 

.0009977 

9990000 

57 

.9995237 

34 

.0010411 

9989564 

58 

.9994866 

a5 

.0010844 

9989x29 

59 

.999450a 

a6 

.0011277 

9988694 

6o 

.9994144 

27 

.0011710 

9988258 

63 

.9993115 

a8 

.0012143 

9987823 

66 

.9992x61 

a9 

.0012576 

9987387 

69 

.9991293 

3o 

.oox3oo9 

998695a 

75 

.9989852 

3i 

o.ooi344a      9> 

9986616 

81 

.9988854 

90 

9.9988300 
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rule  for 

compating 

differonoeofleTOl 

iritha 

baromeier; 


Taking  Eq.  (242)  in  connection  with  this  table,  we  have 
this  rule  for  finding  the  altitude  of  one  station  above 
another,  viz. : — 

Take  the  logarithm  of  the  barometric  reading  ai  the  lower 
station,  to  which  add  the  number  in  the  column  headed  0  oppo- 
site the  observed  value  of  T—  T\  and  subtract  from  this  sum 
the  logarithm  of  the  barometric  reading  ai  the  upper  station; 
take  the  logarithm  of  this  difference^  to  which  add  the  numbers 
in  the  columns  headed  A  and  B,  corresponding  to  the  observed 
vaiues  of  t^  +  t'  and  4^ ;  the  sum  imU  be  the  logarithm  of  the 
height  in  English  feet 

Example,  At  the  mountain  of  Ghianaxuato,  in  Mexico, 
M.  Humboldt  observed  at  the 


•zamplaflnt; 


Upptr  StaUom, 

Low9r  StaJtMtu 

0 

Detached  thermometer,  t'  =  70.4; 

t,  =  77?6. 

Attached           "           r  =  70.4 ; 

T  =  77.6. 

Barometric  column,        b  =  23.66 ; 

K  =  80.05 

What  was  the  difference  of  level? 


Here 


observed  dau;        ^  +  ^'  =  148 ;       T  -  2"  =  7.2 ;  *     Latitude  21. 


nu 


iMlgbtof 
GunaxiuUo; 


To  Log.   30.05  =  1.4778445 
Add  Cfor  7?2    =  0.0008166 


in. 

Sub.  Log.  28.66  = 

Log.  of  •    -    •    - 
Add  A  for  148*' 
Add  B  for  21°  - 

6885!l 


1.4781610 
1.8740147 

0.1041468  =  - 


1.0176439 
4.8193975 
0.0008689 

8.8379108 ; 


whence  the  mountain  is  6885.1  feet  high. 
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It  will  be  remembered  that  the  final  Eq.  (242)  was  de-  bvometrie 
duced  on  the  supposition  that  each  stratum  of  air  pressed  J^™"^^''^^ 
with  its  entire  weight  on  that  below  it,  a  condition  which  wuui; 
can  only  be  ftilfilled  when  the  air  is  in  equilibrio — that  is  to 
say,  when  there  is  no  wind.    The  barometer  can,  therefore, 
only  be  used  for  levelling  purposes  in  calm  weather.    More- 
over, to  insure  accuracy,  the  observations  at  the  two  stations 
whose  diflference  of  level  is  to  be  found,  should  be  made 
simultaneously,  else  the  temperature  of  the  air  may  change  obaeiraiioiu  at 
during  the  interval  between  them ;  but  with  a  single  in-  ^^  be*^ld« 
strument  this  is  impracticable,  and  we  proceed  thus,  viz. :  iimnitaiieouaiy 
Take  the  barometric  column,  the  reading  of  the  attached 
and  detached  thermometers,  and  time  of  day  at  one  of  the 
stations,  say  the  lower ;  then  proceed  to  the  upper  station, 
and  take  the  same  elements  there ;  and  at  an  equal  interval  or  at  eqtui 
of  time  afterward,  observe  these  elements  at  the  lower ''^'^^^p*^' 
station  again ;  reduce  the  mercurial  columns  at  the  lower 
station  to  the  same  temperature  by  Eq.  (241),  take  a  mean 
of  these  columns,  and  a  mean  of  the  temperatures  of  the 
air  at  this  station,  and  use  these  means  as  a  single  set  of 
observations  made  simultaneously  with  those  at  the  higher 
station. 

Example.  The  following  observations  were  made  to  de-  example  ■eeond: 
termine  the  height  of  a  hill  near  West  Point,  N.  Y. 


upper  Statinu  iMrnvr  Station, 

0)  <«) 

o  o  o 

Detached  thermometer,  ^'  =  57 ;  i^   =56      and  61. 

Attached  "  T'  =  57.5 ;  T  =  56,5   and  68.      obeemNidato; 

nt«  til.  tUt 

Barometric  column,       h   =28.94;  J,  =  29.62  and  29.68. 


First,  to  reduce  29.68  inches  at  68°,  to  what  it  would 
have  been  at  56.5.    For  this  purpose,  Eq.  (241)  gives 


in. 


6(1  +r-r  X  0.0001)  =  29.68(1  -  6.5  X  0.0001)  =  29.611.  leduetton; 
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Then 


reduced  oolunn; 


b.  = 


29.62  +  29.611 


in. 


=    29.6105, 


temperature  at 
lower  station; 


t,  = 


o  o 

56  +  61 


=    68.6, 


t,  +  t'  =  58.5  +  57°-    -    =  lieX 


T-  T'  =  56!5  -  57!5  -    =  - 1. 


<ii. 


To  Log.    29.6105  = 
Add  C  for  - 1"     = 

ia. 

Sub.  Log.  of  28.94  = 

Log.  of    •    -    -    - 
Add  A  for  115.5  - 
Add  B  for  41.4     - 

68^07     - 

1.4714458 
9.9999566 

eompuMtlon; 

1.4714024 
1.4614985 

0.0099089  = 

-  8.9958062 
4.8048112 
0.0001465 

MghtorUMhOL 

-     2.8007639 ; 

whence  the  height  of  the  hill  is  682.07  English  feet. 


XIIL 


PUMPS. 


Pnmpa; 


§  287. — Any  machine  employed  for  raising  water  fix)m 
one  level  to  a  higher,  in  which  the  agency  of  atmospheric 
pressure  is  employed,  is  called  a  Pump,    There  are  varions 
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Fig.  S42. 


piftoiHnlTB; 


kinds  of  pumps ;  the  more  common  are  the  9V4M7kg^  forcing^  ^munA  kiadi. 
and  UfHng  pumps. 

§288. — ^The  Sucking-Pump  consists  of  a  cjlindrical  BncUiig^piimp; 
body  or  barrel  -B,  firom  the  lower  end  of  which  a  tube  2?, 
called  the  sucking-pipe,  descends  into  the  water  contained 
in  a  reservoir  or  well.    In  the  interior  of  the  barrel  is  a 
moveable  piston  Cj  surrounded  with  leather  to  make  itpMon; 
water-tight,  yet  capable  of  moving  up  and  down  freely. 
The  piston  is  perfora- 
ted in  the  direction 
of  the  bore  of  the 
barrel,  and  the  orifice 
is  covered  by  a  valve 
F  called  the  piston- 
valvCj    which    opens 
upward;     a    similar 
valve  H,   called  the 
deeping-vcdve^   at   the 
bottom  of  the  barrel, 
covers  the  upper  end 
of  the  sucking-pipe. 
Above    the    highest 
point  ever  occupied 
by  the  piston,  a  dis- 
charge  pipe  P  is  in- 
serted into  the  barrel ; 
the  piston  is  worked 

by  means  of  a  lever  H^  or  other  contrivance,  attached  to 
the  piston-rod  G.    The  distance  AA\  between  the  highest 
and  lowest  points  of  the  piston,  is  called  the  jp2ay.    To  ex-  puj; 
plain  the  action  of  this  pump,  let  the  piston  be  at  its  low-  < 

est  point  -4,  the  valves  E  and  F  closed  by  their  own 
weight,  and  the  air  within  the  pump  of  the  same  density 
or  elastic  force  as  that  on  the  exterior.    The  water  of  the 
reservoir  will  stand  at  the  same  level  LL  both  within  and  opeiBtionorfiie 
without  the  sucking-pipe.    Now  suppose  the  piston  raised  ^""^* 


itoepiiig-TBlTej 


D 


dlidiaige^fpe; 
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to  its  highest  point  A\  the  air  contained  in  the  barrel  and 

sucking-pipe  will  tend  by  its  elastic  force  to  occupy  the 

aetion  during  the  spacc  which  the  pistou  Icavcs  void,  the  valve  B  will,  there- 

M^^ofuie       £^^^^  1^^  forced  open,  and  air  will  pass  from  the  pipe  to  the 

barrel,  its  elasticity  diminishing  in  proportion  as  it  fills  a 

larger  space.  It  will,  therefore,  exert  a  less  pressure  on  the 

water  below  it  in  the  sucking-pipe  than  the  exterior  air  does 

on  that  in  the  reservoir,  and  the  excess  of  pressure  on  the 

part  of  the  exterior  air,  will  force  the  water  up  the  pipe  till 

the  weight  of  the  suspended  column,  increased  by  the  elastic 

equiubrium;       forcc  of  the  internal  air,  becomes  equal  to  the  pressure  of 

the  exterior  air.    When  this  takes  place,  the  valve  JE  will 

close  of  its  own  weight ;  and  if  the  piston  be  depressed, 

the  air  contained  between  it  and  this  valve,  having  its 

density  augmented  as  the  piston  is  lowered,  will  at  length 

have  its  elasticity  greater  than  that  of  the  exterior  air ; 

■etton  during  the  this  cxccss  of  elasticity  will  force  open  the  valve  F,  and 

dMMntorthe      ^  enough  will  escape  to  reduce  what  is  left  to  the  same 

density  os  that  of  the  exterior  air.    The  valve  F  will  then 

fitll  of  its  own  weight ;  and  if  the  piston  be  again  elevated, 

.  the  water  will  rise  still  higher,  for  the  same  reason  as 

before.      This  operation  of  raising  and  depressing  the 

piston  being  repeated  a  few  times,  the  water  will  at  length 

enter  the  barrel,  through  the  valve  Fj  and  be  delivered 

from  the  discharge-pipe  P.    The  valves  F  and  F  closing 

after  the  water  has  passed  them,  the  latter  is  prevented  from 

theretaitofa     returning,  and  a  cylinder  of  water  equal  to  that  through 

fow^kesorthe  ^^Jq]^  ^hc  piston  is  raised,  will,  at  each  upward  motion,  be 

forced  out,  provided  the  discharge-pipe  is  large  enough. 

As  the  ascent  of  the  water  to  the  piston  is  produced  by 

the  difference  of  pressure  of  the  internal  and  external  air, 

»  it  is  plain  that  the  lowest  point  to  which  the  piston  may 

reach,  should  never  have  a  greater  altitude  above  the 

greatert  aititode  Water  in  the  rcscrvoir  than  that  of  the  column  of  this 

^*°^f  "****'  fluid  which  the  atmospheric  pressure  may  support^  in 

vacuo,  at  the  place. 

From  a  little  reflection  upon  what  has  been  said  of  the 


^ 
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Fig.  848. 


to  find  the 
relation  of  the 
play  to  the  other 
dimenetoiis; 


operations  of  this  pump,  it  will  appear  that  the  rise  of  ftust  upon  which 
water,  during  each  ascent  of  the  piston  after  the  first,  ^rliJ^t^o^.'*" 
depends  upon  the  expulsion  of  air  through  the  piston- 
valve  during  its  previous  descent.    But  air  can  only  issue 
through  this  valve  when  the  air  below,  it  has  a  greater 
density,  and,  therefore,  greater  elasticity,  than  the  external 
air ;  and  if  the  piston  may  not  descend  low  enough,  for 
want  of  sufficient  play,  to  produce  this  degree  of  compres- 
sion, the  water  must  cease  to  rise,  and  the  working  of  the 
piston  can  have  no  other  effect  than  alternately  to  com- 
press and  dilate  the  same  air  between  it  and  the  surface  of 
the  water.    To  ascertain,  therefore, 
the  relation  which  the  play  of  the 
piston   should    bear   to  the  other 
dimensions,  in  order  to  make  the 
pimip  effective,  suppose  the  water 
to  have  reached  a  stationary  level 
X,  at  some  one  ascent  of  the  piston 
to  its  highest  point  A\  and  that,  in 
its  subsequent  descent,  the  piston- 
valve  win  not  open,  but  the  air 
below  it  will  be  compressed  only  to 
the  same  density  with  the  external 
air,  when   the  piston   reaches   its 
lowest  point  A.   The  piston  may  be 
worked  up  and  down  indefinitely, 
within  these  limits  for  the  play,  with- 
out  moving  the  water.    Denote  the  play  of  the  piston  by  a ; 
the  greatest  height  to  which  the  piston  may  be  raised  above 
the  level  of  the  water  in  the  reservoir,  by  6,  which  may 
also  be  regarded  as  the  altitude  of  the  discharge-pipe ;  the  notatton; 
elevation  of  the  point  X,  at  which  the  water  stops,  above 
the  water  in  the  reservoir,  by  x  ;  the  cross-section  of  the 
interior  of  the  barrel  by  B.     The  volume  of  the  airvoimneofthe 
between  the  level  X  and  ^  will  be  wh"^  tte'piton 

Is  at  Its  lowest 
^         r,  *  point; 

5X  (6- a-  a); 


«i 


hypothesis  in 
respect  to  rise  of 
water; 
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Tolame  of  nme 
air  expuded 
when  piston  Is  at 
higiiest  point; 


walflitorUM 
column  of  water 
which  tho  flrat 
will  support; 


weight  supported 
by  the  second ; 


ratio  of  the 
heights ; 


the  volume  of  this  same  air,  when  the  piston  is  raised  to 
A\  provided  the  water  does  not  move,  will  be 

fiepresent  by  h  tha  greatest  height  to  which  water  may  be 
supported  in  vacuo  at  that  place.  The  weight  of  the 
column  of  water  which  the  elastic  force  of  the  air,  when 
occupying  the  space  between  the  limits  X  and  A^  will 
support  in  a  tube,  with  a  bore  equal  to  that  of  the  barrel, 
is  measured  by 

Bh.g  .D; 

in  which  D  is  the  density  of  the  water,  and  g  the  force  of 
gravity.  The  weight  of  the  column  which  the  elastic 
force  of  this  same  air  will  support,  when  expanded  between 
the  limits  X  and  A\  will  be 

Bh'.g.D; 

in  which  h!  denotes  the  height  of  this  new  column.  But 
from  Mariotte's  law  we  have 

J5(6-a;-a)    :    5(6 -x)    ::    BKgD    :    BhgD; 


whence 


A'  =  A 


i  —  X  —  a 
6  —  cc 


condition  of 
equlUbrium ; 


But  there  is  an  equilibrium  between  the  pressure  of  the 
external  air  and  that  of  the  rarefied  air  between  the  limits 
X  and  A\  when  the  latter  is  increased  by  the  weight  of 
the  column  of  water  whose  altitude  is  a.  Whence,  omit- 
ting the  conmion  fiactors,  jS,  i?,  and  ^, 


X  +  W  =  X  +  h 


h  —  X  —  a 
b  —  X 


=  A; 


or,  clearing  the  fraction  and  solving  the  equation  in  refer- 
ence to  X,  we  find 


altitude  of  point 
of  stopping ; 


X 


=  i6d=  J  V6a-4aA 


(248). 
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When  X  has  a  real  value,  the  water  will  cease  to  rise,  ooodiuonor 
but  X  will  be  real  as  long  as  i^  is  greater  than  4  ah.    If,  on  ""pp**"' 
the  contrary,  ^ah  is  greater  than  5^,  the  value  of  x  will 
be  imaginary,  and  the  water  cannot  cease  to  rise,  and  the 
pump  will  always  be  effective  when  its  dimensions  satisfy 
this  condition,  viz. : — 

4aA  >  V^ 
or 

>^^      Q^   ,  oonditioo  of 

^    4X'  lacGMMitflair; 

that  is  to  say,  the  play  of  the  piston  must  be  greater  than  ^  ratoforpiajor 

tguareofihe  altitude  of  the  upper  limit  of  the  play  of  the  piston  ^'^^p*'*®** 

ahove  the  surface  of  the  waJter  in  the  reservoir ,  divided  by  four 

times  the  height  to  which  the  atmospheric  pressure  at  the  place, 

where  the  pump  is  used,  wiU  support  wa^  in  vacuo.    This 

last  height  is  easily  found  by  means  of  the  barometer. 

We  have  but  to  notice  the  altitude  of  the  barometer  at  theTBineoTA 

the  place,  and  multiply  its  column,  reduced  to  feet,  by  J^^{^* 

18i,  this  being  the  specific  gravity  of  mercury  referred  to       "^ 

water  as  a  standard,  and  the  product  will  give  the  value 

of  A  in  feet. 

Example.  Required  the  least  play  of  the  piston  in  a 
sucking-pump  intended  to  raise  water  through  a  height 
of  18  feet,  at  a  place  where  the  barometer  stands  at  28  example; 
inches. 

Here  6  =  18,      and      J«  =  169. 


28 
Barometer,  —  =  2.888  feet.  data; 

h  =  2.838  X  13.5  =  81.5  feet. 

Play        =  a  >  il  =  j-^,-^  =  mH- ;  ra«dtiogii»ttft* 

^  4A      4  X  81.5  p»»y; 

that  is,  the  play  of  the  piston  must  be  greater  than  one 
and  one  third  of  a  foot. 
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The  quantity  of  work  performed  by 

the  moter  during  the  delivery  of  water 

quantity  of  work  throuffh  the  discharge-pipe  P,  is  easily 

offchemolerin  ,0.  /       .  ^       ^ 

the  racking-       computeo.    §uppose  the  piston  to  have 
p«»Pi  any  position,  aa  M,  and  to  be  moving 

upward,  the  water  being  at  the  level 
LL  ia  the  reservoir,  and  at  P  in  the 
pump.  The  pressure  upon  the  up- 
per surface  of  the  piston  will  be  equal 
to  the  entire  atmospheric  pressure  de- 
noted by  J.,  increased  by  the  weight  of 
the  column  of  water  MP\  whose  height 
is  c\  and  whose  base  is  the  area  B  of 
the  piston;  that  is,  the  pressure  upon 
the  top  of  the  piston  will  be 


f%.  844. 


J? 

^ 

s 

1      A 

1 

3^ 

cT 
2C 

r^^^^ 

: 

X  JV 

0 

prearare  on  top 
of  piston; 


A  +  Bc'gD, 

in  which  g  and  D  are  the  force  of  gravity  and  density  of 
the  water,  respectively.  Again,  the  pressure  upon  the  un- 
ier  surface  of  the  piston  is  equal  to  the  atmospheric  pres- 
sure A,  transmitted  through  the  water  in  the  reservoir  and 
up  the  suspended  column,  diminished  by  the  weight  of  the 
column  of  water  NM  below  the  piston,  and  whose  base  is 
B  and  altitude  c;  that  is,  the  pressure  from  below  will  be 

A  -  BcgD, 

and  the  difference  of  these  pressures  will  be 

A  +  Bc'gD-  {A  -  BcgD)  =  BgD{c  +  c')] 

but,  employing  the  notation  of  the  sucking-pump  just 
described, 

preasun  tobe 

OTercome  by  the  q  J^  ^*  — ■  j^  « 


proaanre  on  the 
under  anrflUM  of 
piaton; 


power; 


weight  to  be 
overcome : 


whence  the  foregoing  expression  becomes 

Bb.g.D; 
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which  is  obviously  the  weight  of  a  column  of  the  fluid 

whose  base  is  the  area  of  the  piston  and  altitude  the 

height  of  the  discharge-pipe  above  the  level  of  the  water 

in  the  reservoir.    And  adding  to  this  the  effort  necessary  to  which  mcuon 

to  overcome  the  friction  of  the  parts  of  the  pump  when  in  ^"^'^••'^^^•^J 

motion,  denoted  by  9,  we  shall  have  the  resistance  which 

the  force  F^  applied  to  the  piston-rod,  must  overcome  to 

produce  any  useful  effect;  that  is, 

F-  BhgD  +  (^.  mottye foice; 

Denote  the  play  of  the  piston  by  p^  and  the  number  of  its 
double  strokes,  from  the  beginning  of  the  flow  through        , 
the  discharge-pipe  till  any  quantity  Q  is  delivered,  by  n; 
the  quantity  of  work  will,  by  omitting  the  effort  necessary 
to  depress  the  piston,  be 

Fnp  =  np  [Bh.gD  +  9];  quantity  or  work; 

or  estimating  the  volume  in  cubic  feet,  in  which  case  p 
and  h  must  be  expressed  in  linear  feet  and  B  in  square 
feet^  and  substituting  for  ^27  its  value  62.5  pounds,  we 
finally  have  for  the  quantity  of  work  necessary  to  deliver 
a  number  of  cubic  feet  of  water  Q  =  Bnp^ 

qiu&tllj  reqnifito 

J^np  =  np  [62.5  .  56  +  9]    .    .    (244);      ^IC^"^ 

fiset; 

in  which  (p  must  be  expressed  in  pounds,  and  may  be 
determined  either  by  experiment  in  each  particular  pmnp, 
or  computed  by  the  rules  already  given. 

It  is  apparent  that  the  action  of  the  sucking-pump 
must  be  very  irregular,  and  that  it  is  only  during  the 
ascent  of  the  piston  that  it  produces  any  useful  effect ;  gocung^pump 
during  the  descent  of  the  piston,  the  force  is  scarcely  ^^JJ^*""" 
exerted  at  all,  not  more  than  is  necessary  to  overcome 
the  friction. 

§  289. — ^What  is  usually  called  the  lifimg-pump,  does  uAing-pamp; 
not  differ  much  from  the  sucking-pump  just  described. 
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except  that  the  barrel  and  Kg-  >«• 

Moriha  sleeping- valve  E  are  placed 
Id  in'iu*  *'  *^^  bottom  of  the  pipe,  and 
i  some  distance  below  the  sur- 

face of  the  water  LL'ui  the 
reservoir ;  the  piston  may  or 
may  not  be  below  this  same 
snr&ce  when  at  &e  lowest 
point  of  its  play.  The  pis- 
ton and  sleeping  valves  open 
upward.  Supposing  the  pis- 
ton at  its  lowest  point,  it 
ifaBticHi;  will,  when  raised,  lift  the 
column  of  water  above  it, 
and  the  pressure  of  the  ex- 
ternal air,  together  with  the 

head  of  fluid  in  the  reservoir  above  the  level  of  the  sleep- 
ing-valve, will  force  the  latter  open,  the  water  will  flow 
into  the  barrel  and  follow  the  piston.  When  the  piston 
reaches  the  upper  limit  of  its  play,  the  sleeping-valve  will 
close  and  prevent  the  return  of  the  water  above  it.  The 
piston  being  depressed,  its  valves  F  will  open  and  the 
water  will  flow  through  them  till  the  piston  reaches  its 
lowest  point  The  same  operation  being  repeated  a  few 
nil  or  times,  a  column  of  water  will  be  lifted  to  the  mouth  of  the 
piMun;  discharge-pipe  i*,  after  which  every  elevation  of  the  piston 
will  deliver  a  volume  of  the  fluid  equal  to  that  of  a  cyl- 
inder whose  base  is  the  area  of  the  piston  and  whose 
altitude  is  equal  to  ite  play. 

As  the  water  on  the  same  level  within  and  without  &e 

pump  will  be  in  equilibrio,  it  is  plain  that  the  resistanoe 

to  be  overcome  by  the  power,  will  be  the  friction  of  the 

rubbing  sur&ces  of  the  pomp,  augmented  by  the  weight  of 

a  column  of  fluid  whose  base  is  the  area  of  the  piston,  and 

MimtMd    altitude,  the  difference  of  level  between  the  surface  of  the 

^^  water  in  the  reservoir  and  the  discharge-pipe.     Hence  the 

>  quantity  of  work  is  estimated  by  the  same  rule,  £q.  (244). 
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If  we  omit  for  a  moment  the  conademtjon  of  fiiction,  and 
take  but  a  single  elevation  of  the  piston  after  the  water 
has  reached  the  discharge-pipe,  ti  will  equal  one,  9  will  be 
zero,  and  that  equation  reduces  to 

Fp  =  62.5  Bj>  X  b;  d 

pi 

but  62.5  X  Bp  is  the  qoantitf  of  fluid  discharged  at  each 
doable  stroke  of  the  piston,  and  b  being  the  elevation 
of  the  discharge-pipe  above  the  water  in  the  reservoir,  » 
we  see  that,  the  work  will  be  the  same  as  though  that  ™ 
amoimt  of  fluid  had  actuallj  been  lifted  through  this 
vertical  height,  which,  indeed,  is  the  useful  effect  of  the 
pump  for  every  double  stroke. 

§  290.— The    for- 
dug-pump  is  a  fiir-  Kft  >44 

ther  modiflcatton  of 
the  simple  aucking- 
pump.  The  barrel 
B  and  sleeping-valve 
J?  are  placed  upon 
the  top  of  the  suck- 
ing-pipe M.  The 
piston  F  is  without 
perforation  and  valve, 
and  the  water,  after 
being  forced  into  the 
barrel  by  the  atmo- 
spheric pressure  with- 
out, as  iu  the  sucking- 
pump,  is  driven  by 
the  depression  of  the 
piston  through  a  lat- 
eral pipe  H  into  an 
air-vessel   jA^   at   the  -:^,^|-i^^h-=-" 

bottom  of  which  is 
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•MoBd  a    Becoud     sleeping-  Kg.  MS. 

■"*»""•■  valve  E',  opening, 
like  the  first,  upward. 
Through  the  top  of 
the   wr-vessel  a  dis- 

diiebvtHiipa;  charge-pipe  ^passes, 
air-tight,  nearly  to  the 
bottom.  The  water 
when  forced  into  the 
air-vessel  by  the  de- 
scent of  the  piston, 
rises  above  the  lower 
end  of  this  pipe,  con- 
fines and  compresses 
the  air,  and  this,  re- 
acting by  its  elastici- 

■otiDoaroie       ty,  forces   the  water 

'^„.  up  the  pipe,  while  the 

valve  E'  is  closed 
by  its  own  weight 
and  the  pressure  &om 
above,  as  soon  as  the 

piston  reaches  (.he  lower  limit  of  its  play.  A  few 
strokes  of  the  piston  will,  in  general,  be  sufficient  to  raise 
water  in  the  pipe  K  to  any  desired  height,  the  only  limit 
being  that  determined  by  the  power  at  command  and  the 
strength  of  the  pump. 

During  the  ascent  of  the  piston,  the  valve  E'  b  closed 
and  E  is  open ;  the  pressure  upon  the  upper  surface  of 

quou^otvoit  the  piston  is  that  exerted  by  the  entire  atmosphere ;  the 
K*™**""?'  pressure  upon  the  lower  surface  is  that  of  the  entire 
atmosphere  transmitted  from  the  surface  of  the  rese^^-oir 
through  the  fluid  up  the  pump,  diminished  by  the  weight 
of  the  column  of  water  whose  base  is  the  area  of  the 
pbton  and  altitude  the  height  of  the  piston  above  the 

'  surface  of  the  water  in  the  reservoir ;  hence  the  resistance 

to  be  overcome  by  the  power  will  be  the  difference  of 
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these  pressures,  which  is  obviously  the  weight  of  this  rwistanoe  to  be 
column  of  water.    Denote  the  area  of  the  piston  by  5,  its  ^^T*  ^  *"** 
height  above  the  water  of  the  reservoir  at  one  instant  by 
y,  and  the  weight  of  a  unit  of  volume  of  the  fluid  by  w^ 
then  win  the  resistance  to  be  overcome  at  this  point  of  the 
ascent  be 

W.B.y;  itsniMMiTO; 

and  denoting  the  indefinitely  smaU  space  described  by  the 
piston  from  this  position  by  5,  the  elementary  quantity  of 
work  will  be 

W  Bv  .  S,  eteiMiitirj 

^  quantity  of  woritj 

Id  like  mamier,  denoting  by  y\  y",  y'",  &c.,  the  different 
heights  of  the  piston,  and  by  «',  5",  5'",  &c.,  the  correspond- 
ing elementary  spaces  described  by  it,  the  elementary 
quantities  of  work  of  the  power  will  be 

mno  ftNTdiflbranl 

wBxf  s\      wBjf'J',      wBy^'a'",  &c.;  potittoMor 

]»iatOA$ 

and  the  whole  quantity  of  work  during  the  entire  ascent, 
will  be 

w\By,  +  By'8'  +  By"»"  +  5y"V"  +  &a]  ;         IL'S^^S"' 

but  Bs  is  the  volume  of  a  horizontal  stratum  of  the  fluid 
in  the  barrel,  and  J35  X  y  is  the  product  of  this  volume 
into  the  distance  of  its  centre  of  gravity  &om  the  sur&ce 
of  the  fluid  in  the  reservoir ;  and  the  same  of  the  others. 
Hence,  if  y,  denote  the  height  of  the  centre  of  gravity  of 
the  play  p  of  the  piston,  in  other  words,  of  its  middle 
point,  then  will 

eaolTiloiit 


tlkdMme; 


and 

w.  Bp .  y, 
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wfll  measure  the  quantity  of  work  Of  the  meter  during  one 
ascent  of  the  piston.  During  the  descent  of  the  piston, 
the  valve  E  is  closed  and  E'  open,  and  as  the  columns 
of  the  fluid  in  the  barrel  and  discharge-pipe,  below  the 
horizontal  plane  of  the  lower  surfEU^e  of  the  piston,  will 
maintain  each  other  in  equilibrio,  the  resistance  to  be 
work  daring  one  ovcrcomc  by  the  powcr  will,  obviously,  be  the  weight  of  a 
'  column  of  fluid  whose  base  is  the  area  of  the  piston,  and 

altitude,  the  difference  of  level  between  the  piston  and 
point  of  delivery  P;  and  denoting  by  z,  the  distance  of 
the  central  point  of  the  play  below  the  point  P,  we  shall 
find,  by  exactly  the  same  process, 

itsmMion;  W B p  Zj 

for  the  quantity  of  work  of  the  moter  during  the  de- 
scent of  the  piston;  and  hence  the  quantity  of  work 
during  an  entire  double  stroke  will  be  the  sum  of  these, 
or 

workJnringon.  wBp(v,+Z,). 

donUaitroke;  i' Mfs    *      u 

But  y^  +  «^  is  the  height  of  the  point  of  delivery  P  above 
the  sur&ce  of  the  water  in  the  reservoir,  and  denoting  this, 
as  before,  by  6,  we  have 

Hune;  wBpb; 

and  calling  the  number  of  double  strokes  n,  and  the  whole 
quantity  of  work  Q,  we  finally  have 

work  for  iny 

number  of  donbln  Q  ^  flW  .  Bpb     •      .      •      •      (246). 

•trokee; 

If  we  make  «y  =  y,,  or  J  =  2y„  which  will  give  y/  =  -5^ 

motion  made      the  quantity  of  work  during  the  ascent  will  be  equal  to 

foi«ingi>ump;     ^^  durfug  the  desccut,  and  thus,  in  the  forcing-pump,  the 

work  may  be  equalized  and  the  motion  made  in  some 
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degree  regular.     In  the  lifting  and  sucking  pomps,  the 
moter  has,  dnring  the  ascent  of  the  piston,  to  overcome 
the  weight  of  the  entire  column  whose  base  is  equal  to  the  ii  tt  tot 
aiea  of  the  piston,  and  altitude  the  difference  of  level  be-  [^^J!^" 
tween  the  water  in  the  reservoir  and  point  of  deUveiy,  and  •• 
beii^  wholly  relieved  from  this  load  dnrttog  the  descent, 
when  the  load  is  thrown  upon  the  sleeping-valve  and  its 
box,  the  work  becomes  exceedingly  variable,  aod  the 
motion  irregolar. 


THE  SIPHON. 

%  291.' — The  siphon  is  a  bent  tube  of  unequal  branches,  aipnoo 
open  at  both  ends,  and  ia  used  to  convey  a  liquid  &om  a 
higher  to  a  lower  level,  over 
an  intermediate  point  higher 
ihan  either;  and  althoogh  ^V-  **1. 

its  discossioD  more  naturally 
appertains  to  the  motion  of 

fluids,  its  analogy  with  the  dtnripi 

pumpa,  renders  a  descrip- 
tion of  it  here  proper.  The 
siphon  having  its  parallel 
branches  vertical  and  plun- 
ged into  two  hquida  whose  moitao 
npper  surfaces  are  at  £  if 
and  L'  M\  the  fluid  will  stand 

at  the  same  level  both  within  and  withont  each  branch 
of  the  tube  when  a  vent  or  small  opening  is  made  at  0. 
If  the  air  be  withdrawn  &om  the  siphon  through  this 
vent,  the  water  will  rise  in  the  branches  by  the  atmo- 
spheric  pressure  without,   and  when   the  two  colomns 
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■Mtifiba  unite  and  the  vent  is  stopped,  the  liquid  will  flow  from 
the  resenroir  A  to  A',  as  long  as  the  level  L'  If'  is  below 
L  M,  and  the  end  of  the  ahorter  branch  of  the  siphon  is 
below  the  sur&ce  of  the  liquid  in  the  reservoir  A. 

The  cause  of  this  apparent  paradox  wHl  be  manifest 
fixmi  the  following  consideration,  viz. :  The  atmospheric 
preaaures  upon  the  sui&ces  L  M  and  L '  M',  tend  to  foroe 
the  liquid  up  the  two  branches  of  the  tube.  When  the 
mi  siphon  is  filled  with  the  liquid,  each  of  these  pleasures  is 
counteracted  in  part  by  the  weight  of  the  fluid  column  in 
the  branch  of  the  siphon  that  dips  into  the  fluid  apou 
which  the  pressure  is  exert- 
ed. The  atmospheric  pres- 
Bores   are  very   nearly  the  * 

same  for  a  difference  of  level 
of  several  feet,  by  reason  of 
the  slight  density  of  air.  The 
weights  of  the   suspended 
columns  of  water  will,  for 
the  same  difference  of  level, 
diflfer  considerably,  in  conse- 
quence of  the  greater  density 
of  the  liquid.      The  atmo- 
oa  to     spheric  pressure  opposed  to  the  longer  column  will  there- 
■  "^       fore  be  more  diminished  than  that  opposed  to  the  shorter, 
niHii  i   thus  leaving  an  excess  of  pressure  at  the  end  of  the  shorter 
branch,  which  will  produce  the  motion.     Thus,  denote  by 
A  the  intensity  of  the  atmospheric  pressure  upon  a  surface 
a  equal  to  that  of  a  cross-section  of  the  bore  of  the  siphon ; 
by  A  the  difference  of  level  between  the  surface  £  Jf  and 
the  bend  0  of  the  siphon ;  by  A'  the  difference  of  level  be- 
tween the  same  point  0  and  the  level  L'  M' ;  by  D  the 
density  of  the  liquid ;  and  by  g  the  force  of  gravity ;  then 
will  the  pressure,  which  tends  to  force  the  fluid  ap  the 
branch  which  dips  below  £  J^  be 

r»o»;  A  —  akDg; 
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and  that  which  tends  to  force  the  fluid  np  the  branch 
inunersed  in  the  other  reservoir,  be 

A  ^  aK*  Bn*  pwMow  up  the 

* 

and  sabtracting  the  second  from  the  firsts  we  find 

^n«a'         h\  pw-ow  which 

flow; 

for  the  actual  intensiiy  of  the  force  which  urges  the  fluid 
within  the  siphon,  in  a  direction  from  the  upper  to  the 
lower  reservoir. 

Denote  by  I  the  entire  length  of  the  siphon.  It  is 
obvious  that  this  will  be  the  distance  over  which  any  one 
stratum  will  move,  while  subjected  to  the  action  of  the 
above  force,  and  that  the  quantity  of  action  will  be  meas* 

^3^  ty  qiuBtitr  or  Mtio» 

InpiHingA 
aDg  {h'  —  h)  I,  tAptum mi thmi 

the  upper  to 
lowerreMTToIr; 

The  mass  moved  will  be  all  the  fluid  in  the  siphon  which 
is  measured  hj  alD;  and  if  we  denote  the  velocity  by  F, 
we  shall  have,  for  the  living  force  of  the  moving  mass, 

alD.V'j  ,    .  UTtngHone; 

and  because  the  quantity  of  action  is  equal  to  half  the 
living  force,  we  find  • 

aDg{h'  -h)l  =  — 2 — ; 
whence 

r  =  V2g{h'-hy,  rr "'"" 


from  which  it  appears,  that  ^  vdodty  with  which  the  liquid 
will  flow  {hr<mgh  the  siphon^  is  equal  to  the  square  root  of 
twice  the  force  of  gravity,  into  the  difference  of  Uvd  of  the  fluid 
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flow  will  ceaae 
•when  the  water 
In  the  reeeryoin 
comes  to  same 
lerel ; 


pnctioal 
application  of 
the  siphon ; 


modeofvalngift 
for  draining 
purpoaea; 


Fig.  848. 


greateai  elevation 
oyer  which  the 
water  may  be 
raiaed. 


in  the  two  reservoirs.  When  the  fluid  in  the  reservoirs 
comes  to  the  same  level,  the  flow  will  cease,  since,  in  that 
case,  A'  —  A  =  0. 

The  siphon  may  be  employed  to  great  advantage  to 
drain  canals,  ponds,  marshes,  and  the  like.    For  this  pur- 
pose, it  may  be  made  flexible  by  constructing  it  of  leather, 
well  saturated  with  grease,  Hke  the  common  hose^  and  for- 
nished  with  internal  hoops  to  prevent  its  collapsing  by  the 
pressure  of  the  external  air. 
It  is  thrown  into  the  water 
to  be  drained,   and  filled; 
when,  the  ends  being  plug- 
ged up,  it  is  placed  across 
the  ridge  or  bank  over  which 
the  water  is  to  be  conveyed ; 
the  plugs  are  then  removed, 
the  flow  will  take  place,  and 
thus  the  atmosphere  will  be 

made  literally  to  press  the  water  from  one  basin  to  another, 
over  an  intermediate  ridge. 

It  is  obvious  that  the  difference  of  level  between  the 
bottom  of  the  basin  to  be  drained  and  the  highest  point  0, 
over  which  the  water  is  to  be  conveyed,  should  never 
exceed  the  height  to  which  water  may  be  supported  in 
va^o  by  the  atmospheric  pressure  at  the  place. 


XV. 


MOTION    OP    FLUIDS. 


Moaoaofflnida;  §  292. — ^Thc  purposc  uow  is  to  discuss  the  laws  which 
govern  the  motion  of  fluids;  and  we  shall  begin  with 
those  that  relate  to  liquids.  Suppose  ABDC  \^  be 
any  vessel  containing  a  heavy  fluid  whose  upper  level  is 
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AB.     If  a  small  opening  a  ft  be  Eig.  ms. 

nutde  in  the  Tertical  side  of  the 
vesael,  the  preBsure  from  within  will 
nrge  the  fluid  out,  and  this  pres- 
sure being  greater  as  we  descend 
to  a  greater  distance  from  the  upper 
surface  A  B,  the  fluid  will  fiow  with 
a  greater  velocity  and  in  greater 
quantity  dming  a  ^ven  time,  in 
proportion  as  the  opening  is  made 
nearer  the  bottom.    The  quantity 
of  fluid  discharged  in  a  wiit  of  time,  as  a  second,  is  called 
the  escpense.     The  liquid  on  leaving  the  vessel  forms  Aagnm; 
continuous  stream  called  the  vein  or  jet,  which  takes  the  nmorjBt) 
form  of  the  curve  described  by  a  body  thrown  per- 
pendicularly from  the  side  of  the  vessel  with  the  velocity 
which  the  fluid  has  at  its  exit,  and  afterward  acted  upon 
by  its  own  weight     This,  we  have  seen,  is  a  parabola,  m  aiuiM,  ■ 
At  eveiy  point  of  this  parabola,  the  weight  of  the  fluid  v*"^'^' 
tends  to  alter  its  velocity,   but  at  the  orifloe,   the  ve- 
locily  is  determined  solely  by  what  takes  place  within 
the  vessel 

If  the  oriflce  be  in  the  horizontal  bottom,  as  at  a'b', 
the  j^  will  be  vertical,  and  the  liquid  will  flow  down- 
ward ;  if;  as  at  t^  the  oriflce  be  in 
a  horizontal  &ce  pressed  vertically 

upward,  the  jet  will  also  be  vertical,  Kg-  'W-  dinauta  ot  um 

and  the  liquid  will  ascend  on  leav-  tottwfcoTwtt* 

ing  the  vessel    In  general,  when  tmhl 

the  sides  of  the  vessel  are  thin,  the 
direction  of  the  vein  will  be  per- 
pendicular to  the  sur&ce  through 
which  the  oriflce  is  made. 

8. — The  interior  surface  of  every  vessel  containing  Hoti<»  uinit«h 


a  heavy  fluid  is  subjected,  as  we  have  seen,  to  a  pressure 
therefrom,  which  depends  upon  the  extent  of  surface  and 
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Fig.  851. 


to  find  the 
velocity  of  a  fluid 
flowing  freely 
ttirongheii 
orlfloeinatUa 
plate; 


ptrament  flow ; 


equal  Tolnniet 
flow  through  the 
dlfflbrent  seotioiit 
In  Maie  time ; 


data; 


the  distance  of  its  centre  of  gravity 
below  the  upper  level  of  the  fluid. 
At  the  moment  an  orifice  a  &  is 
made,  the  fluid  at  its  mouth  is  urged 
by  this  pressure  to  leave  the  vessel, 
the  neighboring  particles  crowd  to- 
wards the  opening,  describing  paths 
which  converge  towards  and  lead 
through  it.  This  movement  is  soon 
propagated  in  some  modified  degree 
to  all  parts  of  the  fluid,  and  speedily  each  point  of  space 
within  the  vessel  becomes  distinguished  by  the  constant 
velocity  which  every  particle  of  the  fluid  mass  that  passes 
through  it  will  there  possess.  It  is  £rom  this  instant,  when 
the  motion  of  the  fluid  becomes  permanent,  that  we  are  to 
consider  the  flow. 

If  the  fluid  be  incompressible,  it  is  obvious  that  the 
same  volume  will  flow  through  each  horizontal  section  of 
the  vessel  above  the  orifice  in  the  same  time,  and  that  this 
volume  must  be  equal  to  that  dis- 
charged through  the  orifice.     De- 
note by  A  the  area  of  the  section 
NB  of  the  interior  of  the  vessel,  at 
the  upper  surfiice  of  the  fluid ;  by  a 
the  area  of  the  orifice  MO;  by  8 
the  distance  through  which  the  up- 
per stratum  NB  descends  in  any 
indefinitely  small  portion  of  time ; 
and  by  S  the  distance  0  (7  through 
which  the  stratum  at  the  mouth  of 
orifice  passes  in  the  same  time.    The  volume  of  the  fluid 
which  flows  through  the  section  NB  in  this  time  will  be 
measured  by  As;  and  that  through  the  orifice,  by  a 3; 
and  because  these  must  be  equal,  we  have 


ei[iialTolamae; 


As  =  aS; 


whence 
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s 

V 

S  ~ 

'  v 

^  d  ratio  of  tpaoM 

-^    =    -J-.  and  areas  of 

^  -«■  secUomi; 

But  becaiise  the  distances  8  and  S  are  described  in  the 
same  tim^  they  will  be  proportional  respectively  to  the 
velocities  of  the  strata  which  describe  them ;  and  denoting 
the  velocity  of  the  stratum  at  the  upper  surface  by  v,  and 
that  of  the  stratum  at  the  orifice  by  FJ  we  have 

ratio  of  apaeaa 
and  Telootttoa; 

which,  substituted  above,  gives 

iL   =   -^  ratio  of  Tolocttiea 

V  A'  andareaa; 

That  is  to  say,  the  velocities  of  the  strata  are  inversely 
proportional  to  the  areas  of  the  sections  through  which 
they  flow,  and  fix>m  which  we  obtain 

^   ""    *^        J[        ....      ^iS^O;.       «,y,eotlon; 

Again,  since  the  flow  is  permanent,  it  is  obvious  that 
the  living  force  of  the  fluid  mass  N'  B'  MQ  must  always 
be  the  same.  Denote  this  by  i/,  and  let  w  represent 
the  weight  of  the  fluid  mass  in  NBB'  N'^  equal  to  that 
in  MM'  Cy  0;  then  will  the  living  force  of  the  mass 
NBMq\^ 

J    jk     '^  ^  Wring  force  of 

g  thelnteriorfluld; 

and  that  of  the  mass  B' N'  ^  Jf'  0'  0  be 

y^    ^  thatofaportioa 

L   '\'   —    K    ;  within  and  thai 

9  attbejet; 

and  subtracting  the  first  from,  the  second,  we  find  for  the 
difference  of  living  force  of  the  same  mass  NBMQ,  and 
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dlflbrenoe  of 
liTing  force  of 
theaame 
maas; 


work  of  the 
weight  of  the 
entire  fluid ; 


work  St  the 
beginning  of  mny 
short  Intervsl ; 

thststtheend; 


B'  N'  Q  MM'  a  0,  moving  with  the  velocities  v  and  F 
respectively,  tiie  expression 


V) 


(F*- A 


¥\%.  868. 


M    S     U^ 


The  quantity  of  work  performed 
by  the  weight  of  this  same  mass 
in  the  interval  between  its  oc- 
cupying the  space  NBMQ^  and 
B'N'QM'aO,  is,  as  we  have 
seen,  equal  to  this  weight  multi- 
plied by  the  vertical  distance 
through  which  its  centre  of  gravity 
may  have  descended  in  the  interval. 
Let  (?'  be  the  centre  of  gravity 
of  the  whole  mass  when  in  the  position  NBMQ^  and 
0"  when  it  occupies  the  space  jB'  N^  Q  J/'  0*  0,  Denote 
the  vertical  distance  of  0*  below  the  upper  surface  NB 
by  A',  that  of  O"  below  the  same  surface  by  A",  and  the 
weight  of  the  entire  fluid  by  TT,  then  will  the  quantity  of 
work  of  this  weight  be 

Tr(A"  -  AO  =  Wh!'  -  WV; 

and  calling  the  distance  of  the  centre  of  gravity  of  the 
mass  MM'O*  0  below  the  upper  surfiwse,  A'";  that  of  the 
centre  of  gravity  of  the  mass  N'  B'  MQ  below  the  same 
surface,  I;  and  the  weight  of  each  of  these  equal  masses, 
W ;  we  have,  firom  the  principles  of  the  centre  of  gravity, 

Wh"  ^  W'l  +  wh% 

in  which  \b  denotes  the  distance  of  the  centre  of  gravily 
of  the  mass  NBB'  N'  below  the  surfisice  NB;  whence 


work  during  the 
interml; 


Wh"  -  Wh'  =  w  {h'"  -  i  a) ; 
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the 


but  A'"— J  5  is  the  vertical  distance  between  the  centres  of 
gravity  of  the  masses  NBB'N'  and  MM'  (y  0,  and  when 
these  masses  are  considered  as  elementary,  this  distance 
becomes  the  depth  of  the  centre  of  gravity  of  the  orifice 
below  the  upper  level  of  the  fiuii  Denote  this  distance 
by  A,  and  the  quantity  of  work  of  the  weight  of  the  fluid 
while  the  stratum  i^T^  is  passing  to  N' B\  and  the  stratum 
MO  to  M'  0\  becomes 

w  h, 

If  the  upper  surface  be  subjected  to  any  pressure,  as  that 
of  a  piBton  or  the  atmosphere,  then  will  the  quantity 
of  work  due  to  this  pressure  be 

elementaor  woifc 
p  A.8  f  from  eztemal 

proHweaboTie; 

in  which  p  denotes  the  pressure  exerted  upon  the  unit  of 
surface.  I^  moreover,  the  fluid  at  the  orifice  be  also  sub- 
jected to  a  like  pressure  inward,  this  pressure  would  be 
transmitted  to  the  lower  &ce  of  the  stratum  whose  area  is 
-4,  and  its  work  would  be  measured  by 

elementary  work 
p'  A.8  y  from  external 

preasure  below; 

and  taking  the  difference,  we  have,  for  the  effective  work 
of  these  pressures, 

efltetive  work  oC 
Cp'  ~^  P)  AlS,  extemiil 


Now  A  8  Dg  =  w^  fipom  which 

W  TolnmeofUie 


atrstiim; 


and,  substituting  this  above,  we  have 

w 

{p'  "  p)A8  =  Cp'  -  P)^\  etfetjawwoik; 

whence  the  whole  quantity  of  work  due  to  the  weight  of 
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the  fluid  and  the  piessares  at  the  upper  surface  and  the 
orifice,  becomes 


total  cfltellTd 
work; 


wh  +  (i>'  —  i>) 


W 


Dg' 


qmiittty  of  woA 
equal  half  gain 
of  llTing  force; 


and  because  the  difference  of  the  living  force  at  the  begin- 
ning and  end  of  any  interval,  is  equal  to  twice  the  quantity 
of  action  in  this  interval,  we  have 

0 

or,  dividing  out  the  common  £sM}tor,  multiplying  by  g^ 
and  substituting  for  t;  its  value,  given  in  Eq.  (246),  we 
have 

whence 


▼elodty  of 
through  the 
ortfiee; 


F  = 


1)    ) 


P  - 


1  - 


a" 


(247). 


euM  when  the 
preasuree  at  top 
aod  oriilee  are 
tbeaame; 


If  p  and  p'  denote  the  atmospheric  pressures  upon 
the  unit  of  surface,  they  become  equal  when  the  altitude 
of  the  fluid  above  the  orifice  is  not  very  great,  in  which 
case    ^ 


A* 


(248); 


and  if  the  area  of  the  orifice  be  very  small  as  compared 
with  that  of  the  upper  surface  of  the  fluid,  the  fraction 

-T|  will  be  so  small,  that  it  may,  without  sensible  error,  be 

omitted ;  in  which  case,  the  fluid  at  the  surfiuse  will  be  at 
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oomparatiye  rest  while  it  flows  throngli  the  orifice,  and 

.  ftHotAtf  of  «B.« 

F=   Vigh;  through  a  very 

Moall  ortfloe ; 

that  is  to  say,  when  a  liquid  is  flowing  through  a  small 
orifice  in  the  side  or  bottom  of  a  large  vessel,  its  velocity  is 
equal  to  the  square  root  of  twice  the  force  of  gravity  multiplied  nkt; 
hy  the  depth  of  the  centre  of  gravity  of  the  orifice  below  the 
upper  surf  ace  of  the  fluid. 

It  is  apparent  from  the  form  of  the  above  expression, 
that  this  velocity  is  the  same  as  that  acquired  by  a  heavy  TekMUjiameai 
body  while  fidling,  in  vacuo,  from  a  state  of  rest,  through  ^"jj^^^^ 
the  distance  of  the  orifice  below  the  fluid  leveL    The  fuung  through 
distance  h  is  called,  in  the  case  of  discharging  fluids,  the  ^^^^^^ 
generating  had. 

If  a  be  equal  to  A,  that  is,  if  the  bottom  of  the  vessel 
be  removed,  then  will,  Eq.  (246), 

v=z  r. 

The  space  described  uniformly  by  the  stratum  of  fluid 
at  the  orifice  in  a  unit  of  time  being  F,  the  expense, 
estimated  in  volume,  will  be 

y,  ezpeuMtn 

'  Tolttine; 

and  in  weight, 

AvDg.  In  weight; 

So  that,  if  t  denote  the  time  of  flow,  expressed  in  seconds; 
Q  the  quantity  in  volume,  and  Q'  the  quantity  in  weight 
discharged,  then  will 

quantity  ia 

Q    =i   aVt (249),       Tolumelna 

glTeattme; 
quantitjtn 

q  -  aYDgt    ....    (250);     weightmagi 

time; 

in  which  Dg  is  the  weight  of  the  unit  of  volume. 
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ezampla; 


velocity  of 


qiianttty  in 
volnme  In  <»ie 
Moond; 

qnantttyln 
pounds  in  ono 
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Example.  The  upper  sorfibce  of  the  water,  which  is 
16  feet  above  the  centre  of  gravity  of  the  orifice,  is  pressed 
with  an  intensity  equal  to  20  pounds  upon  the  square 
foot;  the  area  of  the  orifice  being  0.02  of  a  foot  What 
is  the  velocity  of  egress,  and  what  the  expense  ?  Here,  the 
atmospheric  pressure  upon  the  piston  and  at  the  orifice 
being  the  same, 

|)'  —  2?  =  20  pounds, 

2)=    1, 

A  =  15, 

g  =  82  nearly; 

and  neglecting  the  small  firaction  -j^  we  find,  firom  Eq. 
(247), 


F=  ysOx  82 +40  =  81.6  feet; 


and  for  one  seoond| 


Q  =  0.02  X  81.6  =  0.682  cubic  feet» 


a*. 


(^  =  62.6  X  0.682  =  89.6  pounds. 


XVL 


KOTIOK    OF   GASES   AND    VAP0B& 


Motion  of  gasei 
•ndTi|Kui; 


§  294. — ^In  the  preceding  case,  we  have  supposed, 
1st)  that  the  volume  of  the  fluid  which  escapes  through 
the  orifice,  is  equal  to  that  which  passes,  during  the 
same  time,  through  any  interior  horizontal  section  of  the 
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Fig.  853. 


vessel;  2d,  that  the  density  in  all  parts  of  the  vessel 
remains  the  same:  both  of  which  suppositions  are  sensibly 
true  for  liquids,  but  are  not  so  in  the  cases  of  gases  and 
vapors. 

When  fluids  of  this  latter  class  are  confined  and  sub- 
jected to  any  compressing  action,  as  that  of  a  piston,  and 
are  permitted  to  escape  through  an  orifice  at  which  the 
resistance  of  external  pressure  is  too  feeble  to  retain  them, 
the  density,  tending  as  it  always  does  to  conform  to  Mari- 
otte's  law,  will  be  greater  at  the  piston  where  the  pressure 
is  greatest,  than  at  the  place  of  egress  where  it  is  least 
Again,  the  motion  being  permanent,  the  same  amount,  in 
weight,  of  gas  will  flow  through 
any  section  A'  B  of  the  vessel  as 
through  the  orifice  ab;  but  the  den- 
sities at  these  places  being  different, 
the  volumes  of  these  equal  weights 
will  also  be  different  In  these  par- 
ticulars, the  circumstances  attending 
the  motion  of  gases  and  vapors  dif- 
fer from  those  of  liquids. 

To  find  the  velocity  of  egress  at 
the  .orifice,  we  remark,  that  the 
fluid  is  subjected,  as  in  the  case  of 
liquids,  to  the  action,  Isty  of  its 
own  weight;  2d,  to  that  of  the 
opposing  pressures  at  the  piston  and 
orifice;  and  8d,  to  the  additional 
action  arising  from  the  repuMons  of  the  particles  for  each 
other,  this  latter  producing  expansion  whenever  the  pres- 
sure from  without  will  permit  it  The  quantity  of  work 
upon  the  stratum  issuing  through  the  orifice,  due  to  the 
weight  of  the  fluid  mass,  is,  as  we  have  seen,  measured  by 
wh;  in  which  w  denotes  the  weight  of  the  strgfcum,  and  h 
the  height  of  the  fluid  above  the  orifice.  To  find  the 
work  due  to  the  pressures,  denote  the  pressure  upon  a 
unit  of  surface  at  the  piston  by  p;  that  on  the  same 


both  the  Toliune 
throogln  different 
aectlons  and 
density  Tary ; 


density  greatest 
at  piston  and 
least  at  orifice; 


equal  <pi8ntltie% 
by  weight,  will 
flow  throogh  the 
difl'erent  aections 
in  the  same  Ume ; 


thoTotomesof 
these  will  be 
different; 


the  forces  which 
act:  weighti 
pressure  from 
the  piston,  and 
molecular 
repol^n; 


wcolcoftbe 
weight; 


toflndfhewoile 
due  to  the 
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Fig.  86S. 


BOlaUon; 


vdglila; 


TolomM 
iBTenely  a 
demitlei; 


extent  of  surfiice  at  the  orifice  by 
p* ;  the  area  of  the  piston  by  A; 
that  of  the  orifice  by  a;  the  dis^ 
tance  between  any  two  consecutive 
positions,  as  Jl  J?  and  A!  B\  of  the 
piston  by  b;  the  distance  between 
the  two  corresponding  positions  ah 
and  q!V  of  the  stratum  at  the 
orifice  by  S.  Then,  because  the 
weights  of  the  yolumes  ABB' A' 
and  abV a'  of  the  fluid  are  equal, 
we  have 


AaDg  =  aSUg    .    .    .    (251); 

in  which  D  and  D'  denote  the  densities  of  the  gas  at  the 
piston  and  orifice,  respectively,  and  g  the  force  of  gravity. 
Whence 


MpreMunt; 


Aa 
a 


D 


But  by  Maiiotte's  law  the  densities  are  directly  propor- 
tional  to  the  pressures,  hence 

D   "^    p  ' 

which  substituted  above,  gives 


relatt<mor 
▼otomesud 


Ion  or  gain  of* 
work  doe  to 
preMure; 


P 


(262). 


Clearing  the  fraction  and  transposing,  we  find 

p  »  As  '^  p'aS  =2  0. 

But  p  ^  is  the  pressure  on  the  whole  extent  of  the  piston, 
and  jp  J.5  is,  therefore,  the  whole  work  of  this  pressure; 
also  jp'  a  is  the  pressure  on  the  sur&ce  of  the  istratum  of 
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fluid  in  the  orifice,  and  p*  aS  is  the  quantity  of  work 
of  this  pressure ;  and  as  these  quantities  of  work  are  pro- 
duced in  the  same  time,  we  see  that  the  loss  or  gain  of  ouaiisero; 
work,  due, to  these  pressures,  is  zero.  The  quantity  of  work 
due  to  the  molecular  actions,  arises  in  consequence  of  the  to  find  quuti^ 
expansion  which  takes  place  when  the  gas  passes  from  the  moTw^^wtton- 
pressure  jj,  within  the  vessel  and  near  the  piston,  to  the 
pressure  p\  at  the  mouth  of  the  orifice.    The  amount 
of  this  work  is  directly  proportional  to  the  primitive 
volume  expanded  during  the  change  of  pressure;  if  theittodineay 
primitive  volume  to  be  expanded  be  doubled,  tripled,  ^^^'^^j^,*^ 
or  quadrupled,  &c.,  the  quantity  of  the  work  will  be  volume  to  be 
doubled,  tripled,  quadrupled,  &c.    Hence,  taking  a  cubic  *'**°**^* 
foot  of  the  gas  imder  the  pressure  jj,  and  denoting  the 
quantity  of  work  due  to  the  expansion,  corresponding  to 
a  change  from  the  pressure  j?  to  the  pressure  p\  by  E^ 
then  will  the  work  due  to  the  expansion  of  the  volume 
ABB' A'  to  abb' a',  be  measured  by 

woflL  of  the 
A  jp  expansion  (h>ni 

-^  •  •  •  -»•  the  volume  at  the 

piston  to  that  at 

But  since  w  denotes  the  weight  of  the  gas  in  the  volume  **'     ' 
wilJ?^'^',  wehave 


whence 


W  =  A8gD:  welghtofihe 

"^       '  stratum; 


A>=   ** 


gD' 


Itavdnme; 


and 


A.S.E^^^Z  workduoto 

g  JJ  expansion ; 


whence  the  whole  quantity  of  action  or  work  due  to  the 
weight  and  expansion  of  the  fluid  will  be 


woric  dne  to 


E  f.  E\  ^**^* 


wh  +  w.^=.w[h  +  ^). 


gD  \  g  DJ  stratum; 
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Denoting,  as  before,  the  velocity  at  the  piston  by  v,  and 
that  at  the  orifice  by  7j  we  have,  firom  the  principle  of 
living  forces. 


Mtliigftine  equal  !£;,„«  ^         ^       /,  E\ 

totwioeqnutttj  —  (  r      —  tr)  =  2t£;{A  +  —5;); 


MvlBg  ftme  equal 

totwioeq 

ofaettoii; 

or 


7»-t;»  =  2^A  +  ^    .    .    (258). 


Prom  Eq.  (252)  we  have 


and  the  spaces  s  and  S^  being  described  in  the  same  time, 
ihey  are  to  each  other  as  the  velocities  t;  and  F,  hence 


•anttoof  J^   _    P'<^ 

trtooWaa}  y  pj^^ 

or 


▼•lodtgrat 


v  =  F-  ^^; 
which  substituted  in  Eq.  (268)  for  v,  we  find 


Mftlring 


r{i-4i)=,,H^^. 


'-U='^' 


the  above  gives 


Tilaaliortte  i  /  o  Kf 
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It  remains  to  find  the  value  of  E.    For  greater  sim-  to  And  the  work 
pKcity,  let  us  take  for  the  primitive  volume  of  gas  a  unit  ^^^  ^^ 
or  cubic  foot ;  and  suppose  this  unit  of  volume  to  be  con-  nnit  of  volume, 
tained  in  a  tube,  of  which  the  area  of  the  internal  cross-  prcHomto 
section  is  a  xmit  of  surface,  or  square  foot,  so  that  in  its 
primitive  condition,  under  the  pressure  p,  the  length  of 
the  tube  it  occupies  will  be  the  linear  unit,  one  foot 
When  the  pressure  is  reduced  to  p\  the  volume  becomes 
dilated,  and  because  the  volume,  and  therefore  the  length, 
since  the  base  is  supposed  constant,  is  inversely  as  the 
pressure,  we  have,  calling  tiie  new  length  2^ 

p    :    p'    ::    I    :    1] 

whence 


_    p  newtangthorUie 

TolmneorgM; 


Z  =   ^ 
P 


The  path  described  by  the  moveable  &ce  of  the  cubic 
foot  of  ^e  gas,  during  the  expansion,  will  be 

^—  1  =  £-  —  1=  ^SLZLS.,  expemloii  durix^ 

p'  p*  tfaechaofe; 

Dividing  this  path  into  two  equal  parts,  and  adding  one 
of  them  to  unity,  the  original  length,  we  have 

^         P  —  t>'         «  +  «'  length  wliea  the 

for  the  length  of  the  fluid  when  its  expansion  is  half 
completed;  and  denoting  the  corresponding  pressure  by 
j}^,  we  have,  by  Mariotte's  law, 


1       P  +i>' 


whence 


i>  +  y 


A  =  ^  1   ^r 
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Ilie  three 
oonaeottttTe 


•peoet  deMilbed 
hj  the  preerare 
while  ita  Telue  ia 
changing  from 
theflrattolaat; 


If  we  now  observe  that  tlie  consecutiye  pressures  are 

p  +  p 

and  that  the  constant  space  passed  over,  during  the  inter- 
val which  separates  the  instants  in  which  these  pressures 
are  exerted,  is 


P-P\ 
2/    ' 


the  computation  of 
the  total  work  be- 
comes easy  bj  the 
rule  given  in  §  46. 
For  this  purpose, 
take 


Fig.  864. 


A0=:  0B=^ 


and  erect  the  perpendiculars 


_  j?-y 


2p 


f  I 


detenBlnallon  of 
the  work; 


AM  ==  Pi 

P  -T  P 

BM''^  p'; 

join  the  points  i/J  M\  and  Jf ";  the  area  A  BM'*  M  will 
be  the  value  of  j^;  that  is  to  say,  the  value  of  the  quantity 
of  work  performed  by  the  gas  during  its  expansion.  But 
this  area  is,  by  the  rtde  just  referred  to,  measured  by 


HafBlne; 


\A  C{AM+4:CM'  +  BM"); 


and,  substituting  the  values  above,  vre  have 
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Zjp  P  "^  P  *®™"» 

wliich,  substituted  for  E,  in  Eq.  (254),  gives 


Ttlaeofyelodty 


F=-i  V2flrA  +  5i^.^(i>  +  ^,+i>0  .  .  (255).tot«m.of 


When  the  orifice  is  small,  as  compared  with  the  area  of 
the  piston,  the  fraction 

may  be  neglected,  and  K  will  become  equal  to  imity. 
Moreover,  the  term  2^^  in  the  case  of  gases,  is  scarcely 
ever  appreciable  in  practice ;  making  these  suppositions, 
Eq.  (255)  becomes 


ortfloes! 


The  pressures  p  and  p'  are  usually  ascertained  by  means 
o{  gauges  J  or  manometers,  as  they  are  sometimes  called,  and  uMofgangMto 
it  will  be  convenient  to  express  the  velocity  of  egress  in  **®*®™^®  *^® 
terms  of  the  indications  of  these  instruments.  For  this 
purpose,  denote  by  h  the  height  of  a  column  of  mercury 
resting  on  a  unit  of  surface,  and  whose  weight  is  equal  to 
jp,  and  by  A'  the  same  for  the  pressure^';  then,  denoting 
the  density  of  the  mercury  by  i)^^,  will 

p  =  gh Z?,„      and     p'  =^  g h'D„ ; 


which,  substituted  above,  give 


^=  v/'-a'-^<»  +  m'+»')-  •  (^■^■'l 


Telodty  in  tenns 
the  indications 
the 

manometer; 
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in  which  V  will  be  expressed  in  feet,  g  being  equal  to  82 
feet  veiy  nearlj,  and  D,^  equal  to  13.5  nearly. 

The  expense  e,  in  volume,  will  be  giren  hj  the  equ^ 
tioD 

e  =  aV (258); 

and  the   quantity  Q  in  volume,  discharged  in  a  given 
time  t„  expressed  in  secoudB,  will  be  known  &om 


qoutltTlB 


Q  =  aVt,. 


in  which  a  must  be  expressed  in  square  feet  The  density 
£>,  it  will  be  remembered,  is  that  of  the  fluid  in  the  vessel 
near  the  piston,  where  the  pressure  is  p;  the  density  D ', 
which  the  fluid  assumes  on  leaving  the  orifice,  is  deter- 
mined by  the  pressure  p ',  and  is  connected  with  D,  ac- 
cording to  Mariotte's  law,  by  the  relation 


jy  =  D 


£  = 


h 


Hence,  the  expense  Q',m  weight,  will  be  ^ven  by 

q  =  D'gar=  DgaV^  .   .    (260); 

and  the  quantity  Q"  in  weight,  discharged  in  the  time  t„ 

Q"  =  DgaV^t,.    .     .    (261); 


in  which  a  must  be  express- 
ed in  square  feet,  as  above. 

The  density  D  is   com- 
puted by  Eq.  (240)'. 


connected  with  a  gasometer, 
containing  heavy  carbureted 
hydrogen,  shows  a  difference 
of  level  in  the  mercury  of  8 
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inches;  the  barometer  in  the  air  stands  at  28  inches; 
the  thennometer  of  the  gasometer,  at  52° :  required  the  oonditioos; 
velocity  with  which  the  gas  wiU  flow  into  the  open  air, 
and  the  volnme  and  weight  discharged  through  an  ori- 
fice 0.02  of  a  square  foot  of  area  in  20  minutes  =  1200 
seconds. 


Here, 


A  -  A'  =     8  inches  =  0.666  feet, 

V  =  28     "       =  2.S88    "  ;  drta; 


whence 


=  86     «       =  8.000    " 
i>,,  =  18.5 


// 


g   =Z2 

t   =  52»; 

and  firom  Eq.  (240)',  after  sabstitatmg  the  valtie  of  h  and  t, 
above,  and  that  of  JD,  in  the  table,  page  688,  for  heavy  car- 
bureted hydrogen,  we  find 

n      0.00127  ^  86  aam^«k 

^  =  -30-  ^  1  +  (62  -  82)  0.00208  =  ^•^^^^'     --^' 

and  these  values,  in  Eq,  (257),  give 

rr  /I  185  0.666       ,„  ,  8  X  8  X  2.388  ,  „  „„„,      ,^/*^ 

Sabstitating  this  and  the  numerical  values  of  a  and  t,  in 
Eq.  (259),  we  find 

Q  =  0.02  X  668.02  X  1200  =  16082.00  cubic  foet      ^^15'' 

The  quantity  i?^,  in  Eq.  (261),  is  the  weight,  of  a  cubic 
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qiunUtyln 
weight. 


Velnal 
oonCnctloii ; 


theoretical 
euppoeltloiiB ; 


remits  of 
ezperienoe; 


foot  of  the  gas,  whose  density  in  this  case  is  0.001465 ;  and 
as  a  cubic  foot  of  water  weighs  62.5  pounds,  the  value  of 
Dg  becomes  62.5  X  0.001465  =  0.0916,  nearly;  whence 


at. 


Us,  OQ  a 

O"  =  0.0916  X  0.02  X  668.02  X^X  1200  =  1142.4. 


§  295. — A  stream  flowing  through  an  orifice  is  called 
a  vein.  In  estimating  the  quantity  of  fluid  discharged 
through  an  orifice,  it  is  supposed,  1st,  that  the  orifice  is 
very  small,  as  compared  with  a  section  of  the  vessel  at 
the  tipper  surface  of  the  fluid ;  2d,  that  there  aore  neither 
within  nor  without  the  vessel  any  causes  to  obstruct  the 
free  and  continuous  flow ;  8d,  that  the  fluid  has  no  vis- 
cosity, and  does  not  adhere  to  the  sides  of  the  vessel  and 
orifice;  4th,  that  the  particles  of  the  fluid  reach  the 
upper  surface  with  a  common  velocity,  and  also  leave  the 
orifice  with  equal  and  parallel  velocities.  None  of  these 
conditions  are  fulfilled  in  practice,  and  the  theoretical  dis- 
charge must,  therefore,  differ  from  the  actual.  Experience 
teaches  that  the  former  always  exceeds  the  latter.  J£  we 
take  water,  for  example,  which  is  far  the  most  important 
of  the  liquids  in  a  practical  point  of  view,  we  shall  find 
it  to  a  certain  degree  viscous,  and  always  exhibiting  a 
tendency  to  adhere  to  imunctuous  surfaces  with  which  it 
may  be  brought  in  contact.  When  water  flows  through 
an  opening,  the  adhesion  of  its  particles  to  the  surface 
will  check  their  motion,  and  the  viscosity  of  the  fluid  wiU 
transmit  this  effect  towards  the  interior  of  the  vein ;  the 
velocity  will,  therefore,  be  greatest  at  the  axis  of  the 
latter,  and  least  on  and  near  its  surface ;  the  inner  particles 
which  tend  thus  flowing  away  from  those  without,  the  vein  will 
increase  in  length  and  diminish  in  thickness,  till,  at 
a  certain  distance  from  the  orifice,  the  velocity  becomes 
the  same  throughout  the  same  cross-section,  which  usually 
takes  place  at  a  short  distance  from  the  aperture.  This 
effect  will  be  increased  by  the  crowding  of  the  particles, 
arising  from  the  convergence  of  the  paths  along  which 


to  contiBci  the 
Tein; 
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they  approach  the  aperture,  every  particle,  which  enters 
near  the  edge,  tending  to  pass  obliquely  across  to  the 
opposite  side.  This  diminution  of  the  fluid  vein  is  called 
the  veined  contraction.  The  quantity  of  fluid  discharged  voinai 
must  depend  upon  the  degree  of  veinal  contraction,  and  ^°  ^"' 
the  velocity  of  the  particles  at  the  section  of  greatest 
diminution ;  and  any  cause  that  wiU  diminish  the  viscosity 
and  adhesion,  and  draw  the  particles  in  the  direction  of 
the  axis  of  the  vein  as  they  enter  the  aperture,  will 
increase  the  discharge. 

Experience  shows  that  the  greatest  contraction  takes 
place  at  a  distance  from  the  vessel  varying  from  a  half  to  piaw  of  greatest 
once  the  greatest  dimension  of  the  aperture,  and  that  the  *°^      ""* 
amount  of  contraction  depends  somewhat  upon  the  shape 
of  the  vessel  about  the  orifice  and  the  head  of  flidd.     It  is 
further  found  by  experiment,  that  if  a  tube  of  the  same  its  amount 
shape  and  size  as  the  vein,  from  the  side  of  the  vessel  to  <*®p®^**»"p**'*5 
the  place  of  greatest  contraction,  be  inserted  into  the  * 
aperture,  the  actual  discharge  of  fluid  may  be  accurately 
computed  by  Eq.  (261),  provided  the  smaller  base  of  the 
tube  be  substituted  for  the  area  of  the  aperture ;  and  that,  the  actual 
generally,  without  the  use  of  the  tube,  the  actual  may  be  oJjj^^^ft.^^ 
deduced  from  the  theoretical  discharge,  as  given  by  that  the  theoreucai; 
equation,  by  simply  multiplying  the  theoretical  discharge 
into  a  coefficient  whose  numerical  value  depends  upon  the 
size  of  the  aperture  and  head  of  the  fluid.    Moreover, 
all  other  circumstances  being  the  same,  it  is  ascertained 
that  this  coefficient  remains  constant,  whether  the  aper- 
ture be  circular,  square,  or  oblong,  which  embrace  aUooeffldentof 
cases  of  practice,  provided  that  in  comparing  rectangular  ^******'«®» 
with  circular  orifices,  we  compare  the  smallest  dimension 
of  the  former  with  the  diameter  of  the  latter.    The  value 
of  this  coefficient  depends,  therefore,  when  other  circum-dependanpon; 
stances  are  the  same,  upon  the  smallest  dimension  of  the 
rectangular  orifice,  and  upon  the  diameter  of  the  circle, 
in  the  case  of  circular  orifices.     But  should  other  cir- 
cumstances, such  as  the  head  of  fluid,  and  the  place  of 


1/ 
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diachafge 
through  oriOees 
la  thin  plalM ; 


eoeffldeiit 
deduced  fh>m 
experimente ; 


the  orifice,  in  respect  to  the  sides  ^  85«. 

and  bottom  of  the  vessel,  vary, 
then  will  the  coefficient  also  vary. 
When  the  flow  takes  place  through 
thin  plates,  or  through  orifices 
whose  lips  are  bevelled  external- 
ly, the  coefficient  corresponding  to 
given  heads  and  orifices,  may  be 
found  in  the  following  table,  pro- 
vided the  orifices  be  remote  firom 
the  lateral  faces  of  the  vesseL  This 
table  is  deduced  firom  the  experi- 
ments of  Captain  Lesbros,  of  the  French  engineers,  and 
agrees  with  the  previous  experiments  of  Bossut^  Miche- 
lotti,  and  others. 


TABLE. 

CoEFFICIEirr  VALUES,  FOR  THE  DISCHARGE  OF  FLUIDS  THROUGH  THIH 
PLATES,  THE  ORIFICES  BEING  REMOTE  FROM  THE  LATERAL  FACES  OF 
THE  VESSEL. 


table  of 
eoeflleleikto; 


oo^Bdento  Ibr 
gas ;  and  for 


r  -  ■ 

i 

Values  of  the  coeflloients  for  orifices  whose  smallest  dimensions  or 

Head  of  fluid 

dismeters  sre— 

above  the 

centre  of  the 

orifice,  in  feet. 

ft. 

ft- 

A 

A 

/^ 

•^  . 

0.G6 

0.33 

0.16 

0.98 

0.07 

o.o3 

o.o5 

0.700 

0.07 

0.627 

0.660 

0.696 

o.i3 

0.618 

0.632 

0.657 

0.685 

o.ao 

0.592 

0.620 

o.64o 

0.656 

0.677 

0.26 

0.602 

0.625 

0.638 

0.655 

0.672 

0.33 

0.593 

0.608 

o.63o 

0.637 

0.655 

0.667 

0.66 

0.596 

o.6i3 

o.63i 

0.634 

0.654 

0.655 

1.00 

0.601 

0.617 

o.63o 

0.632 

0.644 

o.65o 

1.64 

0.602 

0.617 

0.628 

o.63o 

0.640 

0.644 

3.28 

o.6<55 

o.6i5 

o.6a6 

0.628 

0.633 

0.632 

5.00 

o.6o3 

0.612 

0.620 

0.620 

0.621 

0.618 

6.65 

0.602 

0.610 

o.6i5 

o.6i5 

0.610 

0.610 

32.75 

0.600 

0.600 

0.600 

0.600 

0.600 

0.600 

In  the  instance  of  gas,  the  generating  head  is  always  greater  than  8.85  ft.,  and  the 
coefflcient  0.6,  or  0.61,  is  taken  in  all  cases. 


oriflcea  not  in  the  ^"'  ^'^^^^^  larger  than  0.66  ft.,  the  coefficients  are  taken  as  for  this  dimenson ;  for 
orifices  smaller  than  0.03  ft.,  the  coefficients  are  the  same  as  for  this  latter;  finally,  for 

^^^t  orifices  between  those  of  the  table,  we  take  coefficients  whose  values  are  a  mean 

between  the  latter,  corresponding  to  the  given  head. 


MECHANICS    OF    FLUIDa 

As  the  orifice  approaches  one  E 

of  the  lateral  faces  of  the  reservoir, 
the  contractioa  on  that  side  becomes 
leas  and  leas,  and  will  ultimately  be- 
come nothing,  and  the  coefi&cient 
will  be  greater  than  those  of  the 
table.  If  the  orifice  be  near  two 
of  these  faces,  the  contraction  be- 
comes nothing  on  two  sides,  and  the 
coefficient  will  be  still  greater.  Kg 

Under  these  circumstances,  we 
have  the  following  rules :  Denote 
by  C  the  tabular,  and  by  G'  the  , 
true  coefficient  corresponding  to  a 
given  aperture  and  head,  then,  if 
the  contraction  be  nothing  on  one 
side,  will 


C  =  1.08  G; 
if  nothing  on  two  sides, 

0"  =  1.06  G; 
if  nothing  on  three  sides, 

C"  =  1.12  G; 


and  it  must  be  borne  in  mind,  that  these  results  and  those 
of  the  table  are  applicable  only  when  the  fluid  issues 
through  holes  in  thin  plates,  or  through  apertures  so 
bevelled  externally  that  the  particles  may  not  be  drawn 
aside  by  molecular  action  along  their  tubular  contour. 

%  296. — When  the  orifice  is  rectangular,  and  has  no  dikIui^ 
upper  limit,  or  is  open  at  the  top,  it  is  called  a  sluice-toay.  ^^^^^. 
It  is  usually  a  cut  made  in  the  edge  of  a  reservoir,  through 
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which  the  fluid  may 

flow    when    it    rises 

above  a  certain  level. 

Mtimateofthe     The  cxpcnsc  is  csti- 

•xpen- through    ^^^^    ^^    ^^^    ^-^^^ 
a  aluice-way ; 

Denote  by  I  the  length 
of  the  horizontal  side 


notatioa ; 


of  the  sluice-way ;  by  h  the  head  or  distance  BI,  of  the 
centre  of  gravity  of  a  transverse  section  of  the  flowing 
fluid  below  the  upper  surface  of  the  latter  in  the  reservoir ; 
by  JET  the  height  of  the  fluid  above  the  sill  CJ  of  the  sluice- 
way;  and  by  V  the  mean  velocity:  then,  supposing  the 
sluice-way  filled  to  the  upper  level  of  the  fluid  in  the 
reservoir,  will 


F«  =  2gh  ^2g  X\n^  i(2^5^); 


whence 


ralae  of  mean 
velocity ; 


V  =  0.707  V2^; 


and  the  theoretical  expense  will  be 


theoretleal 
expense; 


VxlxH=  0.707  •  ^/TgH  x  I  X  K 

But  this  is  too  great,  and  experience  shows  that  it  should 
be  multiplied  by  the  coefB.cient  0.57  for  all  ordinary  cases 
of  practice;  that  is  to  say,  the  true  expense,  denoted  by 
H,  will  be  given  by  the  equation. 


pnetleal 
coqwnee; 


i?  =  0.67  X  0.707  XlXHX  -y/TgH^  0.408 1 .  JST.  \/^2ffS  .  .  .  (262> 

The  experiments  of  Dubuat,  Bidone,  Eytelwein,  and 
Lesbros,  show  that  the  coefficient  0.403  should  be  re- 
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duced  about  0.89  when  H  becomes  equal  to  or  greater 
than  0.66  of  a  foot,  and  increased  to  0.415  when  H  be- 
comes less  than  0.07  of  a  foot;  but  that  it  remains  Ttriation  in  the 
sensibly  the  same,  whatever  be  the  total  contraction  or  "^^^^^^ 
position  of  the  sluice-way  in  regard  to  the  vertical  sides 
of  the  reservoir,  provided  H  be  measured  from  the  level 
of  the  upper  surface  of  the  sill  to  that  of  a  point,  as  A^ 
in  the  surface  of  the  fluid  in  the  reservoir  which  has  no 
sensible  velocity.  When  the  sill  is  on  a  level  with  the 
bottom  of  the  reservoir,  the  velocity  of  the  upper  surface 
is  everywhere  sensible,  and  the  coefficient  increases  to 
about  0.45.  On  the  contrary,  0.403  is  already  too  large 
when  the  sluice-way  is  prolonged  into  a  trough-like  duct, 
of  slight  inclination,  wherein  the  fluid  may  have  impressed 
upon  it  a  whirling  or  irregular  motion  by  the  roughness 
of  the  surface. 

The  foregoing  conclusions  suppose  that  the  fluid  is  discharge 
discharged  through  orifices  in  thin  plates,  and  that,  du-  ^^^}  ^^^ 
ring  the  flow,  the  fluid  particles  are  not  drawn  aside  from 
the  converging  paths,  along  which  they  tend  to  approach 
the  orifice,  by  the  action  of  any  extraneous  cause.    When 
the  discharge  is  through    thidc  plates  witJwut  bevel^   or 
through  cylindrical  tubes  whose  lengths  are  from  two  to 
three  times  the  smaller   dimension  of   the  orifice,  the 
expense  is  increased,  the  mean  coefficient,  in  such  cases, 
augmenting,  according  to  experiment,  to  about  0.815  for  Taineiorthe 
orifices  of  which  the  smaller  dimension  varies  from  0.88  "*"***•■*■' 
to  0.66  of  a  foot,  under  heads  which  give  a  coefficient 
0.619  in  the  case  of  ihin  plates.    The  cause  of  this  in- 
crease is  obvious.    It  is  within  the  observation  of  every 
one,  that  water  will  wet  most  surfaces  not  highly  polished 
or  covered  with  an  unctuous  coating — ^in  other  words, 
that  there  exists  between  the  particles  of  the  fluid  and  ezpiuution; 
those  of  solids  an  affinity  which  will  cause  the  former  to 
spread  themselves  over  the  latter  and  adhere  with  con- 
siderable  pertinacity.     This  affinity  becoming  effective 
between  the  inner  surface  of  the  tube  and  those  particles 
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efbetoof  of  the  fiuid  which  enter  the  orifice  near  its  edge,  the  latter 

moec  on.  ^^^  ^^^  ^^^j  \yQ  drawn  aside  from  their  converging  direc- 
tions, but  will  take  with  them,  by  the  force  of  viscosity, 
the  other  particles,  with  which  they  are  in  sensible  con- 
tact The  fluid  filaments  leading  through  the  tube  wiU, 
therefore,  be  more  nearly  parallel  than  in  the  case  of 
orifices  irough  thin  plaL,  the  contr»ctiou  of  the  vein 
will  be  less,  and  the  discharge  consequently  greater. 


XVIL 

DISCHABGE    OF    FLUIDS    THROUGH   PIPES. 

iMuhwgBof  We  have  considered  the  discharge  of  fluids  through 

pta*!'"^"'^  thin  and  thick  plates.  It  remains  to  discuss  the  discharge 
through  pipes.  When  the  flow  is  through  pipes  whose 
length  does  not  exceed  two  or  three  times  their  diameter, 
the  quantity  discharged  in  a  given  time  is,  as  we  have 
seen,  greater  than  through  bevelled  orifices  of  the  same 
size ;  but  when  the  length  is  increased  much  beyond  this 
limit,  the  reverse  is  the  case  and,  all  other  things  being 
ten  tbtti  tturouffh  equal,  the  discharge  will  be  less  as  the  pipe  is  longer.  The 
same  pipe  may  be  of  variable  bore,  that  is  to  say,  it  may 
have  a  greater  cross-section  at  one  point  than  at  another; 
in  which  case,  the  living  force  of  any  given  portion  of  the 
moving  fluid  cannot  be  constant  throughout  When  of 
considerable  length,  pipes  are  rarely  perfectly  smooth,  the 
fluid  particles  cannot,  therefore,  flow  through  them  in  par- 
allel filaments,  but  must  be  incessantly  deflected  from  their 
onward  course  into  partial  eddies  formed  by  the  small  ir- 
wbieh  regularities  of  surfSsM^.  Moreover,  as  the  pipes  increase  in 
length,  will  the  surface  exposed  to  fluid  pressure  increase, 
and  as  the  extent  of  surface,  all  other  things  being  equal, 


obftnietttM 
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determines  the  amount  of  pressure,  the  friction,  which  de-  (f 
pends  upon  the  pressure,  augments  so  as  greatly  to  impede 
the  motion.    We  shall  proceed  to  estimate  the  value  of 
these  iufiuences. 

§  297.— But  first  of  all  let  ua  Kg.  880. 

compute  the  amount  of  living  force  ^ 

resulting  fi'om  the  shock  of  fluids,  u, 

flowing    with    different    velocities.  "' 

For  this  purpose,  let  the  fluid  in 
the  pipe  LK  flow  with  the  velocity 
V,  and  denote  by  if  the  mass  which 
flows  into  the  vessel  B  C  ia  ct  unit 
of  time ;  also  let  the  velocity  of  the 
fluid  in  the  vessel  BCl»V',  and  its 
mass  M' ;  then  will  the  correspond- 
ing living  force  be 


MT'  +  M'  V^; 

and  suppodng  the  fluid  to  be  water,  which  we  have  re- 
garded as  unelastic,  the  common  velocity  after  impact  will 
be  obtained  from  either  of  the  Eqs.  (194)  or  (195),  by 
making  c  =  0 ;  hence  the  common  velodly  denoted  hy  v, 
wiU  be  given  by 


Itringtom 


and  the  corresponding  living  force, 

and  the  loss  of  living  force  in  a  unit  of  time,  denoted 

by  A 
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loss  of  living 
Ibrce 


nma; 


and,  dividing  by  IT, 


J.    M{v-  vy 

^^~ — ir- 
1  +  — — 


(263); 


Mime  when  • 
small  m«M  flows 
Into  a  lugs 
moaa. 


LoaaofllYing 
foreelWwi 
contraction  of 


or  when  the  mass  M*  is  very  great  as  compared  to  M^ 


L^M{v-  vy 


(264). 


§  298. — ^It  will  be  an  easy  matter  now  to  estimate  the 
loss  of  living  force,  arising  from  a  contraction  of  the  vessel 
or  pipe  through  which  the  fluid 
may  be  flowing.    Let  A  BCD  be 
a  vessel  containing  a  heavy  fluid, 


Fig.  861. 


croaiaecttonofn  of  which  A  B  is  the  Upper  level, 


pipe; 


hypollieala; 


notatloii; 


and  issuing  through  an  opening  a  h 
in  the  bottom  CD;  and  suppose 
-4'  J5'  to  be  a  diaphragm,  pierced 
by  an  opening  a '  h\    .Denote  by  A*' 
the  area  of  the  section  at  A"  jB",  by 
a  the  area  of  the  contraction  at  a  h^ 
and  by  a'  that  of  the  contraction 
at   a '  & '.     The    fluid,   in    passing 
through  the  contraction  a' J',  im- 
pinges against  that  below  the  diaphragm  A'  B\  and  if 
the  opening  a  6  is  beyond  the  reach  of  the  eddies  formed 
by  this  conflict,  the  velocity  at  either  contraction  may  be 
computed  from  that  at  the  other. 

Denote  by  V  the  velocity  of  the  fluid  as  it  passes  the 
contraction  at  a  6,  by  F'  that  at  the  contraction  a'  6',  and 
by  F"  that  at  the  section  A" B'\  supposed  beyond  the 
region  of  eddies ;  and  let  m  represent  the  coefficient  of  the 
expense  at  ab^  and  m'  that  at  a'i';  these  coefficients 


MSOHAKICB   OF    FLUIDS.  626 


may  be  found  from  the  table.    The  expense  at  a  &  will  be 

maV,  that  through  the  section  A" J?"  will  be  A"  F", 

and  that  through  the  contraction  at  a'  b'  will  be  m'  a'  V ;  ezpeaMtbrongh 

but  as  the  same  quantity  of  fluid  must  pass  through  the  ^^  ^^"^'^ 

sections  of  a&,  A" B'\  and  a'b\  in  the  same  time,  we 

have 

maV  =  A"V", 


maF=  m'a'T; 


whence 


^„  _  maV 

y    — 2^/— » 


▼eloflltiM; 


and  the  velodtj  with  which  the  fluid   through  a'  V 
impinges  against  that  below  the  diaphragm,  will  be 

7'   -    F"    =    ma(^^   «    -^)  F  wlattreTeloclty 

\m'a  A    I  ©fthalmiMiet; 

Denoting  by  w  the  weight  of  fluid  that  passes  a'  i'  in  any 
small  portion  of  time,  its  loss  of  Hying  force  will  be 

«id  denotiBg  the  fector  m«(^  -  J^)  by  it;  the 
quantity  of  work  lost  will  be 

—  K^  F*.  woikkMl; 

The  work  of  the  weight,  during  the  same  time,  will  be 
w  hj  and  the  quantity  of  work  remaining  will  be 
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tiMworic 


W 


but  this  must  be  equal  to  half  of  the  living  foroe,  henoe 


which  Is  equal  to 

hidftheUTlBg 

ftxice; 


9 


w 


2g 


whence  we  find 


wloflliy  of  0gfeM 
thioogh«k 


-  Vi  +  jn 


•         • 


(285); 


LoMoTHTliHr 
force  la  dioit 


hypoCheela  and 
nolatloa; 


Fig.  862. 


and  from  which  we  see  that  the  velocity  will  be  less  than 
that  due  td  the  height  A  0,  equal  to  h. 

§  299. — ^Let  us  apply  this  to  the  discharge  of  a  fluid 
through  a  short  pipe,  inserted  into  the  orifice  in  the  side 
of  a  vessel  The  fiuid  hav- 
ing  contracted  to  its  mini- 
mum dimensions  at  n,  again 
dilates,  and  fills  the  tube  at 
a'  b'.  Let  V  be  the  mean 
velocity  at  a '  6 ',  where  the 
area  of  the  cross-section  of 
the  pipe  is  a.  The  fluid 
particles  moving  in  parallel 
paths  at  a'b\  the  expense 
will  be  a  X  F;  while  that 

through  a  section  at  a  b,  where  the  velocity  is  V\  and 
cross-section  a',  will  be  met'  F',  in  which  m  is  the  co- 
efficient corresponding  to  the  area  a' ;  and,  as  these  must 
be  equal,  we  have 


aV  ^  ma'FV 


whence 


velocity  at  Om 
•Btnnceofplpe; 


F  = 


met 


-  F- 
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and  the  Iobs  of  living  force, 


ff  9  \ma         /  **"' 


The  qnantitj  of  work  of  the  ireight,  in  the  -same  time, 
\a  wx\  and  this,  diminished  by  half  the  loss  above, 
must  be  equal  to  half  the  actual  living  foioe;  and, 
therefore^ 

«  F-  =  «,A-f  .F-.r-^-lY; 
2g  2g  \ma'        /' 


jam 

or  making >  —  1  =  JC  we  find 

^  ma  ^ 


~  V  1  +  ^' 


TriocHyofogw 
IhnB  tbe  pl|M ; 


When  the  tube  is  cylindrical  a  ss  a\  and 

r-i-x, 

m 

when  the  contraction  is  complete  in  n,  and  the  head 
varies  fix>m  8  to  7  feet,  it  is  found  that  m  is  equal  to  ▼ahieor«, 
0.62  very  nearly ;  whence 

iTas  jr-—  —  1  ssr  0.618  very  nearly, 


0.62 


and 


^  =0.86; 


value  of  Iha 


VI  +^  '  «*»^*5 


whence 


7=0.85  V2sr A.  Tetodtyof 


; 


Experiments  give  the  coefficient  0.82,  but,  in  com- 
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ooeflioiMitgiTM  puting  the  foregoing  value,  no  account  was  taken  of 
bjuperiinoiita  friction,  which  is  an  additional  cause  to  diminish  the 
work  of  the  weight  w  h. 

%  800, — ^When  the  velocity  of  a  fluid  is  considerable, 
now  of  flnidt  and  the  length  of  the  pipe  through  which  it  flows  is  great, 
M^^teMu!^^  friction,  which  has  thus  far  been  neglected,  becomes  an 
effective  cause  of  obstruction,  and  can  never  be  neglected 
in  estimating  the  circumstances  which  determine  the 
quantity  discharged.  The  amount  of  friction  depends, 
as  we  have  seen  in  the  case  of  fluids,  upon  the  pressure, 
and  this  latter  is  determined  by  the  extent  of  surface,  and 
the  head  which  impresses  the  velocity,  so  that  the  length 
of  pipe  and  the  velocity  of  flow,  are  the  elements  from 
which  friction  is  to  be  estimated. 

Let    ahh' a'    be 
a    pipe    of   uniform  Kg.  ztz, 

bore  throughout,  con- 
necting two  reser- 
voirs A  ODB  and 
A'  C  D'  B\  partly 
fltMttatMi;  filled  with  fluid,  the 
former  to  the  level 
A  B^  and  the  latter  to 
the  levels 'J?'.  De- 
note by  H  the  differ- 
noiifloii;  ence  of  level  between 

AB  and  A'B';  by  a 
the  area  of  a  cross-sec- 
tion of  the  bore  of  the 

pipe ;  by  C  the  contour  of  this  section ;  by  L  the  length  of 
the  pipe;  and  by  Fthe  constant  velocity  of  the  fluid  flow- 
ing through  it.  Experience  shows,  and  the  computations 
of  Coulomb,  dk  Mest,  Front,  Eytklwein,  and  Navikb, 
io«  of  work  flrom  teach  US,  that  the  loss  of  work  occasioned  by  friction  of 
MettoniBpipos;  pjp^g^  'y^  ^^  ^jjjj^^  during  which  a  weight  of  the  fluid 

denoted  by  w  is  discharged,  is  proportional  to  the  value 


r 
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of  the  expression 

!^      -^  X    C7X     K    ,  proporttonal to 

Q  *  Q  '  thisAinctiQii; 

and  that  this  loss  is  a  certain  fraction  n  of  this  function,  or 
is  equal  to 

W      LX    0  X    V*  tl«lo«ofwoA 

g  d  from  Motion ; 

If.  therefore,  there  be  neither  contractions  in  the  pipe, 
nor  ,rfa»  ton.  gi^g  rtae  «  Aoota,  ax,  o^jjllrf 
work  will  be  that  measured  by  the  above  expression,  and 
by  that  due  to  a  diminution  at  the  orifice  a  6,  measured  by 
the  expression 

work  lost  ft-om 

in  which 

i  -  1  =  iT*; 

m 

and,  because  of  the  principle  of  fluid  level,  H  is  the  only 
distance  through  which  w  can  act  to  produce  work,  we 
have 

2g  2g  g  a  ^ 

whence 


entraace  of  the 
pipe; 


7=     /  ^^^        ~ 


(267), 


Telodlyof 


from  which  the  velocity  may  be  found. 

The  expense,  denoted  by  Q,  will  be  given  by 


Q  =  aV (268).     «p««; 
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Taldiig  the  yalue  of  m  equal  to  O.dO,  (see  table,)  we  find 
^^^^  1  +  Z*  =  1.4444. 

oomtint; 

Experiment  shows  that,  for  water, 

value  of  the 

ooeAotont % fer  tl   :=    OJOOSS; 

water; 

and  for  air  or  gas, 

■adforgaa;  »   rs   0.00S24; 

raodiflcationin    and  it  is  important  to  remark  that,  when  the  question 
titM  rormnia  for    j^^  to  ^^  discharge  of  gas,  we  must  make 

as  indicated  by  Eqs.  (254),  (257),  in  the  latter  of  which  h 
and  A'  denote  the  mercurial  altitudes  corresponding  to  the 
interior  and  exterior  pressures. 

Denote  by  D  the  internal  diameter  of  the  pipe,  then 

will  0^*D. and  a  =  — r-i  so  that 

4 

Substituting  these  different  values  and  that  of  gravity, 
Bq.  (22),  in  the  expression  for  the  velocity,  we  have, 
after  dividing  both  terms  of  the  fraction  by  Sn^ 


▼eloeity 


!"^    for  water, . . .  7  =  47.94  s/^^^-^  •    •    (269), 


koMtoTtfr 


'  ^^^ ^  =  *»s«  V^r+w^  •  •  ^2^<^>' 
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in  which  all  linear  dimensions  are  expressed  in  English  eMkarromote 
feet    The  first  formula  may  be  employed  even  for  gas,  JJJ^  ^«^9^7^ 
because  of  the  small  difference  between  the  values  of  n 
-^or  the  two  fluids,  provided  we  employ  the  proper  value 
for 


Finally,  if  the  aperture 
a'  V  of  final  egress  be  small-  Fig.  $64 

er  than  ai,  or  of  less  section 
than  a,  V  being  the  velocity 
within  ihe  pipe,  the  expense 

may  still  be  deduced  fix>m  a  thuMotfoBor 

slight  modification  of  the  value  of  the  velocity,  as  given  ''^' 
by  Eq.  (267).    For  let  V  denote  the  velocity  of  egress, 
a'  the  area  of  the  section  at  a'b\  and  m'  its  coefficient 
of  contraction,  then  will 


wbMitha 
ftpertOTOofflMl 
it 


whence 


aV 

"■"• 

m' 

a'T; 

y 

■JJJ 

a 
m 

V 

'o" 

eoBdlttMiaf 

flow; 


and  the  living  force  of  the  fluid  as  it  issues  through  a'h\ 
will  be 


which,  being  placed  equal  to  the  second  member  of  Eq. 
(266),  will  give 

When  a'  is  very  small  as  compared  with  a,  the  value 
of  m'  is  about  0.60.    If  the  values  of  a  and  a'  differ  but 
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vrivMoftiM      filighily,  or  if  the  pipe  term-  ^-  866. 

*****""*''      inates  at  a'V  in  a  conical 
tube,  then  will  the  value  of 
m'  vary  firom  0.82  to  0.96. 
Eocamph.  Let  the  height 
pie;  of  the  reservoir  above  the  point  of  delivery  be  70  feet^ 

the  diameter  of  the  pipe  0.5  of  a  fbot^  and  its  length  1200 
feet:  required  the  quantity  of  water  discharged  in  24 
hours.    In  this  case, 

s^  ^to  41^ 

D  =  0.5;        J5r=  70.;        L  =  1200; 
which,  in  Eq.  (26»),  give 


fiodi,;  V  =  47.94  J         Q'^  X  7Q  =  8.102. 

V  1200  +  61.57  X  0.5 

The  value  of  a,  in  Eq.  (268),  will  be  given  by 

HWOfthe  D^  4>-lJ-li»     v>     0.25  AlAfi 

-ellanorpip*;  »  =   *  -J"   =   ^'l^l*  ^    -4"  =   0.196; 

which,  in  Eq.  (268),  gives 

opeiiM.  Q  =:  aV  =^  0.196  X  8.102  =  1.6  nearly ; 

and  this  multiplied  by  the  number  of  seconds  in  24  hours, 
equal  to  86400,  gives  188240  for  the  number  of  cubic  feet 
discharged  in  the  given  time. 


END  or  MEOHAMIOS. 
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.'                        .  .*    thit  th«  niaUiiai  o:"  each  vul'iiue  i^^adiiiir  .')i\  wiij-ki'd  uj*,  ;i!'< -'jrii!  '  v.  iifi  '^ai;!  ■♦.tit'  -        v.                               ,.                  ^ 

ig^                    :    I'liWies.- ..lid  v.;ih  miK'ii  t  ie.nil-'-"^  of  luediwil  !;ie  m'\  i  r.d  -'rriji     t^i  \v  lii^ii  ;,•<•  ;rv' .;<  d.*-  ■■     *"            •     .                                -'■       \ 

—  (  ninuiKiti  {ri:.rlff.  4 
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3[ATIS\L  A\D  EXPERHIEXTAL  PHILOSOPHY^ 

FOR   80HOOLS    AND    AOADEMIES. 
BY   R.  G.  PARKER,  A.  M. 

^Qttthor  of  *-  Wictwrical  Reader,'^  "  E^irrciFes  in   KnglUk  Compoaition^'^ 

"  OuUiui's  of  lJi^t%rtf,'"  etc.,  etc. 


L    PARKER'S    JUVENILE    PHILOSOPHY. 
;  IL    PARKER'S   FIRST  LESSONS  IN  NATURAL    PHILOSOPHY- 

111.    PARKER'S    SCHOOL    COMPENDIUM    OP    PHILOSOPHY. 

;• 
llie  U;e  of  P<Thuo1  AppaniliH  for  UlnxlrRlinLr  ami  fxiMnphfyUij,'  ilw  prtnctpte-^   . .  .- 

.•  '  f  Natufiil  jind  KxjM'riuK-Ltnl  PJitl():*.ij»hy.  haa,  Hiihiii  lh<»  bust  lew  yi'ars,  bfconrn'  s  »    "  r- 

•;oiu'nil  a.^  to  render  ik*<*«--arj  a  work  whidi  .-^himki  coiabnie.  in  thr  skuim-  coiirw  •  I  '  ^ 

iii-!rt:riioii,  ihf  tliutir}.  \rUh  a  lull  di'vnptif  u  of  lh«*  appar.iius  iieceyntuy  k»r  ilUi-'- 


,i 


T  ^     II*       •  •    • 


\> 


«>* 


nition  mi«l  fxpcrimeiu.    The  work  of  Profce^-r  PiirkiT,  il  ih  coiifl<li'iiily  belii-vtMi, 

-  iitlh  ini'<  tH  that  iiL-qntrfmtMit.     It  ii  rtls<i  very  AUl  in  tU<'  ffi.-iiemi  £i«:t«t  wlueli  it  prt- 
^c'nl.«— clear  aiul  roncii<i'   in  iUi  styfi'— aiwl  vutiii'ly  Hcieatirtc  and  uuiur.il  in  It 

,'  uri-nu:(t'n)Qnt. 

"Thfj'  work  l«  iM'tUT  adtipletl  lo  the  ]in^'iit  aial*'  of  ii.tnrnl  hcicucj*  Ihxii  :iny 
.    <>tlu-r  wiinilhi'  protliiotloi)  wiUi  wiiich  NVcurt-  lu-JixmuiU'd."-^  H'ayii/'  Ua,  h'lti^t  «.' 

•'This  U  a  K*h(Kjl-JKK)k  of  no  iiw^ui  prwiyn^'iMij*  uiul  n»  oruiiiury  value." — ji.bmif' 

■'    '<prclfitt>r. 

**\Vv  prctlict  fbr  iUim  valnjible  uHd  beaut\fiiiJy-j.)rii)l(id  work  the  utntf>st  KucceaA*^   .•  i. 

— .V'K"  .f/iT  JJat.'n  jiJcertiter. 

**Tl»t'  iirisenl  \(iluiut'  ^iko.n  us  h»  hjiving  V<*ry  nrtirk(>ll  jmrit." — -V*.  Y.  I'curicr.        ^ 

•*Itf-'.«fUrt  fo  n)0  !o  h:i\e  !iii  n  huppx  u'lil.i.ni  I-' t^tfii  t]i«' too  ^lltiplc  and  Iht-      jj 

-  t'H>  iih"»n-..rt." — }L.i.  Sr.uih,  Pr,ui-  />a-  tit   L- i^^ti- r  ,.i.  uli  .uit,  .]Iit».  < 

'*  I  htwt  no  h<s}tji*ii:ii  in  »i\i!i:  th:.!   Piilrfr'n  Ntttop.l  TUiloMphy  1«  the- mobt       -^ 
'"    \9hi:il>;  •  cli-nu-nlarv  u  ork  1  Ui\^-  .st't  ;i."-  (i.^lnrt  i^nfi  :>n  ItuH^i.  l'.'(}f..V.tl.  Phil. 
.W   Y.  (  itij.  '  ■     • 

•-1  rii'i  l'-;>|'>  to  - ,)  iXmi  farkciV  Plii;.'«r  phy  will  hw  inlr*Kltii'«' I  n.vl  fwlnj  uij  ir: 
•*  Viet  Tm  «  «jiu*fcr-,'  M!  \'\.^  coij!i»<'fn't'in(«ii;  i»i   i!i"  lirxl  rolU.':Ti;.i"  yt-.^r  iti  Miiiiiun; 
■  •  !  ii'l  I  hop*'  ihitf  Mil'    i"'  bui   ihc  <'<'tnin«iw»io.'i.t  of    th»'  iha-  "i  si/  v\hniljl^  nn  «  1.- 
t-uMi( 'fv  \N"';-k  ii,  o'lr  P>"!i.Kii.- wi  toU  i-oi»u;iv.  . 'Hir  uni'ill  wuik  ol  TarKj.! ''^  ■  P.  f  !»•  |V 
:  ir^i  l^«->i>.-n-^i  vv."-  iu'n.iur  ■!  t!i  •   hi>i   i4-r.u  ill  a  pT'Uir.ry  i-la.-.-,  c;   iJ.i-  i:.'*i'M,ti..:.    ^^ 
[•.•!»>iT"il  tn,  I  ii-1  Ml  ;t  rtiiii  ru^il  .•^ui'''o&.     I  iiiifiid  1  >  i\  utt'i  nun  i  U»>  ii<^'  sl;<-rli_»  in'u    i 
r-    t  '<-  iniutf   ^^'I  ool  i'jlhUcU.v.  i.nd   IhB  lir^tT  uiirk   lo  Tht»  ^i*Kj<'Iib<  of  Uie   plo\  lu.-iii:     ' 
\<  lintU  Sch'ful.'* — ij.  ilu'Tan)^  iiii;>iii'ili'U/'tttpj  Pult  ic  IiL-'Ui.ci/i'tt  of  ('f./nr  L<iniu!u. 

"1  h-!Vt«  ev  ;i.u»w>«i   P.iikerV  l-'ifyl  Li^-*>J«  und  «'.li»ip»*u»lhiru  (jj'  Niliir.il  iiii  '  V\ 
Mi'rimniial  I'hlo-  ;ij  .,  mi<!  sini  rnucii  ■,>i«-;-"*«l  wiili  i;  .'in.     I  taa\>'  N»ni.'  irli  i1--  ■- 

.■     ii.U«»n\\iih  lii.'   I  -.xV-r.wokx  ojt   liifs  fUiM'Tt  iiu)Ht  in  !>■««•  tn   lnU  «..  i-mm..  iitdj  .. 
ii'  [  pj  MOW  lo  tliil   bo-.lL.-   that   I  cm  ri.("oioin.  nd.     I  -li-ill  iniro"l;i(f  iheiii  ...  ■.•  - 

._     -iLiUfy  inio  inv  ^K'\u>n\!^  —  }itr,im  ifrcuit.,  J^inirijjiUtiJ  Tlnffcni  .tc.iUi  mV^  t  ,  r..t   ■  -.      ■ 

"I  hfl\e  no  h.-il  .ti(.in"n  proi.-viwli.^  i*  Xhrl.  •>/  vrk  >  ,t  t'u  xuUjtct  i  »;        U  **  .' 
Wr  sii   ;i  Mm-  'I  h«i<'.  umU  I  l.i  VI  ;»*'■•;    |\  'cr^iri'd   I's  «(*«<plu)ii  in   -on-    >.    ".:.i         .!.        '  * 
^■ii    'l.-.iii  I  HO..di-t!.i  •:^  III  our  \K-iiii:s/'--'J/.  y^.  L.vi^'it.  s^p.  n\irrt»  .  ..    /,•  >.,    .  }. 
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